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EXECUTIVE  SUMMARY 


1.  GENERAL  STRATEGY 

The  overall  program  embraces  property  profiles,  manufacturing,  design 
and  sensor  development  (Fig.  1)  consistent  with  a  concurrent  engineering 
philosophy.  For  this  purpose,  the  program  has  created  networks  with  the 
other  composites  activities.  Manufacturing  research  on  MMCs  is  strongly 
coupled  with  the  3M  Model  Factory  and  with  tlie  DARPA  consolidation  team. 
Major  links  with  Corning  and  SEP  are  being  established  for  CMC 
manufacturing.  Design  Team  activities  are  coordinated  by  exchange  visits,  in 
February/March,  to  Pratt  and  Whitney.  General  Electric.  McDonnell 
Douglas  and  Coming.  Other  visits  and  exchanges  are  being  discussed. 
These  visits  serve  both  as  a  critique  of  the  research  plan  and  as  a  means  of 
disseminating  the  knowledge  acquired  in  1992. 

The  program  strategy  concerned  wdth  design  attempts  to  provide  a 
balance  of  effort  between  properties  and  design  by  having  studies  of 
mechanisms  and  property  profiles,  which  intersect  with  a  focused  activity 
devoted  to  design  problems  (Fig.  2).  The  latter  Includes  two  foci,  one  on 
MMCs  and  one  on  CMCs.  Each  focus  reflects  differences  in  the  property 
emphases  required  for  design.  The  Intersections  wdth  the  mechanism 
studies  ensure  that  commonalties  in  behavior  continue  to  be  identified,  and 
also  facilitate  the  efficient  transfer  of  models  between  MMCs  and  CMCs. 
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Fig.  1  The  Concurrent  Engineering  Approach 
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2.  PROPERTY  PROFILES 


Each  research  activity  concerned  with  properties  begins  with 
experiments  that  identify  the  principal  property-controlling  phenomena. 
Models  are  then  developed  that  relate  the  physical  response  to  constituent 
properties.  These  models,  when  validated,  pro\ade  the  constitutive  laws 
required  for  calculating  stress  redistribution,  failure  and  damage 
progression.  They  also  provide  a  solid  physics  and  mechanics 
understanding,  which  can  be  used  to  judge  the  effectiveness  of  the 
simplified  procedures  needed  for  design  purposes. 

2.1  Fatigue 

Studies  of  the  propagation  of  dominant  mode  I  fatigue  cracks  from 
notches  in  MMCs,  including  the  role  of  fiber  bridging  and  fiber  failure,  have 
been  comprehensively  addressed  (Zok,  McMeeking).  Software  programs  that 
include  these  effects  have  been  developed.  These  are  being  transferred  to 
Pratt  and  Whitney  and  KAMAN  Sciences.  The  effects  of  thermal  cycling  on 
crack  growth  in  MMCs  have  also  been  modelled  (McMeeking),  The  results 
highlight  the  opposing  effects  of  cycling  on  matrix  crack  growth  and  fiber 
failure  (the  fatigue  threshold),  when  thermal  cycles  are  superposed  onto  load 
cycles.  Notably,  matrix  crack  growth  is  enhanced  by  out-of-phase 
thermomechanical  cycling,  but  fiber  failure  is  suppressed  (and  vice  versa  for 
in-phase  cycling).  Experimental  studies  that  examine  these  predictions  are 
planned  (Zok). 

Studies  have  also  been  conducted  on  systems  that  exhibit  multiple 
matrix  cracking  (Zok).  The  tensile  stress-strain  behavior  of  composites 
containing  such  cracks  is  analogous  to  the  behavior  of  unidirectional  CMCs 
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under  monotonic  tensile  loading.  As  a  result,  models  developed  to  describe 
the  tensile  response  of  the  CMCs  have  found  utility  in  describing  the  MMCs. 
However,  two  important  differences  in  the  two  classes  of  composite  have 
been  identified  and  are  presently  being  addressed.  The  first  deals  with  the 
nature  of  the  crack  patterns.  In  the  CMCs.  the  cracks  are  more  or  less 
uniformly  spaced  and  generally  span  across  the  entire  composite  section.  In 
contrast,  the  MMCs  exhibit  a  broader  distribution  of  crack  sizes,  many  of 
which  are  short  compared  with  the  specimen  dimensions.  Methodologies  for 
measurement  and  interpretation  of  crack  densities  in  MMCs  are  being 
developed.  The  second  problem  deals  with  degradation  in  the  interfacial 
sliding  properties  with  cyclic  sliding  in  the  MMCs.  Such  degradation  is 
presently  being  studied  using  fiber  push-out  tests  in  fatigued  specimens. 

Thermal  fatigue  studies  on  MMCs  subject  to  transverse  loading  have 
been  performed  and  have  established  the  conditions  that  allow  shakedown 
(Leckie).  The  shakedown  range  is  found  to  be  strongly  influenced  by  the 
extent  of  matrix  creep,  which  defines  a  temperature  limitation  on  the  use  of 
the  material.  The  eventual  outcome  of  this  activity  would  be  the 
specification  of  parameters  that  ensure  shakedown  and  avoid  ratcheting. 

The  next  challenge  for  MMCs  concern  the  quantification  of  transitions 
in  fatigue  behavior,  especially  those  found  at  higher  temperatures.  These 
include  multiple  matrix  cracking  and  shear  band  formation.  Experimental 
studies  are  in  progress  which  wall  be  used  to  establish  a  mechanism  map. 
The  map,  when  developed,  would  explicitly  identify  the  transitions  (Zck).  The 
analogous  behavior  found  in  CMCs  will  facilitate  this  development.  Other 
high  temperature  phenomena  to  be  explored  include  changes  in  the 
interfacial  sliding  behavior  due  to  both  releucations  in  the  thermal  residual 
stresses  and  the  growth  of  reaction  products  near  the  fiber-matrix  interface. 
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F'Etiguc  damage  studies  on  2-L)  CMCs  ui!l  focus  on  interi'acc  and  fiber 
degradation  phenomena,  especially  at  elevated  temperatures  (Evans.  Zok). 
Cyclic  loading  into  the  stress  range  at  which  matrix  cracks  exist  is  known  to 
modify  the  interface  sliding  stress  and  may  weaken  the  fibers.  These 
degradation  effects  can  be  distinguished,  because  they  change  the 
hysteresis  loop  and  reduce  the  UTS.  respectively.  Experiments  that  probe 
these  material  responses  are  planned.  In  addition,  models  that  include  the 
influence  of  cyclic  fiber  failure  and  pull-out  on  fatigue  damage  will  be 
developed  (Suo). 

2.2  Matrix  Cracking 

Models  of  the  plasbc  strain  and  modulus  changes  caused  by  various 
modes  of  matrix  cracking  have  been  developed.  These  solutions  have 
provided  a  rationale  for  experimental  studies  on  the  tensile  and  shear 
behavior  of  CMCs  and  on  the  fatigue  of  MMCs  (Hutchinson,  Zok,  Evans. 
Suo,  Budiansky,  McMeeking).  The  information  has  been  used  in  two  distinct 
ways,  (i)  Test  methodologies  have  been  devised  that  relate 
stress/displacement  measurements  to  constituent  properties  (Table  1). 
(ii)  Stress/strain  curves  and  matrix  crack  evolution  have  been  simulated  for 
specific  combinations  of  constituent  properties. 

The  development  of  the  procedures  and  their  implementation  are  still  in 
progress.  Independent  solutions  have  been  established  for  matrix  cracks  in 
0°  plies  and  90°  plies  upon  tensile  loading.  The  former  has  been 
experimentally  validated  on  1-D  materials  (SiC/SiC  and  SiC/CAS). 
Measurements  of  plastic  strain,  hysteresis  loops  and  crack  densities  have 
been  checked  against  the  models  for  consistency. 
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TABLE  I 


Relevant  Constituent  Properties  and  Measurement  Methods 


CONSTITUENT  PROPERTY 

MEASUREMENT 

Sliding  Stress,  T 

•  Pull-Out  Length,  h 

•  Saturation  Crack  Spacing.  Ts 

•  Hysteresis  Loop.  5e  1/2 

•  Unloading  Modulus.  El 

Characteristic  Strength.  Sc,  m 

•  Fracture  Mirrors 

•  Ultimate  Strength,  S 

Misfit  Strain.  Q  (q) 

•  Bilayer  Distortion 

•  Permanent  Strain.  Ep 

•  Residual  Crack  Opening 

Matrix  Fracture  Energy.  Fm 

•  Monolithic  Material 

•  Saturation  Crack  Spacing.  Ts 

•  Matrix  Cracking  Stress.  Gmc 

Debond  Energy.  H 

•  Permanent  Strain,  Ep 

•  Residual  Crack  Opening 
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The  next  challenge  is  to  couple  the  models  together  in  order  to  simulate 
the  evolution  of  matrix  cracks  in  2-D  materials,  subject  to  tensile  loading 
(Hutchinson,  Budiansky).  Related  effects  on  the  ultimate  tensile  strength 
caused  by  stress  concentrations  in  the  fibers  in  the  presence  of  matrix 
cracks,  would  also  be  evaluated.  Experimental  measurements  of 
stress/strain  behavior  in  2-D  CMCs.  with  concurrent  observations  of  matrix 
crack  evolution,  would  be  used  to  guide  and  validate  such  models  (Evans, 
Kedward). 

2.3  Constitutive  Equations 

Constitutive  equations  provide  the  link  between  material  behavior  at 
the  meso-scale  and  the  performance  of  engineering  components.  The 
equations  can  be  established  from  the  results  of  uniaxial  and  transverse 
tensile  tests  together  with  in-plane  shear  loading.  For  a  complete 
formulation,  which  describes  accurately  the  growth  of  failure  mechanisms 
and  the  conditions  of  failure  at  the  meso-sc£ile.  it  is  also  necessary  to 
perform  calculations  which  are  valid  at  the  micro-scale. 

These  procedures  have  been  completed  for  metal-matrix  composites 
(Jansson,  Leckie),  and  the  resulting  constitutive  equations  are  operational 
in  the  ABAQUS  finite  element  code.  The  behavior  of  simple  panels 
penetrated  by  circular  holes  have  been  studied  and  the  results  await 
comparison  with  experiments  which  are  planned  for  the  coming  year.  The 
constitutive  equations  art  formulated  in  terms  of  state  variables  which 
include  the  hardening  tensors  and  damage  state  variables  which  describe 
debonding  at  the  interface  and  void  growth  in  the  matrix.  The  format  is 
sufficiently  general  to  allow  the  inclusion  of  failure  mechanisms  such  as 
environmental  attack  as  the  appropriate  understanding  is  available.  For 
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example,  the  effect  of  matrix  and  fiber  creep  mechanisms  (Aravas)  have  also 
been  introduced  into  ABAQUS,  and  it  is  proposed  to  extend  the  creep 
conditions  to  include  the  effects  of  variable  loading  and  temperature. 

A  similar  approach  has  been  taken  towards  the  modulus  of  CMCs.  In 
this  case,  efforts  have  been  made  to  include  the  influence  of  matrix 
cracking,  in-plane  shearing  and  fiber  breakage.  The  latter  consideration  is 
based  on  the  global  load  sharing  model  (Hayhurst).  The  equations  are  also 
available  in  ABAQUS.  At  present,  matrix  cracking  is  introduced  by 
assuming  a  matrix  stress  accompanied  by  an  increase  of  strain.  However, 
based  on  the  more  recent  understanding  of  the  growth  of  matrix  cracks 
(above)  it  is  intended  to  introduce  these  mechanisms  into  the  constitutive 
equations  for  CMCs. 

2.4  Creep 

The  emphases  of  the  creep  Investigations  have  been  on  the  anisotropic 
characteristics  of  unidirectional  layers  in  which  the  fibers  are  elastic,  but 
the  matrix  creeps.  Experiments  and  models  of  the  longitudinal  creep 
properties  of  such  materials  have  been  initiated  (McMeeking.  Leckie,  Evans. 
Zok,  Aravas).  The  critical  issues  in  this  orientation  concern  the  incidence  of 
fiber  failure  and  the  subsequent  sliding  response  of  the  interface.  A 
modelling  effort  has  established  an  approach  that  allows  the  stochastic 
evolution  of  fiber  failure  to  occur  as  stress  is  transferred  onto  the  fibers  by 
matrix  creep  (McMeeking).  This  approach  leads  to  creep  rates  with  a  large 
power  law  exponent.  Various  attempts  are  underway  to  Incorporate  the 
interface  sliding  initiated  by  fiber  breaks  and  to  introduce  sliding  into  the 
creep  rate  formulation.  Experiments  being  performed  on  unidirectional  Ti 
matrix  materials  are  examining  the  incidence  of  fiber  failures  on  the  creep 
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deformation  (Evans,  Leckie.  Zok).  These  results  will  guide  the  modelling 
effort  concerned  with  interface  sliding  effects.  Insight  will  also  be  gained 
about  fiber  failure  stochastics  during  creep,  especially  differences  from  room 
temperature  behavior. 

The  transverse  creep  properties  are  expected  to  have  direct  analogies 
with  composite  deformation  for  a  power  law  hardening  matrix  (Section  2  3). 
In  particular,  the  same  effects  of  debonding  and  matrix  damages  arise  and 
can  be  incorporated  in  an  equivalent  manner  (Leckie,  Aravas).  Testing  is 
being  performed  on  Ti  MMCs  and  on  SiC/CAS  to  validate  the  models. 

Experiments  on  Ti-matrix  0V90‘  cross-ply  composites  are  planned. 
Creep  models  appropriate  to  cross-ply  materials  will  be  developed  by 
combining  those  corresponding  to  the  unidirectional  materials  in  the 
longitudinal  and  transverse  orientations,  using  a  rule-of-mixtures  approach. 
Such  an  approach  is  expected  to  be  adequate  for  loadings  in  which  the 
principal  stresses  coincide  with  the  fiber  axes.  Alternate  approaches  will  be 
sought  to  describe  the  material  response  in  other  orientations. 

Some  CMCs  contain  fibers  that  creep  more  extensively  than  the  matrix. 
This  creep  deformation  has  been  found  to  elevate  the  stress  in  the  matrix 
and  cause  time  dependent  evolution  of  matrix  cracks.  This  coupled  process 
results  in  continuous  creep  deformation  with  relatively  low  creep  ductility. 
Experiments  on  such  materials  are  continuing  (Evans.  Leckie)  and  a 
modelling  effort  will  be  initiated  (Suo).  The  models  would  include  load 
transfer  into  the  matrix  by  creeping  fibers,  with  sliding  interfaces,  leading  to 
enhanced  matrix  cracking. 
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2.5  Tensile  Strength 


The  ultimate  strength  (UTS)  of  both  CMCs  and  MMCs  (as  well  as  fatigue 
and  creep  thresholds)  is  dominated  by  fiber  failure.  With  the  global  load 
sharing  (GLS)  concept  of  fiber  failure  now  well  established,  the  recent 
emphasis  has  been  on  defining  the  constituent  properties  needed  to  ensure 
GLS.  The  approach  has  been  to  perform  local  load  sharing  calculations  and 
then  compare  experimental  UTS  data  with  the  GLS  predictions  (Curtin, 
Evans.  Leckie).  The  situation  is  unresolved.  However,  initial  calculations  on 
CMCs  (Curtin)  and  MMCs  (Evans)  have  provided  some  insight.  Two  key 
remaining  issues  concern  the  magnitude  of  the  stress  concentration  in 
intact  fibers  caused  by  matrix  cracks  and  the  role  of  fiber  pull-out  in 
alleviating  those  stresses.  Calculations  of  these  effects  are  planned 
(Budiansky,  Suo). 

Degradation  of  the  fiber  strength  upon  either  high  temperature  (creep) 
testing,  atmospheric  exposure,  or  fatigue  are  other  topics  of  interest. 
Rupture  testing  performed  under  these  conditions  will  be  assessed  in  terms 
of  degradation  in  fiber  properties. 


3.  DESIGN  TEAMS 
3.1  The  Approach 

The  overall  philosophy  of  the  design  effort  is  to  eventually  combine 
material  models,  with  a  materials  selector,  and  a  data  base,  within  a  unified 
software  package  (Prinz).  One  example  of  a  composites  data  base  is  that 
developed  for  MMCs  by  KAMAN  Sciences,  which  forms  the  basis  for  a 
potential  collaboration.  The  materials  selector  has  already  been  developed 
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for  monolithic  materials  (Ashby)  and  is  available  for  purchase.  This  selector 
requires  expansion  to  incorporate  phenomena  that  have  special  significance 
for  high  temperature  composites,  including  creep  and  thermal  fatigue.  These 
new  features  will  be  developed  and  included  in  the  advanced  selector 
software  (Ashby). 

The  modelling  approach  is  illustrated  in  Table  II.  Failure  mechanisms 
and  their  effect  on  material  behavior  have  been  introduced  into  constitutive 
equations.  The  stress,  strain  and  damage  fields  which  develop  in 
components  during  the  cycles  of  loading  and  temperature  can  then  be 
computed.  Experiments  shall  be  performed  on  simple  components  such  as 
holes  in  plates,  and  comparison  made  with  the  computational  predictions. 
Since  constitutive  equations  are  modeled  using  the  results  of  coupon  tests, 
it  is  likely  that  additional  failure  modes  shall  come  to  light  during 
component  testing.  These  mechanisms  shall  be  studied  and  the  appropriate 
mechanics  developed  so  that  their  influence  is  correctly  factored  into  the 
constitutive  equations.  In  this  way,  increased  confidence  in  the  reliability  of 
the  constitutive  equations  can  be  established  in  a  systematic  way. 

In  practice,  it  is  most  probable  that  the  constitutive  equations  are  too 
complex  for  application  at  the  creative  level  of  the  design  process.  It  is  then 
that  simple  but  reliable  procedures  are  of  greater  use.  Some  success  has 
been  achieved  in  this  regard  for  MMCs  subjected  to  cyclic  mechanical  and 
thermal  loading  (Jansson,  Ponter,  Leckie),  as  well  as  for  strength 
calculations  of  CMC  panels  penetrated  by  holes  (Suo)  and  the  fatigue  of 
MMCs  (Zok,  McMeeking).  In  all  cases  simplifications  are  introduced  after  a 
complete  and  reliable  analysis  has  been  completed  which  provides  a 
standard  against  which  the  effects  of  simplification  can  be  assessed. 
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Approximate  Design 
Procedures: 
Stress  Allowables 


Table  II 

The  Modelling  Approach 


3.2  Ceramic  Matrix  Composite  Design 


The  design  effort  on  CMCs  will  have  its  major  focus  on  pin-loaded  holes 
used  for  attachments  {Fig.  3).  A  smaller  activity,  expected  to  expand  in 
1994,  will  address  delamination  cracking.  The  hole  design  includes  several 
related  topics.  Each  topic  is  concerned  with  aspects  of  constitutive  law 
development  (Table  III),  highlighted  during  the  study  group.  Combined 
experimental  and  modelling  efforts  on  the  tensile  properties  of  CMCs  have 
established  that  the  plastic  strains  are  dominated  by  matrix  cracks  in  the  0' 
plies.  The  matrix  cracking  models  developed  in  the  program  demonstrate 
that  these  strains  are  governed  by  four  independent  constituent  properties 
[(Table  I)  T,  Fi,  Q  and  Fm!  which  combine  and  interrelate  through  five  non- 
dimensional  parameters  (Table  IV).  This  modelling  background  suggests  a 
concept  for  using  model-based  knowledge  to  develop  constitutive  laws.  The 
following  steps  are  involved  (Table  III),  (i)  A  model-based  methodology  for 
inferring  the  constituent  properties  of  unidirectional  CMCs  from 
macroscopic  stress/strain  behavior  has  been  devised  and  is  being 
experimentally  tested  on  a  range  of  materials  (Evans),  (li)  Upon  validation, 
the  models  would  allow  stress/strain  curves  to  be  simulated  (Hutchinson). 
This  capability  would  facilitate  a  sensitivity  study  to  be  performed,  in  order 
to  determine  the  minimum  number  of  independent  parameters  that 
adequately  represent  the  constitutive  law.  A  strictly  empirical  law  would 
require  3  parameters  (yield  strength,  hardening  rate  and  unloading 
modulus).  Consequently,  the  objective  might  be  to  seek  3  combinations  of 
the  4  constituent  properties,  (ili)  Experiments  would  be  performed  and 
models  developed  that  establish  the  matrix  cracking  sequence  in  2-D 
materials  (Hutchinson,  Evans.  Kedward).  These  would  be  conducted  on 
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Table  III 

Design  Strategy  for  CMCs 


TABLE  IV 


Summary  of  Non-Dimensional  Coefficients 

=  [//(l-/)]^  (Ey  El /E^j(ao'r/RSu),  Flaw  Index  for  Bridging 
=  (bq/  h)  (Sp  /  El )/  Flaw  Index  for  Pull-Out 
®  =  I'm  ”  f)^  E /  Em  I  R/  Crack  Spacing  Index 

'H  =  b2(l-ai/)^  Rap/4dTEjn/^,  Hysteresis  Index 
I  =  Op /Ejn  £2,  Misfit  Index 

^  Ey  /(I  - /)E^  REl,  Matrix  Cracking  Index 

0,  =  Ep  /  D/El  (1  -  v).  Residual  Stress  Index 

Ai  =  (1/  C|  Q)-y/ri  /Enr,  R/  Debond  Index 
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CMCs  with  a  range  of  different  constituent  properties  and  fiber 
architectures.  The  plastic  strains  would  be  related  to  constituent  properties 
by  adapting  the  1-D  models. 

The  in-plane  shear  behavior  will  be  characterized  by  performing 
experiments  and  developing  models  of  matrix  cracking  that  govern  the 
plastic  shear  strain  in  2-D  CMC  (Evans,  Hutchinson.  Bao).  The  information 
will  be  used  to  establish  the  constitutive  laws  for  in -plane  shear,  as  well  as 
interlaminar  shear.  For  continuity  of  interpolation  between  tension  and 
shear,  the  shear  models  will  include  the  same  constituent  properties  as 
those  used  to  represent  the  tensile  behavior. 

The  model-based  constitutive  laws,  based  on  matrix  damage,  will  be 
built  into  a  COM  (continuum  damage  mechanics)  formulation,  compatible 
with  finite  element  codes  (Hayhurst),  Computations  will  be  performed  to 
explore  stress  redistribution  around  holes  and  other  strain  concentration 
sites.  The  calculations  will  establish  visualizations  of  stress  evolution  that 
can  be  compared  with  experimental  measurements  performed  using  the 
SPATE  method,  as  well  as  by  Moire  interferometry  (Mackin,  Evans).  These 
experiments  will  be  on  specimens  with  notches  and  holes,  loaded  in  tension. 
The  comparisons  between  the  measured  and  calculated  stress  patterns  will 
represent  the  ultimate  validation  of  the  constitutive  law.  The  composite 
codes,  when  validated,  wiU  be  made  available  to  Industry. 

Some  preliminary  experimental  work  will  be  performed  on  pin-loaded 
holes.  Damage  patterns  will  be  monitored  and  stress  redistribution  effects 
assessed  using  SPATE  (Kedward,  Evans.  Mackin).  These  experiments  will  be 
conducted  on  SiC/CAS  and  SiC/C.  The  results  will  provide  the  focus  for 
future  CDM  computations,  based  on  the  constitutive  law  for  the  material. 


18 


Smaller  scale  activities  will  involve  basic  aspects  of  stress  redistribution 
around  holes  caused  by  fatigue  and  creep  damage,  using  the  experience 
gained  from  the  matrix  cracking  studies.  Some  experimental  measurements 
of  these  effects  will  be  performed  using  SPATE  (Zok,  Evans). 

Some  delamination  crack  growth  measurements  and  calculations  are 
also  envisaged  (Ashby,  Kedward,  Hutchinson).  Cantilever  beam  and 
C-specimens  will  be  used  for  this  purpose  (Fig.  4).  During  such  tests,  crack 
growth,  multiple  cracking  and  stiffness  changes  will  be  addressed.  Models  of 
bridging  by  inclined  fibers  will  be  developed  (Ashby)  and  used  for 
interpretation. 

3.3  Metal  Matrix  Composite  Design 

The  3D  constitutive  equations  for  MMCs  are  now  available  for  use  in 
the  ABAQUS  finite  element  code,  and  the  immediate  task  is  to  use  these 
equations  to  predict  the  behavior  of  representative  components  (Leckle).  One 
such  system  is  a  ring-type  structure  which  is  being  studied  together  with 
Pratt  and  Whitney.  Clearly  no  experimental  verification  is  possible  with  a 
component  of  this  scale,  but  the  experience  of  Pratt  £md  Whitney  shall 
provide  Inveiluable  input  on  the  effectiveness  of  the  calculations.  A 
component  sufficiently  simple  to  be  tested  is  the  panel  penetrated  by  holes. 
The  holes  shall  be  both  unloaded  and  loaded  (Jansson),  and  it  is  expected  to 
include  the  effects  of  cyclic  mechanical  and  thermal  loading. 

It  is  proposed  to  develop  simplified  procedures  which  are  based  on 
shakedown  procedures  (Jansson,  Leckie).  Demonstrations  have  already 
been  made  of  the  effectiveness  of  the  Gohfeld  method  (which  uses  only 
simple  calculations)  in  representing  the  behavior  of  MMCs  subjected  to 
cyclic  thermal  loading. 
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During  the  complex  histories  of  stress  and  temperature,  it  is  knoum 
that  the  matrix-fiber  interface  properties  change.  Fatigue  loading  (Zok)  is 
know  to  decrease  the  interface  sliding  stress.  Transverse  creep  appears  to 
cause  matrix-fiber  debonding  (Jansson),  which  might  result  in  loss  of  the 
ability  to  transfer  stress  between  matrix  and  fiber.  It  is  intended  to  study 
this  effect  of  transverse  creep  on  the  integrity  of  the  longitudinal  strength  of 
the  material  by  performing  tests  on  panels  which  shall  allow  rotation  of  the 
stress  fields,  A  good  understanding  now  exists  of  the  fatigue  properties  of 
MMCs  (Zok).  It  is  intended  to  extend  the  ideas  developed  from  earlier 
theoretical  studies  (McMeeking.  Evans)  to  include  cyclic  thermal  effects  and 
experimental  programs  on  holes  in  plates. 


4.  MANUFACTURING 

The  activities  in  processing  and  manufacturing  have  had  the  following 

foci; 

•  Matrix  development  to  address  specific  requirements  identified  by  the 
design  problems,  particularly  first  matrix  cracking  in  CMCs  (Lange) 
and  creep  strengthening  in  MMC/IMCs  (Leri,  Lucas). 

•  Hybrid  architectures  which  offer  possible  solutions  to  environmental 
degradation  and  thermal  shock  problems  (Evans.  Lange.  Leckie,  Leri, 
Yang,  Zok). 

•  Software  development  that  predicts  and  controls  fiber  damage  and 
Interface  properties  during  densification  (Wadley). 

•  Processing  techniques  to  generate  model  MMC  sub-elements  (Leckie, 
Leri.  Yang). 
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4.1  Metal  Matrix  Composites 


Work  on  MMC  matrix  development  has  focused  on  dispersion 
strengthening  approaches  to  increase  the  transverse  tensile  and  creep 
strength  of  1-D  and  2-D  fiber  architectures.  The  initial  work  has  emphasized 
a  model  system.  CU/AI2O3,  wherein  dispersoids  are  produced  by  internal 
oxidation  of  a  dilute  Cu-Al  alloy  deposited  by  PVD  onto  sapphire  fibers. 
These  are  subsequently  consolidated  by  HIP'ing.  Specimens  with  fiber 
volume  fractions  of  0.3  <  f  <  0.5  and  2-3%  Y-AI2O3  dispersoids  (~  20  nm  in 
size)  have  been  produced  in  this  manner  and  will  be  tested  to  assess  their 
transverse  creep  behavior.  The  new  emphasis  will  be  on  higher  temperature 
matrices  based  on  TiB  dispersoids  in  Ti-(Cr/Mo)-B  alloys  (Levi).  Initial 
solidification  studies  have  demonstrated  the  potential  of  these  materials  as 
in-situ  composites.  Efforts  are  underway  to  develop  sputtering  capabilities  to 
implement  this  concept. 

Fiber  damage  during  densification  of  composite  prepregs  generated  by 
plasma-spray  (GE)  and  PVD  (3M)  have  also  been  emphasized  (Wadley). 
Intcrdiffusion  studies  coupled  with  push-out  tests  have  been  used  to  study 
the  evolution  of  reaction  layers  in  Ti/SlC  composites  and  their  effect  on  the 
relevant  interfacial  properties  as  a  function  of  process  parai.»eters. 
Additional  efforts  under  other  programs  have  focused  on  developing 
predictive  models  for  fiber  breakage  during  densification.  The  Interdiffusion 
and  breakage  models  are  being  incorporated  into  software  that  predicts 
pressure -temperature  paths,  which  simultaneously  minimize  fiber  damage 
and  control  the  Interface  properties. 

The  feasibility  of  producing  MMC  sub-elements  consisting  of  fiber 
reinforced  rings  (1-D)  and  tubes  (2-D)  has  been  demonstrated  by  using 
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liquid  metal  infiltration  of  A1  alloy  matrices  (Levi).  These  are  presently 
undergoing  testing  in  combined  tension/torsion  modes.  Future  efforts  uill 
be  directed  toward  extending  the  technique  to  other  shapes  (e.g.,  plates  with 
reinforced  holes),  as  well  as  devising  methods  to  modify  the  (currently 
strong)  interfaces.  The  identification  of  methods  that  provide  the  appropriate 
interfacial  debonding/sliding  characteristics  should  enable  the  use  of  these 
composites  as  model  systems  for  higher  temperature  MMCs,  such  as  Ti. 

4.2  Intermetallic  Matrix  Composites 

The  focus  of  the  IMC  processing  activibes  has  been  on  the  synthesis  of 
lVIoSi2/P-SiCp  composites  by  solidification  processing.  These  materials  are  of 
interest  as  potential  "natrices  for  fiber  composites.  Significant  progress  was 
made  in  the  elucidation  of  the  relevant  Mo-Si-C  phase  equilibria,  the  growth 
mechanisms  of  SiC  from  the  melt  and  their  impact  on  reinforcement 
morphology,  as  well  as  the  orientation  relationships  between  matrix  and 
reinforcements,  and  the  interfacial  structure.  An  amorphous  C  layer,  <5  nm 
thick,  was  found  at  the  MoSi2/SiC  interface  in  the  as  cast  condition,  and 
persisted  after  12  h  heat  treatments  at  1500°C.  This  interfacial  layer  has 
been  reproduced  in  a-SiCp/(MoSl2  +  C)  composites  produced  by  powder 
metallurgy  techniques  and  was  found  to  exhibit  promising  debonding  and 
pull-out  behavior  during  fracture  (Levi).  Future  efforts  are  aimed  at 
implementing  this  in-situ  coating  concept  in  a-SiC  fiber  composites. 

4.3  Ceramic  Matrix  Composites 

The  processing  issues  for  creating  CMCs  with  high  matrix  strength 
continue  to  be  explored  (Lange.  Evans).  The  basic  concept  is  to  create  a 
strong  ceramic  matrix  framework  within  a  fiber  preform,  by  means  of  slurry 
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infiltration  followed  by  heat  treatment.  This  strong  framework  would  then  be 
infiltrated  by  a  polymer  precursor  and  p5a'olyzed  to  further  density  the 
matrix.  It  has  been  demonstrated  that  strong  matrices  of  Si3N4  can  be 
produced  using  this  approach  (Lange).  Further  work  will  address 
relationships  between  matrix  strength  and  microstructure  (Lange.  Evans). 

4.4  Hybrids 

These  activities  cover  materials  consisting  of  thin  monolithic  ceramic 
layers  altematir  ith  layers  containing  high  strength  fibers  bonded  by  a 
glass  or  metallic  binder.  The  primary  motivation  behind  this  concept  is  the 
potential  for  manufacturing  shapes  that  have  a  high  resistance  to 
environmental  degradation  and  also  have  good  thermal  shock  resistance. 
The  concept  has  been  demonstrated  using  alumina  plates  and  graphite 
reinforced  polymer  prepregs  (Lange).  The  availability  of  glass-ceramic 
bonded  SiCf  prepregs  and  tape-cast  SiC  plates  has  facilitated  the  extension 
of  this  technique  to  high  temperature  systems  (Lange).  Future  assessment 
will  address  new  crack  control  concepts.  These  concepts  would  prevent 
damage  from  propagating  Into  the  fiber  reinforced  layers,  especially  upon 
thermal  loading  (Zok,  Lange).  If  successful,  this  concept  would  allow  the 
development  of  hybrid  CMCs  which  impart  resistance  to  environmental 
degradation,  as  well  as  high  thermal  strain  tolerance. 

Preliminary  work  has  been  performed  on  laminates  consisting  of 
alumina  plates  and  sapphire-fiber  reinforced  Cu  monotapes  (Levi).  The  latter 
are  produced  by  deposition  of  Cu  on  individual  fibers  which  are 
subsequently  aligned  and  bonded  by  hot  pressing  between  two  Cu  foils. 
After  suitable  surface  preparation,  the  alumina/monotape  assemblies  are 
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bonded  by  hot  pressing.  Future  work  is  aimed  at  implementing  the  concept 
with  Ni  based  alloys. 


5.  SENSORS 

The  principal  challenge  being  addressed  is  the  non-destructive  and 
non-evasive  measurement  of  stresses  in  composites  (Clarke.  Wadley).  The 
motivation  is  to  make  detailed  measurements  of  stresses  in  components  for 
incorporation  into  evolving  design  models,  as  well  as  validation  of  the  stress 
distributions  computed  by  finite  element  methods.  A  major  emphasis  has 
been  placed  on  measuring  the  residual  stresses  in  sapphire  fibers  in  various 
matrices,  using  the  recently  developed  technique  of  optical  fluorescence 
spectroscopy.  These  measurements  have  provided  data  on  the  distribution 
of  residual  thermal  stresses  in 'the  fiber  reinforcement,  as  a  function  of 
depth  below  the  surface.  This  approach  will  be  extended,  in  conjunction 
with  finite  element  modelling  (Hutchinson),  to  measure  the  stresses  during 
the  process  of  fiber  pull-out  from  a  variety  of  metal  and  ceramic  matrices. 
Initial  experiments  indicate  that  such  in-situ  measurements  are  feasible. 

The  technique  will  also  be  applied  to  the  measurement  of  the  stresses 
in  sapphire  fibers  located  in  the  vicinity  of  pin-loaded  holes  in  order  to 
understand  the  manner  in  which  the  stresses  redistribute  during  loading.  It 
is  anticipated  that  this  measurement  will  provide  information  about  the 
detailed  fiber  loadings  aind  also  about  the  stresses  that  cause  debonding  of 
the  fibers  from  the  matrix.  Moreover,  in  support  of  the  activities  on  thermal 
ratcheting,  the  redistribution  of  stresses  with  thermal  cycling  will  be 
established.  This  will  be  accomplished  by  using  the  fluorescence  technique 
as  well  as  Moire  interferometry,  based  on  lithographically  defined  features. 
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ABSTRACT 

The  mode  I  fatigue  crack  growth  behavior  of  a  fiber  reinforced  metal  matrix 
composite  with  weak  interfaces  is  examined.  In  the  longitudinal  orientation,  matrix 
cracks  initially  grow  with  minimal  fiber  failure.  The  tractions  exerted  by  the  intact 
fibers  shield  the  crack  tip  from  the  applied  stress  and  reduce  the  rate  of  crack  growth 
relative  to  that  in  the  unreinforced  matrix  alloy.  In  some  instances,  further  growth  is 
accompanied  by  fiber  failure  and  a  concomitant  loss  in  crack  tip  shielding.  The 
measurements  are  compared  with  model  predictions,  incorporating  the  intrinsic  fatigue 
properties  of  the  matrix  and  the  shielding  contributions  derived  from  the  intact  fibers. 
The  magnitude  of  the  interface  sliding  stress  inferred  from  the  comparisons  between 
experiment  and  theory  is  found  to  be  in  broad  agreement  with  values  measured  using 
alternate  techniques.  The  results  also  indicate  that  the  interface  sliding  stress  degrades 
with  cyclic  sliding,  an  effect  yet  to  be  incorporated  in  the  model.  In  contrast,  the 
transverse  fatigue  properties  are  found  to  be  inferior  to  those  of  the  monolithic  matrix 
alloy,  a  consequence  of  the  poor  fatigue  resistance  of  the  fiber/matrix  interface. 


7E;MS19(December21, 1992)10:10 


3 


1.  INTRODUCTION 

Fiber  reinforced  metal  matrix  composites  exhibit  a  variety  of  damage  modes 
under  cyclic  loading  conditions^ *5.  In  the  presence  of  holes  or  notches,  the  damage  may 
involve  the  propagation  of  a  single  mode  I  matrix  crack  perpendicular  to  the  fibers^*^. 
Provided  the  fiber/matrix  interface  is  sufficiently  weak,  cracking  initially  occurs 
without  fiber  failure.  The  tractions  exerted  on  the  crack  face  by  the  intact  fibers  shield 
the  crack  tip  from  the  remote  stress  and  thus  reduce  the  crack  growth  rate  relative  to 
that  of  the  matrix  alone.  Further  growth  may  lead  to  fiber  failure,  both  in  the  crack 
wake  and  ahead  of  the  crack  tip,  leading  to  an  acceleration  in  crack  growth. 
Alternatively,  the  damage  may  be  in  the  form  of  a  process  zone  comprised  of  multiple 
mode  I  cracks^.  The  mechanics  of  this  process  again  involves  issues  of  crack  bridging 
and  fiber  failure,  as  well  aS  an  imderstanding  of  the  role  of  the  interactions  between 
CTacks.  In  yet  other  instances,  failvire  occurs  by  splitting  parallel  to  the  fiber  direction'*'^. 
The  splitting  mode  is  enhanced  by  the  application  of  bending  moments,  as  exemplified 
by  tests  conducted  on  compact  tension  specimens^. 

A  comprehensive  understanding  of  the  material  parameters  governing  the 
various  damage  modes  and  the  role  of  the  damage  in  fatigue  lifetime  is  not  yet 
available.  However,  the  recognition  that  the  damage  modes  have  close  analogies  in 
fiber  reinforced  ceramic  matrix  composites  (CMCs)  tmder  monotonic  loading  conditions 
suggests  that  the  existing  mechanics  (developed  for  CMCs)  may  have  applicability  to 
MMCs,  provided  appropriate  modifications  are  made  to  account  for  the  cyclic  nature  of 
the  imposed  stress.  The  present  article  examines  one  of  these  fatigue  mechanisms 
(mode  I  matrix  cracking),  and  attempts  to  assess  the  utility  of  the  mechanics 
formulisms^-S  in  describing  fatigue  crack  growth.  The  study  compares  experimental 
measurements  with  model  predictions,  incorporating  the  effects  of  fiber  bridging.  The 
role  of  fiber  failure  in  the  fatigue  cracking  process  is  also  examined. 
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The  paper  is  organized  in  the  following  way.  First,  a  summary  of  the  mechanics 
of  crack  bridging  by  frictionally  c  unstrained  fibers  under  cyclic  loading  is  presented 
(Section  2).  The  mechanics  identifies  the  important  material  properties  and  loading 
parameters  governing  fatigue,  and  provides  guidance  for  the  design  and  interpretation 
of  the  experiments.  This  is  followed  by  a  description  of  the  materials  and  experimental 
methods  employed  (Section  3),  and  a  summary  of  the  measurements  and  observations, 
along  Avith  comparisons  with  model  predictions  (Sections  4  and  5). 


2.  MECHANICS  OF  CRACK  BRIDGING 

2.1  Shielding  Effects 

The  mechanics  of  crack  bridging  by  frictionally  constrained  fibers  in  brittle 
matrix  composites  under  monotonic  tensile  loading  has  been  well  established^'^  ^  A 
fundamental  assiunption  in  the  analysis  is  that  the  driving  force  for  aack  extension  is 
the  crack  tip  stress  intensity  factor,  Kt,  as  governed  by  the  remote  stress  and  the  tractions 
acting  in  the  crack  wake.  Equating  Kt  with  the  composite  fracture  toughness  (which 
usually  scales  with  the  fracture  toughness  of  the  matrix  itself),  gives  the  stress  required 
for  matrix  cracking  in  terms  of  the  component  geometry  and  various  constituent 
properties. 

These  concepts  have  been  extended  to  describe  matrix  cracking  in  fiber 
reinforced  metal  matrix  composites  under  cyclic  loading  conditions^®.  By  analogy  with 
the  monotonic  loading  problem,  the  driving  force  for  crack  extension  is  taken  to  be  the 
crack  tip  stress  intensity  factor  amplitude,  AKi: 


AKt  =  AKa  +  AKb 


(1) 
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where  AKa  is  the  component  due  to  the  applied  stress  amplitude,  AOa,  and  AKb  is  the 
component  due  to  the  bridging  tractions,  AOb,  exerted  by  intact  fibers  in  the  crack  wake. 
For  an  infinite  center-cracked  tensile  panel,  these  components  are  given  by^2 


AKa  =  Aaa  'Jna 


(2) 


and 


AKb 


Agb  (x) 


dx 


(3) 


where  2ao  is  the  initial  notch  length,  2a  is  the  current  crack  length  and  x  is  the  distance 
from  the  crack  center. 

To  evaluate  the  distribution  of  bridging  tractions,  AOb  (x),  it  is  first  necessary  to 
specify  the  contributions  to  the  change  in  crack  opening  displacement  Au  due  to  the 
applied  stress  Aug  and  that  due  to  the  bridging  fibers  Aub^^j 


AUa 


(4) 


and 


AUb  =  ^  A<7b(t)  H(t,x,a)  dt 


(5) 


where  Eis  an  effective  composite  modulus  (taking  account  of  material  orthotropy)  and 
the  Green’s  function  H  is^2 
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H(t,x,a)  =  -  log 
iz 


The  sum  of  these  components, 
Au  =  Aua  +  Aub 


(6) 


(7) 


is  required  to  be  consistent  with  the  cyclic  traction  law  (taking  into  account  reverse  slip 
during  unloading)^: 


Au 


=  !>.  AOb 


(8) 


Here  X  is  a  material  parameter  defined  by* 

(9) 

where  D  is  the  fiber  diameter,  f  is  the  fiber  volume  fractions,  Em  and  Ef  are  the  matrix 
and  fiber  Young's  moduli  and  E  is  the  longitudinal  composite  modulus 
(=  f  Ef  +  (1-f)  Em)-  Combining  Eqns.  4-8  giv«  an  integral  equation  of  the  form 

ixAaJ  =  ^Aa,  1  ^  AOb(t)H(t,x,a)dt  (10) 

Z,  £0  c,  'a© 


*  The  parameter  X  differs  from  that  used  in  Refs.  6  and  9  by  a  factor  of  Emd-O/E  This  modification 
provides  consistency  between  the  steady-state  stress  intensity  factor  and  the  value  obtained  from 
energy-based  approaches  [10].  A  more  detailed  discussion  of  the  origin  of  such  effects  can  be  found  in 
(13). 
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This  equation  is  solved  numerically  for  Ao^  using  an  iterative  scheme,  and  the  result 
combined  with  Eqns.  1-3  to  evaluate  AKf. 

The  effects  of  finite  specimen  width,  2w,  have  also  been  studied  through 
calculations  based  on  finite  element  methods^.  For  specimens  with  a  normalized  notch 
size  ao/w  =  0.2  (a  value  comparable  to  those  used  in  the  present  experiments)  and  crack 
lengths  in  the  range  a/w  <  0.5,  the  effects  of  finite  width  on  the  crack  tip  stress  intensity 
amplitude  can  be  approximated  by  the  relation 

AKt(a/w,ACT)  =  Y(a/w)  AKt(a/oo,ACT)  (11) 

where  AKt  (a/w.  Ad)  and  AKt  (a/oo.  Ad)  represent  values  for  the  finite  and  infinite 
specimens,  respectively,  and 

Y  (a/w)  =  .^sec7ca/2w  (12) 

(the  usual  finite  width  correction  used  in  calculating  the  applied  stress  intensityl2).  The 
error  introduced  by  this  approximation  is  less  than  -3%.  As  seen  later,  this  range  of 
crack  lengths  is  consistent  with  the  majority  of  values  measured  experimentally,  making 
the  approximate  width  correction  (Eqns.  11  and  12)  suitable  for  subsequent  calculations. 

2.2  Fatigue  Crack  Growth 

By  analogy  to  monolithic  materials,  it  is  expected  that  the  rate  of  fatigue  crack 
growth  in  composites  can  be  described  in  terms  of  AKt  through  an  empirical  relation  of 
the  form 


da/dN  =  P  (AKt)" 


(13) 
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where  N  is  the  number  of  loading  cycles.  The  parameters  P  and  n  represent  the 
behavior  of  a  matrix  crack  propagating  through  an  array  of  elastic  fibers  and  are  thus 
properties  of  the  composite.  However,  in  view  of  the  lack  of  understanding  of  the  effects 
of  the  fibers  on  the  processes  occurring  at  the  crack  tip,  it  seems  adequate  to  select 
values  of  P  and  n  that  are  representative  of  the  monolithic  matrix  alloy.  With  this 
approach,  the  effects  of  the  fibers  at  the  crack  tip  are  neglected. 

2.3  Fiber  Failure 

Once  the  fibers  begin  to  fail,  their  contribution  to  crack  tip  shielding  is  reduced 
substantially.  To  incorporate  such  effects  in  the  model,  a  deterministic  criterion  for  fiber 
failure  has  been  used^.  The  calculations  are  conducted  by  continuously  adjusting  the 
imbridged  portion  of  the  crack  to  maintain  a  stress  at  the  tip  of  the  unbridged  segment 
equal  to  the  fiber  strength.  Through  this  approach,  the  entire  cracking  history  (a  vs  N) 
can  be  simulated. 

The  results  of  these  calculations  can  also  be  used  to  develop  a  criterion  for  a 
"threshold"  stress  amplitude,  ACth/  below  which  fiber  failure  does  not  occur  for  any 
crack  length.  Within  such  a  regime,  the  crack  growth  rate  approaches  a  steady-state 
value,  with  all  fibers  in  the  crack  wake  remaining  intact.  The  variation  in  the 
"threshold"  stress  amplitude  with  fiber  strength  is  plotted  in  Fig.  1.  The  maximum 
value  of  AOth  occurs  when  there  is  no  notch,  i.e.  ao  =  0,  whereupon 

AOih/fSd-R)  =  1  (14) 
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where  R  is  the  ratio  of  the  minimum  to  maximum  applied  stress.  Increasing  either  the 
notch  length  or  interface  sliding  stress  (or,  equivalently,  decreasing  the  fiber  strength  or 
fiber  diameter)  has  the  effect  of  decreasing  the  quantity  AcTth/d  -  R)  fS. 

3.  EXPERIMENTAL  METHODS 

3.1  Material 

The  material  used  in  this  study  was  a  metastable  |3 -titanium  alloy 
(Ti-15V-3Cr-3Al-3Sn)  reinforced  with  continuous,  aligned  SCS-6  (SiC)  fibers.  The  fibers 
are  140  jim  in  diameter  and  are  coated  ■with  a  3  nm  graded  C/Si  layer.  The  purpose  of 
the  coating  is  to  inhibit  fiber/matrix  interaction  during  consolidation.  The  composite 
was  fabricated  through  a  foil-fiber-foil  technique,  wherein  Ti-alloy  foils  and  fiber  mats 
are  alternately  stacked  and  subsequently  vacuum  hot-pressed.  During  consolidation,  a 
brittle  reaction  product  consisting  primarily  of  TiC  forms  at  the  interface  between  the  Ti 
matrix  and  the  C-rich  fiber  coatingl^.  Prior  studies  have  shown  this  system  to  exhibit 
the  requisite  properties  for  interface  debonding  and  sliding  to  occur  during  matrix 
cracking2.l546  a  transverse  aoss  section  of  the  composite  is  shown  in  Fig.  2. 

3.2  Fatigue  testing 

Fatigue  tests  were  conducted  in  the  0*  orientation  using  center-notched  tensile 
specimens.  To  minimize  machining  damage,  the  notches  were  formed  usine  electrical 
discharge  machining.  The  normalized  notch  lengths  were  in  the  range 
0.23  <  ao/'v  <  0.35.  One  face  of  each  specimen  was  subsequently  diamond  polished 
to  a  1  |am  finish.  Tests  were  conducted  on  a  servohydraulic  mechanical  test  system  at 
fixed  stress  amplitude,  Ao.  In  all  cases  the  stress  ratio,  R,  was  maintained  at  0.1.  Crack 
extension  was  monitored  using  two  techniques:  indirect  potential  drop  (with  thin  foil 
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crack  gauges  mounted  at  the  notch  tips),  and  with  a  traveling  stereo-microscope.  The 
loading  parameters  and  specimen  geometry  were  selected  to  elucidate  the  effects  of 
stress  amplitude,  AOa,  and  notch  size,  2ao.  The  transverse  fatigue  behavior  w'as 
measured  using  compact  tension  specimens,  in  accordance  with  the  ASTM  standards!^. 

The  extent  of  fiber  failure  during  fatigue  cracking  was  monitored  using  an 
acoustic  emission  (AE)  system.  The  system  consists  of  a  175  kHz  resonant  piezoelectric 
transducer,  a  variable  gain  amplifier,  and  a  detector.  The  detector  incorporates  a 
variable  threshold  voltage  with  two  counting  techiuques.  Ringdown  counting  records 
each  positive  slope  threshold  crossing  of  a  decaying  acoustic  signal,  whereas  event 
coimting  records  the  first  crossing  and  ignores  subsequent  crossings  within  a  fixed  reset 
period  (1  ms).  The  latter  technique  (employed  in  the  present  study)  has  the  potential  to 
resolve  individual  fiber  fractures  provided  that  three  conditions  are  satisfied;  a)  the 
acoustic  signal  decays  below  the  threshold  within  the  reset  period,  b)  multiple  fiber 
failures  do  no  occur  within  the  reset  period,  and  c)  the  system  settings  can  be  adjusted 
to  prevent  signals  from  alternate  acoustic  sources  from  crossing  the  threshold.  To 
determine  the  system  settings  appropriate  to  the  Ti/SiC  composite,  a  series  of 
preliminary  tensile  tests  were  conducted  on  monofilament  composite  specimens.  The 
specimens  were  prepared  by  extracting  individual  SiC  fibers  from  the  composite  and 
bonding  the  fibers  onto  aluminum  strips  using  an  epoxy  adhesive.  Tensile  tests  were 
conducted  with  the  transducer  attached  to  the  aluminum  strip,  and  the  number  of 
acoustic  events  associated  with  fiber  failure  recorded.  The  system  settings  were 
systematically  varied  until  individual  fiber  failures  were  consistently  counted  as  single 
acoustic  events.  These  settings  were  subsequently  used  during  fatigue  testing  of  the 
composite.  Furthermore,  the  accuracy  of  the  acoustic  emission  measurements  was 
evaluated  by  examining  the  tested  specimens  following  matrix  dissolution,  as  described 
below. 
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3.3  Observations 

Direct  observations  of  fiber  bridging  and  fiber  fracture  were  also  made.  For  this 
purpose,  tested  specimens  were  sectioned  along  a  plane  ~  3mm  above  the  matrix  crack 
plane,  and  the  matrix  subsequently  dissolved  down  to  a  depth  of  ~  6mm.  During 
matrix  dissolution,  the  fractured  fibers  were  removed,  whereas  the  intact  fibers 
continued  to  span  the  entire  length  of  the  specimen.  A  comparison  of  the  spatial 
distribution  of  fractured  fibers  with  the  matrix  crack  prior  to  dissolution  provided  a 
direct  measure  of  the  length  over  which  intact  fibers  had  bridged  the  matrix  crack.  The 
fatigue  fracture  surfaces  were  also  examined  in  a  scanning  electron  microscopy  (SEM). 


4.  LONGITUDINAL  PROPERTIES 

4.1  Measurements  and  Observations 

Figures  3(a)  -  (c)  show  representative  trends  in  the  crack  growth  behavior, 
plotted  as  crack  extension,  Aa,  vs.  number  of  loading  cycles,  N,  for  tests  conducted  at 
various  stress  amplitudes.  Here,  the  specimens  had  an  initial  notch  size,  2ao  =  3  nun. 
The  results  are  re-plotted  as  crack  growth  rate,  da/dN,  vs.  applied  stress  intensity 
range,  AKa,  in  Fig.  3(d).  Similarly,  Figs.  4(a)  -  (d)  show  trends  with  notch  length  at  a 
fixed  stress  amplitude,  AOa  =  400  MPa. 

In  all  cases,  the  crack  growth  rates  initially  decreased  with  increasing  crack 
length,  despite  the  corresponding  increase  in  AKa-  This  behavior  is  a  manifestation  of 
crack  tip  shielding  by  intact  fibers  in  the  crack  wake.  The  presence  of  such  fibers  was 
confirmed  through  comparisons  between  the  matrix  cracks  following  fatigue  testing 
and  the  distribution  of  underlying  fibers  following  matrix  dissolution;  an  example  is 
shown  in  fig.  5.  For  tests  conducted  at  low  stress  amplitudes  or  with  small  notches,  the 
deceleration  in  crack  growth  continued  throughout  the  duration  of  the  tests  (Figs.  3(a), 
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(b)  and  4(a),  (b)).  In  contrast,  tests  conducted  at  high  stress  amplitudes  or  large  notches 
exhibited  a  transition  in  which  the  growth  rate  accelerated  rapidly  with  crack  extension 
(Figs.  3(c)  and  4(c)).  The  transition  was  correlated  with  the  onset  of  fiber  failure.  The 
distribution  of  broken  fibers  following  fatigue  testing  for  one  such  test  is  shovvTi  in 
Fig.  6.  (These  observations  correspond  to  the  data  in  Fig.  3(c)).  In  this  case,  the  zone  of 
intact  fibers  at  the  end  of  the  test  was  only  ~  300  pm  (or  -  2  fiber  spadngs). 

The  evolution  of  fiber  failure  during  fatigue  cracking  was  also  confirmed  by  the 
acoustic  emission  measurements.  For  tests  conducted  at  low  stress  amplitudes  or  with 
short  notches,  the  total  number  of  acoustic  events  was  typically  <10.  These 
measurements  correspond  to  the  failure  of  fibers  that  were  partially  cut  during 
machining  of  the  notch,  an  example  of  which  is  seen  in  Fig.  5.  In  contrast,  tests 
conducted  at  high  stress  amplitudes  or  with  long  notches  exhibited  extensive  acoustic 
activity,  in  accord  with  observations  of  fiber  failure.  Figure  7  shows  one  example  of  the 
evolution  of  the  number,  nf,  of  failed  fibers  with  crack  extension,  corresponding  to  the 
test  results  presented  in  Fig.  4(c).  The  parameters  in  this  figure  have  been  normalized 
such  that  a  line  of  slope  unity  represents  failure  of  all  the  fibers  in  the  crack  wake;  the 
region  above  the  line  '•orresponds  to  the  incidence  of  fiber  failure  ahead  of  the  crack  tip. 
In  this  case,  fiber  failure  began  at  a  relatively  small  amount  of  crack  extension 
(Aa/D  »  2-3).  Further  crack  growth  was  accompanied  by  increasing  fiber  failure  and 
a  concomitant  increase  in  crack  growth  rate.  The  acoustic  emission  measurements  also 
indicate  that,  beyond  Aa/D  »  12,  fiber  failure  occurs  ahead  of  the  crack  tip.  This  point 
corresponds  closely  to  the  onset  of  rapid  crack  acceleration  (at  N  *  8,000),  seen  in 
Fig.  4(c).  SEM  examination  of  the  specimen  foUowing  matrix  dissolution  (Fig.  8) 
confirmed  the  number  of  failed  fibers  measured  through  acoustic  emission  (within 
-  10%). 

SEM  examinations  of  the  fracture  surfaces  reveciled  two  notable  features.  Firstly, 
the  amount  of  fiber  ^  ullout  on  the  fatigue  fracture  surface  was  small;  typically  ^  2D 
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(Fig.  9).  This  observation  indicates  that  the  fiber  strength  distribution  is  narrow,  in 
accord  with  the  reported  values  of  Weibull  modulus  for  the  SC5-6  fibers  (-  10). 
Secondly,  the  fiber  coatings  exhibited  extensive  fragmentation  following  fatigue 
(Fig.  10(a)).  In  contrast,  the  coatings  on  the  fibers  in  the  fast  fracture  region  were  left 
intact  (Fig.  10(b)).  Evidently,  the  cyclic  sliding  leads  to  a  degradation  in  the  fiber 
coating. 

4.2  Comparison  Between  Experiment  and  Theory 

The  measured  crack  growth  curves  have  been  compared  with  model 
predictions^,  taking  into  account  the  effect  of  bridging  fibers  on  AKt.  The  parameters  P 
and  n  in  Eqn.  13  were  taken  to  be  those  for  the  matrix  alloy^  and  are  given  in  Table  1. 
The  various  elastic  moduli^'*  are  also  given  m  Table  1.  The  material  parameter  that  is 
subject  to  the  most  uncertainty  is  the  interface  sliding  stress,  T.  Consequently,  the 
approach  adopted  here  was  to  compare  the  experimental  data  with  model  predictions 
for  a  range  of  values  of  X  and  then  assess  whether  consistency  is  achieved  over  the  entire 
range  of  measurements.  The  model  predictions  also  accounted  for  fiber  failure, 
assuming  a  deterministic  fiber  strength,  S.  In  this  regime,  the  calculations  were  based 
on  a  fixed  value  of  T  (chosen  to  be  consistent  with  the  data  in  the  regime  prior  to  fiber 
failure)  and  comparisons  made  for  a  range  of  values  of  S.  The  inferred  value  of  S  was 
then  compared  with  values  reported  elsewhere. 

Figures  3  and  4  show  the  comparisons  between  experiment  and  theory.  In  the 
regime  prior  to  fiber  failure,  all  the  experimental  data  are  consistent  with  the  model  for 
X  in  the  range  of  15  to  35  MPa. 

The  values  of  X  inferred  from  the  fatigue  tests  have  been  compared  with  those 
measured  on  both  pristine  and  "fatigued"  fibers  using  single  fiber  pushout  tests^S 
(Fig.  11).  Specimens  with  "fatigued"  fibers  were  prepared  by  cutting  composite  sections 
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~  600  |ixn  thick,  adjacent  to  a  matrix  fatigue  crack.  The  sections  were  then  ground  and 
polished  to  a  final  section  thickness  of  ~  400  )im.  The  pristine  specimens  were  prepared 
in  a  similar  fashion,  using  undeformed  material.  The  pushout  tests  show  that  the 
sliding  resistance  of  the  pristine  fibers  is  initially  ~  90  MPa,  but  decreases  as  the  fiber 
slides  out  of  the  composite.  This  trend  has  previously  been  rationalized  in  terms  of  the 
wear  of  asperities  on  the  fiber  coating  during  sliding^^.  In  contrast,  the  sliding  stress  for 
the  fatigued  fiber  is  initially  only  ~  20  MPa,  but  subsequently  increases  with  pushout 
distance.  This  behavior  is  consistent  with  the  extensive  fragmentation  of  the  fiber 
coating  following  fatigue  (Fig.  10).  Comparisons  of  the  data  with  the  range  of  values  of 
t  inferred  from  the  fatigue  crack  growth  experiments  shows  broad  agreement, 
providing  additional  confidence  in  the  utility  of  the  micromechanical  model.  However, 
it  must  be  emphasized  that  the  fiber  coatings  degrade  during  cyclic  sliding,  leading  to 
changes  in  the  interface  sliding  stress.  Such  effects  have  yet  to  be  incorporated  in  the 
model. 

The  model  predictions  in  the  regime  following  fiber  failure  are  consistent  with  a 
fiber  strength  of  -  4  GPa  (Figs.  3(c)  and  4(c)):  a  value  comparable  to  previous 
measurements  of  the  strength  of  pristine  SCS-6  fibers^O*. 

The  present  observations  have  also  been  used  to  assess  the  predictions  of  the 
"threshold"  stress  amplitude,  described  in  Section  2.3.  A  comparison  of  the 
measurements  and  predictions  is  shown  in  Fig.  12.  Here,  the  experimental  data  have 
been  plotted  for  an  average  value  of  sliding  stress,  T  =  25  MPa,  with  the  error  bars 
corresponding  to  the  uncertainty  in  X  (15-35  MPa).  Despite  the  rather  broad 
vmcertainty,  the  observations  appear  to  be  consistent  with  the  predictions.  Specifically, 


*  It  is  recognized  that  a  deterministic  fiber  failure  criterion  is  not,  strictly  speaking,  applicable  to  ceramic 
fibers.  However,  in  the  present  case,  the  range  of  fiber  strength  is  narrow  and  thus  the  criterion  appears 
to  be  adequate. 
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both  the  experiments  and  the  theory  indicate  that  a  transition  to  the  regime  of  fiber 
failure  can  be  brought  upon  by  increasing  either  AOa  or  ao. 
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5.  TRANSVERSE  PROPERTIES 

5.1  Measvirements  and  Observations 

In  contrast  to  the  longitudinal  behavior,  fatigue  crack  growth  in  the  transverse 
orientat’on  was  not  accompanied  by  crack  bridging.  Indeed,  the  fatigue  resistance  of 
the  composite  in  this  orientation  was  inferior  to  that  of  the  matrix  alloy.  The  trends  in 
the  crack  growth  rate  with  the  applied  stress  intensity  amplitude  are  shown  in  Fig.  13. 
The  behavior  of  the  composite  closely  parallels  that  of  the  matrix  alloy,  though  the 
growth  rates  are  somewhat  higher  in  the  composite.  SEM  examinations  of  the  fatigue 
fracture  surface  indicate  that  the  cracks  propagate  along  the  matrix  ligaments  between 
fibers,  with  no  evidence  of  fiber  bridging  or  fiber  fracture  in  the  crack  wake  (Fig.  14). 
These  observations  are  consistent  with  the  static  tensile  properties  of  the  composite, 
wherein  the  transverse  strength  is  lower  than  that  of  the  matrix^^. 

5.2  Comparison  Between  Experiment  and  Theory 

An  upper  boimd  estimate  of  the  transverse  crack  growth  rate  in  the  composites 
can  be  obtained  by  neglecting  the  fatigue  resistance  of  the  fiber/matrix  interface.  The 
driving  force  for  crack  extension  in  the  composite  is  thus  obtained  through  a  net  section 
correction  of  the  form 

AKt  =  AKa/ Ajn  (16) 

where  Am  is  the  area  fraction  of  matrix  on  the  ft-acture  surface.  Measurements  made  on 
the  fracture  surface  give  Am  *  0.38.  This  value  compares  favorably  with  one 
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calculated,  assuming  that  the  fibers  are  arranged  in  a  square  array  and  that  the  fatigue 
crack  propagates  along  the  narrowest  matrix  ligament  between  fibers,  giving 

Am  =  1  -  (47t/f)V2  =  0.33.  (17) 

The  model  predictions  based  on  this  adjustment  are  shown  by  the  dashed  lines  on 
Fig.  13.  Evidently,  the  predictions  lie  above  the  measured  data.  This  result  suggests 
that  either  the  fiber/matrix  interface  provides  some  fatigue  resistance,  or  a  closure  effect 
arises  from  the  presence  of  the  debonded  fibers  in  the  crack  wake.  The  latter  effect  is 
consistent  with  the  thermal  expansion  mismatch  in  this  composite  system. 


6.  CONCLUDING  REMARKS 

The  fatigue  crack  growth  characteristics  of  a  unidirectional,  fiber  reinforced  metal 
matrix  composite  have  been  measured  and  the  results  compared  with  model 
predictions.  The  results  indicate  that  the  properties  of  the  fiber/matrix  interface  play  a 
central  role.  In  the  longitudinal  orientation,  matrix  cracking  initially  proceeds  with 
minimal  fiber  failure:  the  weak  fiber/matrix  interface  allows  debonding  and  sliding  to 
occur,  leaving  the  fibers  intact  in  the  crack  wake.  The  bridging  fibers  provide 
substantial  crack  tip  shielding  during  crack  growth,  as  evidenced  by  the  reductions  in 
crack  growth  rate  with  increased  crack  extension.  The  measurements  have  been  found 
to  be  consistent  with  the  predictions  of  a  micromechanical  model  in  which  the  fibers  are 
assumed  to  be  frictionally  coupled  to  the  matrix,  with  a  constant  interface  sliding  stress. 
The  values  of  the  sliding  stress  inferred  from  such  comparisons  are  in  broad  agreement 
with  values  measured  from  single  fiber  pushout  tests  on  fatigued  specimens.  These 
values,  however,  are  substantially  lower  than  those  measured  on  pristine  fibers. 


7E:MS19{December21. 1992)10:10  AM/mef 


17 


suggesting  that  the  fiber  coatings  degrade  during  cyclic  sliding.  The  role  of  such 
degradation  on  the  cyclic  traction  law  will  be  addressed  elsewhere^T  In  some  instances, 
the  fibers  in  the  crack  wake  fail,  leading  to  a  loss  in  crack  tip  shielding  and  an 
acceleration  in  crack  growth.  The  behavior  in  this  regime  is  also  consistent  with  the 
model  predictions,  using  a  deterministic  value  for  fiber  strength.  In  the  transverse 
orientation,  the  weak  fiber/matrix  interface  results  in  a  degradation  in  the  fatigue 
resistance  of  the  composite  relative  to  that  of  the  matrix  alloy  alone. 

An  important  conclusion  derived  from  both  the  experimental  measurements  and 
the  model  predictions  pertains  to  the  use  of  the  applied  AK  as  a  loading  parameter  in 
describing  fatigue  crack  growth  in  this  class  of  composite.  It  is  apparent  that  the 
bridging  effects  in  the  longitudinal  orientation  are  so  pronounced  that  AKg  does  not 
generally  provide  even  a  rough  estimate  of  the  crack  tip  stress  field.  Consequently,  no 
unique  relationship  exists  between  da/dN  and  AKa,  except  in  the  extreme  cases  where 
the  crack  extension  into  the  composite  is  small,  i.e.  less  than  one  fiber  spacing,  or  when 
all  the  fibers  in  the  crack  wake  have  failed.  Similar  conclusions  have  been  reached 
regarding  the  use  of  the  applied  stress  intensity  factor  in  characterizing  matrix  cracking 
in  brittle  matrix  composites. 
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FIGURES 


Fig.  1  A  diagram  showing  the  influence  of  notch  length,  2ao,  and  material 
parameters  (t,  D,  f,  S)  on  the  applied  stress  Ao/(l-R)  at  which  fiber  failure  is 
predicted  to  occur  during  fatigue  cracking  (adapted  from  Refs.  7  and  22). 

Fig.  2  At  transverse  section  through  the  composite. 

Fig.  3  The  influence  of  stress  amplitude  on  crack  growth  in  the  longitudinal 
orientation,  for  a  notch  length  2ao  =  3  mm:  (a)  Ao  =  300  MPa,  (b)  370  MPa, 

(c)  436  MPa.  The  solid  lines  are  model  predictions,  assuming  no  fiber  failure 
in  the  crack  wake.  The  additional  lines  in  (c)  show  the  model  predictions 
incorporating  fiber  failure,  using  a  sliding  stress,  X  =  35  MPa,  and  3  values  of 
fiber  strength,  (d)  The  data  of  (a)-(c)  replotted  in  the  conventional  format. 

Fig.  4  The  influence  of  notch  length  on  crack  growth  in  the  longitudinal 
orientation,  for  a  stress  amplitude  AOa  =  400  MPa  (R  =  0.1):  (a)  2ao  =  3  mm, 
(b)  6  mm,  (c)  9  mm.  The  solid  lines  are  model  predictions  assuming  no  fiber 
failure.  The  additional  lines  in  (c)  show  model  predictions  incorporating 
fiber  failure,  using  a  sliding  stress  X  =  25  MPa,  and  3  values  of  fiber  strength. 

(d)  The  data  in  (a)-(c)  replotted  in  the  conventional  format. 

Fig  5  Comparison  between  (a)  a  matrix  fatigue  crack,  as  seen  on  the  external 
surface,  and  (b)  the  underlying  fibers  following  matrix  dissolution.  The 
micrograph  are  at  the  same  magnification  and  represent  the  identical  region 
of  the  specimen.  The  fatigue  test  was  conducted  at  ACa  =  300  MPa,  R  =  0.1, 
and  2ao  =  3  mm. 

Fig.  6  A  comparison  similar  to  that  shown  in  Fig.  6,  for  a  specimen  tested  at 
AGa  =  436  MPa,  R  =  0.1  and  2ao  =  3  mm.  Note  the  extent  of  fiber  failure  in 
the  crack  wake. 

Fig.  7  Evolution  of  fiber  failure  with  crack  extension  (t  is  the  thickness  of  the 
composite  panel). 

Fig.  8  Comparison  of  matrix  crack  and  underlying  fibers  for  test  conducted  at 
AOa  =  400  MPa,  R  =  0.1  and  2ao  =  9  mm.  Note  the  absence  of  intact  fibers  in 
the  crack  wake  and  the  extent  of  fiber  failure  ahead  of  the  crack  tip. 
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Fig.  9  SEM  view  of  fatigue  fracture  surface,  showing  the  extent  of  fiber  pullout. 

Fig.  10  SEM  observations  of  failed  fibers  in  (a)  the  fatigue  region,  and  (b)  the  fast 

fracture  region.  Note  the  damage  on  the  fiber  coating  in  (a). 

Fig.  11  Results  of  single  fiber  push  out  tests  on  pristine  and  fatigued  fibers.  Also 
shown  is  the  range  of  T  inferred  from  the  fatigue  crack  growth  experiments. 

Fig.  12  A  diagram  showing  the  conditions  under  which  fiber  failure  was  observed 
during  fatigue  clacking.  Tlie  line  shows  model  prediction,  based  on  the 
results  of  Fig.  3.  (The  parameter  ^  is  defined  on  Fig.  1). 

Fig.  13  Comparison  of  crack  growth  rates  in  composite  in  transverse  orientation 
with  that  of  the  monolithic  matrix  alloy.  The  broken  lines  represent  model 
predictions  for  the  composite,  based  on  a  net  section  correction  (Eqn.  16, 
Am  =  0.38). 

Fig.  14  Fatigue  fracture  surface  of  the  composite  in  the  transverse  orientation. 
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TABLE  1  Mechanical  Properties  of  Fiber,  Matrix,  and  Composite 


Matrix  Modulus 

Em 

=  115GPaI14] 

Fiber  Modulus 

Ef  = 

=  360  GPa  [14] 

Longitudinal  Composite  Modulus 

E  = 

200  GPa  [14] 

Effective  Composite  Modulus 

E  = 

193  GPa* 

Coefficient  in  Paris  Law 

P  = 

5.5  X  104  (ml-n/2)  [5] 

Exponent  in  Paris  Law 

n  = 

2.8  [5] 

‘Calculated  in  Reference  IT]. 
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ABSTRACT 

Fatigue  crack  growth  in  fiber-reinforced  metal-matrix  composites  is  modeled 
based  on  a  crack  tip  shielding  analysis.  The  fiber/matrix  interface  is  assumed  to  be 
weak,  allowing  interfacial  debonding  and  sliding  to  occur  readily  during  matrix 
cracking.  The  presence  of  intact  fibers  in  the  wake  of  the  matrix  crack  shields  the  crack 
tip  from  the  applied  stresses  and  reduces  the  stress  intensity  factors  and  the  matrix 
crack  growth  rate.  Two  regimes  of  fatigue  cracking  have  been  simulated.  The  first  is 
the  case  where  the  applied  load  is  low,  so  that  all  the  fibers  between  the  original  notch 
tip  and  the  current  crack  tip  remain  intact.  The  crack  growth  rate  decreases  markedly 
with  crack  extension,  and  approaches  a  "steady-state”.  The  second  regime  occurs  if  the 
fibers  fail  when  the  stress  on  them  reaches  a  unique  fiber  strength.  The  fiber  breakage 
reduces  the  shielding  contribution,  resulting  in  a  significant  acceleration  in  the  crack 
growth  rate.  It  is  suggested  that  a  criterion  based  on  the  onset  of  fiber  failure  may  be 
used  for  a  conservative  lifetime  prediction.  The  results  of  the  calculations  have  been 
summarized  in  calibrated  functions  which  represent  the  aack  tip  stress  intensity  factor 
and  the  applied  load  for  fiber  failure. 
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NOMENCLATURE 


a  matrix  crack  half  length 

ao  initial  notch  half  length 

D  fiber  diameter 

E  Yoimg's  modulus  of  composites;  f  Ef  +  (l-f)Em 

E  effective  composite  Young’s  modulus  considering  material  orthotropy 

Ef  Yoimg's  modulus  of  fiber 

Em  Young's  modulus  of  matrix 

f  volume  fraction  of  fibers 

F(a/w)  shape  function  for  stress  intensity  factor:  VseclTCa/^vvy 
t  unbridged  segment  half  length 

n  Paris  law  exponent 

N  number  of  load  cycles 

5  fiber  strength 

w  finite  panel  width 

a  non-dimensional  bridge  length:  (a-/)/a 

P  Paris  law  coefficient 

6  total  crack  opening  displacement 

6f  crack  opening  displacement  induced  by  bridging  fibers 

6a  crack  opening  displacement  caused  by  applied  stress 
Ak  ratio  of  AKtip  to  AKa 

AKa  range  in  applied  mode  I  stress  intensity  factor 
AKtip  range  in  mode  I  crack  tip  stress  intensity  factor 
A5  change  in  crack  opening 

AE  non-dimensional  measure  of  the  stress  amplitude/aack  length:  2X,EAc5/a 

AEo  non-dimensional  measure  of  the  stress  amplitude/notch  length:  2X,EAo/ao 

Act  cyclic  applied  stress  amplitude 
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AOs  cyclic  bridging  stress  amplitude 

X  bridging  law  coefficient:  D(l-f)^(Em)^/4P  Ef  E^t 

V  Poisson's  ratio 

O  applied  stress 

t^max  maximum  applied  stress 

Gs  bridging  stress  due  to  fibers 

Z  non-dimensional  measure  of  the  maximum  applied  stress:  4X,EAOmax 

X  interface  sliding  stress 

T]  non-dimensional  measure  of  fiber  strength:  4A,E  fS/£ 
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INTRODUCTION 


Fatigue  crack  growth  in  metal  matrix  composites  reinforced  with  brittle  fibers 
has  been  studied  extensively  {Naik  and  Johnson,  1991;  Kantzos,  Telesman  and  Ghosn, 
1989:  Sensmeier  and  Wright,  1990;  McMeeking  and  Evans,  1990;  Walls,  Bao  and  Zok, 
1991,  1993).  Experimental  results  (Sensmeier  and  Wright,  1990;  Walls,  Bao  and  Zok, 
1991,  1993)  indicate  the  following  fatigue  cracking  behavior.  Under  tensile  cyclic 
loading  of  the  composite  in  the  fiber  direction,  the  matrix  undergoes  mode  I  fatigue 
cracking  normal  to  the  fibers,  while  the  fibers  in  the  crack  wake  remain  intact  due  to  the 
frictional  sliding  at  the  fiber/matrix  interface.  These  fibers  bridge  the  crack  and  shield 
the  crack  tip  from  the  applied  stress.  Consequently,  a  transient  occurs  in  which  the 
crack  growth  rate  da/dN  diminishes  upon  crack  extension,  and  a  steady-state  regime 
follows  in  which  da/dN  is  small.  When  the  applied  stress  level  is  high,  the  stress  in  the 
fiber  at  the  original  notch  tip  may  reach  the  fiber  strength  and  then  the  fibers  begin  to 
fail.  The  crack  growth  thereafter  accelerates  again,  leading  to  the  final  rupture.  These 
features  of  fatigue  cracking  in  fiber  reinforced  metal-matrix  composites  are  shown  in 
Fig.  1  in  which  a  typical  fatigue  crack  growth  curve  of  a  Ti  matrix  composite  with  SiC 
fibers  is  replotted  from  the  work  of  Walls,  Bao  and  Zok  (1991).  The  composite  tested 
contains  35%  of  unidirectional  fibers,  with  fiber  diameter  D  =  140pm  (Jansson,  Deve  and 
Evans,  1990). 

In  this  paper,  the  micromechanical  model  of  McMeeking  and  Evans  (1990)  is 
extended  to  predict  the  above  fatigue  crack  growth  behavior.  The  materials  of 
particular  interest  for  this  model  include  Ti/SiC  composites  that  have  "weak"  interfaces. 
Attention  here  is  focused  on  mode  I  cracking  that  initiates  from  a  sharp  notch.  Matrix 
fatigue  cracking  in  metal  matrix  composites  in  the  absence  of  a  notch  has  been  modeled 
recently  by  McMeeking  and  Evans  (1990).  The  analysis  of  fiber  stresses,  interface 
sliding  and  crack  bridging  in  their  model  is  analogous  to  that  conducted  earlier  for 
fiber-reinforced  ceramics  subject  to  monotonic  tensile  loading  (Marshall,  Cox  and 
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Evans,  1985;  Marshall  and  Cox,  1987;  McCartney,  1987).  Following  the  analysis  of 
Marshall  and  Oliver  (1987)  and  Cox  (1990),  McMeeking  and  Evans  (1990)  considered  the 
effect  of  reversal  of  the  fiber  interface  sliding  direction  during  cyclic  loading.  They 
found  that  the  results  for  bridging  during  naonotonic  loading  can  be  scaled  simply  to 
represent  the  effect  of  bridging  during  fatigue  loading.  The  model  is  further  developed 
here  to  include  the  effects  of  an  initial  sharp  notch  which  is  unbridged  by  fibers  at  the 
outset.  This  analysis  permits  the  inclusion  of  the  effect  of  breaking  fibers  which  can 
increase  the  size  of  the  unbridged  segment.  The  influence  of  finite  specimen  width  and, 
of  greater  importance,  the  role  of  fiber  failure  in  fatigue  cracking  behavior  is  accounted 
for  too.  Fatigue  crack  growth  curves,  both  with  and  without  fiber  fracture,  are 
predicted  for  given  values  of  the  relevant  parameters. 

Calibrated  functions  have  been  devised  to  represent  the  results.  One  set  of 
functions  provides  values  for  the  crack  tip  stress  intensity  factor  amplitude  as  a  function 
of  material  parameters,  the  applied  load,  the  matrix  crack  length  and  the  size  of  the 
unbridged  segment  of  the  crack.  Another  set  of  functions  gives  the  applied  load 
sufficient  to  fail  a  fiber  in  terms  of  the  fiber  strength,  material  parameters,  the  matrix 
crack  length  and  the  extent  of  the  vmbridged  segment. 

The  results  in  this  paper  are  based  on  individual  models  (for  bridging  fibers,  for 
their  effect  on  crack  tip  stress  intensities,  for  the  incidence  of  fiber  failure,  for  cyclic 
loading  of  bridging  fibers  and  for  matrix  fatigue)  which,  in  one  way  or  another,  have 
been  developed  and  used  previously.  In  addition,  the  basic  method  of  analysis 
employed  to  solve  integral  equations  in  this  paper  has  been  used  widely.  However,  the 
previous  applications  mostly  have  concerned  monotonic  loading  of  brittle  matrix 
composites  and  only  the  work  of  McMeeking  and  Evans  (1990),  Cox  and  Marshall 
(1991)  and  Cox  and  Lo  (1992a,  1992b)  addressed  the  question  of  cyclic  loading. 
Furthermore,  the  earlier  modelling  of  fatigue  in  fiber-reinforced  metals  has  not  fully 
explored  the  phenomena  when  there  are  notches  and  failing  fibers.  In  this  paper,  all  of 
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the  individual  model  elements  are  brought  together  in  a  treatment  of  matrix  fatigue 
crack  growth  in  conjunction  with  notches  and  fiber  failure.  The  models  have  been 
shown  to  agree  well  with  the  available  data  for  matrbc  fatigue  growth  with  and  without 
fiber  faUure  (Walls  et  al.,  1993).  Therefore,  the  comprehensive  model  in  this  paper  is 
suitable  for  studying  in  some  detail  the  phenomena  associated  with  this  important 
damage  mechanism  in  fiber-reinforced  metals  to  augment  the  insights  available  from 
experimental  data.  Such  features  that  can  be  studied  are:  the  deceleration  of  the  crack 
growth  rate  as  the  matrix  crack  grows;  the  relative  influence  of  notches;  the  interplay 
play  between  applied  load  amplitude  and  the  matrix  crack  length  in  controlling  the 
crack  growth  rate;  and  the  relatively  sudden  and  dramatic  transition  from  survival  of 
fibers  to  failure  of  fibers  leading  to  rapid  crack  growth  as  the  load  is  increased  or  a 
critical  matrix  crack  length  is  reached  and  exceeded.  It  is  true  that  these  features  can  be 
deduced  directly  or  indirectly  from  results  available  in  several  different  papers  in  the 
literature.  However,  we  believe  that  it  is  important  to  bring  the  results  and  phenomena 
together  and  present  them  in  a  focused  manner  for  the  matrix  fatigue  crack  growth 
problem. 

"i’he  model  presented  in  this  paper  is  based  on  certain  assumptions.  Important 
ones  are:  the  interface  shear  strength  T  is  vmiform  and  does  not  degrade  during  fiber 
load  cycling;  the  strength  of  the  fibers  is  deterministic  and  not  statistical;  the  matrix 
fatigue  crack  growth  obeys  the  Paris  law  for  fatigue  crack  growth  in  the  monolithic 
matrix;  the  entire  component  or  specimen,  except  for  the  fiber  bridging,  can  be  analyzed 
elastically  which  implies  that  crack  tip  plastic  zones  are  small.  Some  assumptions  are 
known  to  be  inexact.  For  example,  measurements  have  shown  that  the  interface  shear 
strength  X  for  a  fatigued  specimen  with  a  matrix  crack  is  lower  than  that  for  a  pristine 
material  (Warren,  Mackin  and  Evans,  1991).  This  is  koown  to  influence  the  crack  tip 
opening  shape  since  the  fiber  constraint  near  the  matrix  crack  tip  on  freshly  exposed 
surfaces  is  relatively  stronger  than  the  fiber  constraint  far  from  the  matrix  crack  tip  on 
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old  and  therefore  fatigued  surfaces  (Kantzos  et  al,  1989).  In  some  cases  this  influences 
the  fatigue  crack  growth  rate.  However,  there  has  been  significant  success  when  the 
model  with  the  fixed  value  for  T  is  compared  with  the  data  for  matrix  fatigue  crack 
growth.  There  are  some  discrepancies  in  the  transient  behavior  which  can  be  attributed 
to  the  degradation  of  T.  However,  even  those  discrepancies  can  be  rationalized  in  terms 
of  interpolation  among  models  with  a  fixed  t  (Walls  et  al.,  1993). 

The  value  of  the  interface  shear  strength  T  which  is  used  to  compare  the  models 
to  the  experiments  is  usually  chosen  empirically  to  obtain  one  match  to  the  steady  state 
crack  growth  rate  usually  observed  after  some  crack  growth  in  large  specimens  with 
short  cracks  imder  modest  load  amplitudes.  Furthermore,  the  fiber  s  mgth  S  is  usually 
chosen  empirically  so  that  onset  of  fiber  failure  in  the  model  agrees  in  one  case  with  the 
initiation  of  fiber  failure  in  an  experiment.  There  is  therefore  an  element  of  fitting  in  the 
model  presented  in  this  paper.  However,  it  should  be  emphasized  that  with  this 
minimal  degree  of  fitting,  the  model  is  capable  of  capturing  the  rich  interplay  among 
phenomena  as  controlled  by  load  amplitude,  peak  load  level,  matrix  crack  length  and 
initial  notch  length.  Furthermore,  the  pragmatic  approach  to  choosing  values  for  T  and 
S  is  made  necessary  by  the  fact  that  in  situ  properties  are  needed.  In  contrast  to  other 
empirical  material  constants  such  as  fiber  and  matrix  elastic  moduli  which  are  relatively 
unchanged  in  situ,  it  is  well  known  that  the  interface  shear  strength  t  and  fiber  strength 
S  are  sensitive  to  processing,  treatment,  handling  and  to  fatigue  cycling  itself  (Walls  et 
al.,  1993). 

CRACK-TIP  SHIELDING  ANALYSIS 

Consider  the  crack  configuration  depicted  in  Fig.  2.  The  center  section  of  length  i 
is  unbridged.  The  imbridged  center  section  can  represent  the  original  notch  of  length 
2ao  or  a  current  unbridged  segment  after  fiber  failure.  The  bridged  sections  represent 
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the  growing,  mode  I,  plane  strain  matrix  fatigue  crack  in  the  infinite  body.  With  the 
possibility  that  fibers  can  break,  the  bridge  segment  can  become  unbridged.  The  current 
imbridged  segment  will  then  have  a  length  21  >  2ao.  Both  the  fibers  and  the  matrix  are 
assumed  to  be  linear  elastic,  with  Young's  modulus  Ef  and  Em  respectively.  Plasticity  of 
the  matrix  is  neglected  in  this  study.  The  continuous  reinforcing  fibers  are  aligned 
normal  to  the  plane  of  the  matrix  crack.  The  fracture  energy  of  the  fiber/matrix 
interface  is  assumed  to  be  small,  such  that  debonding  and  sliding  occur  readily  during 
matrix  cracking.  The  sliding  behavior  of  the  interface  is  characterized  by  a  constant 
frictional  shear  stress  T,  such  that  the  bridging  stress  Os  is  related  to  the  crack  opening 
displacement  8  during  monotonic  opening  by  (Aveston,  Cooper  and  Kelly,  1971; 
McCartney,  1987;  Hutchinson  and  Jensen,  1990) 


6  =  (1) 

where  is  a  material  parameter  given  by 

A,  =  D(l-f)2E^/4E2Eff2x.  (2) 

The  bridging  stress  Os  is  the  force  per  unit  surface  area  applied  by  the  fibers  to  the  crack 
surface  and  the  opening  5  is  the  additional  displacement  of  the  material  on  one  side  of 
the  crack  compared  to  the  other  due  to  the  presence  of  the  crack  and  is  measured  on  a 
gauge  length  larger  than  the  interface  slip  zones  on  the  fibers  at  the  crack.  In  eq.  (2),  D 
is  the  fiber  diameter,  f  the  fiber  volume  fraction  and  E  the  composite  Young’s  modulus. 
E  =  f  Ef  +  (1-f)  Em-  Upon  cyclic  loading,  the  change  in  crack  opening  displacement  A8 
after  the  first  peak  opening  is  related  to  the  change  in  bridging  stress  AOs  in  a  similar 
fashion  (McMeeking  and  Evans,  1990) 
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A8  =  ±|?c(Aas)2 


(3) 


where  the  plus  (+)  and  minus  (-)  signs  correspond  to  the  loading  and  unloading 
portions  of  the  cycle,  respectively. 

The  bridging  law  and  the  theory  of  elasticity  and  fracture  mechanics  can  be  used 
to  solve  the  problem  depicted  in  Fig.  2.  Pertinent  results  are  the  distribution  of  fiber 
stresses  within  the  bridged  zone  and  the  crack  tip  stress  intensity  factor.  Such  solutions 
have  been  obtained  for  both  infinite  and  finite  geometries  previously  by  many  workers 
(Marshall  et  al.,  1985;  Marshall  and  Cox,  1987;  McCartney,  1987;  Cox,  1990;  Cox  and  Lo, 
1992a).  A  summary  of  the  analytical  method  is  provided  in  the  Appendix.  Values  for 
the  bridging  stress  amplitude  have  been  computed  for  the  applied  load  range 
0  <  AL  <  20  where  the  dimensionless  parameter  AL  is  such  that 

AI  =  iXEAc/a.  (4) 

with  E  an  effective  elastic  modiolus  for  crack  problems  which  takes  the  orthotropy  of  the 
material  into  account  (see  Appendix).  A  representative  result  for  the  bridging  stress  is 
shoivn  in  Fig.  3  where  it  is  shown  in  dimensionless  form  as  a  function  of  position  on  the 
matrix  crack.  Each  curve  represents  a  result  for  a  case  with  a  different  unbridged 
segment. 

Two  features  in  Fig.  3  are  noteworthy.  The  peak  stress  in  the  bridging  zone 
always  occurs  at  the  edge  of  the  unbridged  segment.  This  implies  that  if  fiber  failure 
occurs  at  a  unique  deterministic  strength,  it  will  always  start  at  the  original  notch  tip.  In 
addition,  when  the  aack  length  a  becomes  very  large,  for  low  values  of  Ao  almost  all 
the  applied  stress  is  transferred  through  the  intact  fibers  (i.e.,  AOg  =  Aa),  as  indicated  by 
the  ^/a  =  0  curve.  The  bridging  stress  is  then  rather  uniformly  distributed  except  in  the 
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crack  tip  region  where  ACJs  falls  well  below  Ao.  At  higher  values  of  Aa,  the  fiber 
stresses  AOs  are  nonuniform  even  for  long  cracks  and  fall  somewhat  below  Ao, 

indicating  that  the  shielding  effect  in  that  case  is  less  effective. 

The  stress  intensity  factor  range  at  the  crack  tip  AK^p  is  normalized  by  the  stress 
intensity  factor  range  which  would  occur  in  the  absence  of  the  bridging  fibers.  For  an 
infinite  body,  this  would  be 

AKa  =  AoyJta.  (5) 

The  resulting  ratio  is 


Ak  = 


AKa” 


Numerical  results  for  Ak  for  the  problem  shown  in  Fig.  2  are  plotted  in  Fig.  4 
against  the  non-dimensional  bridge  length  (a  -  /)/a  for  AZ  =  1,  2,  4,  8, 12  and  20.  For  a 
small  bridge,  AKtip  is  almost  the  same  as  AKa/  since  the  shielding  effect  is  small.  The 
stress  intensity  at  the  crack  tip  is  reduced  sigiuficantly  as  the  crack  length  a  is  increased 
beyond  the  bridged  segment  to  produce  a  large  bridge.  These  general  trends  are  shown 
clearly  in  Fig.  4. 

For  the  purpose  of  investigating  when  a  fiber  will  fail,  it  is  of  interest  to 
determine  the  largest  stress  in  the  fibers  in  a  given  state  of  matrix  crack  length, 
unbridged  segment  and  applied  stress.  The  maximum  fiber  stress,  which  always  occur 
in  the  fiber  adjacent  to  the  unbridged  segment,  is  plotted  in  Fig.  5a  against  the 
normalized  bridge  length  (a-^)/a.  These  calculations  were  carried  out  with  the  bridging 
law  in  eq.  (1)  and  represent  the  stress  in  the  fiber  at  maximum  applied  load.  Results  are 
presented  in  Fig.  5a  for  several  values  of  the  maximum  applied  load  (Tniax-  The  points 
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in  Fig.  5a  were  obtained  by  numerical  calculation.  The  full  lines  were  obtained  by 
fitting  functions  to  the  numerical  results  which  will  be  discussed  below.  The  results  in 
Fig.  5a  can  be  replotted  to  give  the  length  (a-i)  of  the  bridge  which  will  have  a 
maximum  fiber  stress  exactly  equal  to  S  as  a  function  of  the  maximum  applied  stress 
CJmax-  This  is  shown  in  Fig.  5b.  Since  the  unbridged  segment  t  will  grow  as  fibers  fail, 
the  value  of  T)  (defined  in  (lOb)  below)  will  increase  when  fibers  break.  However,  in  the 
initial  configuration  with  (  ~  Zq,  the  curves  can  be  used  to  predict  when  the  first  fiber 
will  fail.  At  the  begiiming  of  fatigue  crack  growth,  the  bridge  length  a-t  is  zero  and  gets 
bigger  as  fatigue  cracking  proceeds.  Therefore,  at  a  given  maximum  load,  the  state  of 
the  specimen  starts  at  the  bottom  of  the  diagram  and  moves  upwards  at  constant  Z 
(defined  in  (10c)  below)  since  I  is  fixed  at  a©.  This  will  proceed  until  the  curve 
representing  the  fiber  strength  is  reached  at  which  point  the  first  fiber  will  fail.  Thus, 
the  diagram  predicts  directly  the  amount  of  fatigue  crack  growth  which  can  occur 
before  fiber  failure  will  occur.  Note  that  if  the  fiber  strength  is  high  enough  or  the 
maximum  applied  stress  is  low  enough,  fatigue  crack  growth  will  proceed  without 
fibers  ever  failing. 

The  numerical  results  for  the  maximum  fiber  stress  just  discussed  can  be 
augmented  with  an  exact  result  due  to  Suo,  Ho  and  Gong  (1993)  for  the  situation  where 
the  maximum  applied  stress  is  low  and  the  matrix  crack  is  very  long  compared  to  the 
unbridged  segment.  In  this  situation,  the  unbridged  segment  will  behave  like  an 
isolated  crack  since  the  stress  transmitted  through  the  bridge  almost  everywhere  will  be 
equal  to  the  applied  stress.  Only  near  the  tip  of  the  matrix  crack  and  near  the  edge  of 
the  unbridged  segment  will  the  bridge  stress  differ  from  the  applied  stress.  However, 
the  tip  of  the  matrix  crack  is  too  far  away  from  the  unbridged  segment  to  have  any 
influence.  Thus,  the  unbridged  segment  will  behave  like  a  finite  crack  in  a  uniform 
stress  field.  Furthermore,  the  smallness  of  the  applied  stress  will  ensure  that  the  region 
of  nonuniform  bridge  stress  will  be  effectively  small  and  the  unbridged  segment  will 
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behave  as  a  crack  with  small  scale  yielding.  Thus,  the  value  of  the  J-integral  (Rice,  1968) 
for  the  tip  of  the  unbridged  segment  is  just  that  for  a  finite  elastic  crack  in  a  uniform 
tensile  stress.  Denoting  the  value  of  the  J-integral  to  be  J,  we  thus  have 

T  _  ^max 

■'  E  (7) 


when  the  maximum  stress  is  being  applied.  An  elementary  result  (Rice,  1968)  given  the 
J-integral  to  be  the  energy  per  unit  area  absorbed  by  the  bridging  process  and  thus 


J  =  J^°03(8)d8  =  |x(fsf 


(8) 


where  6o  is  the  crack  opening  displacement  when  Og  =  f  S.  Thus,  eq.  (7)  &  (8)  can  be 
combined  to  give 


fS 


1 

3 


J 


or 


where 


and 


TJ 


1 


,  xl  1 
(67t)3  Z3 

D(l-f)^  E^ES 

Ef  f/  T 


(9) 

(10a) 

(10b) 

(10c) 


As  noted  above,  this  result  is  valid  for  small  L  and  large  a/l.  The  latter  means  that 
(a-i)/ a  =  a  in  Fig.  5a  is  dose  to  unity.  The  result  for  1  =  0.5  in  Fig.  5a  agrees  dosely 
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with  eq.  (lOa)  but  for  S  =  1  the  agreement  is  merely  good.  Thus,  we  conclude  that  the 
asymptotic  limit  in  eq.  (lOa)  can  be  used  when  Z  <  0.5  and  inspection  of  Fig.  5a 
suggests  that  it  will  be  applicable  for  i/a  <  0.5. 


FINITE  GEOMETRY 

The  crack  tip  shielding  analysis  performed  in  the  previous  section  is  based  on  a 
model  geometry  of  a  center  crack  in  an  infinite  body.  Clearly,  fatigue  tests  on 
center-notched  tensile  specimens  are  conducted  with  finite  widths.  To  justify  the 
relevance  of  the  model  just  developed  for  finite  widths,  finite  element  calculations  have 
been  carried  out  for  such  specimens  using  the  ABAQUS  code  (Hibbitt  et  al.,  1990).  The 
specimen  length  2h  is  much  larger  than  the  specimen  width  w  (h/w  =  10)  and  the 
non-dimensional  original  notch  size,  ao/w  is  taken  to  be  0.2  for  these  calculations,  as 
shown  schematically  inset  in  Fig.  6. 

To  simulate  the  intact  fibers  that  bridge  the  matrbc  crack,  non-linear  springs  are 
used,  with  a  spring  law  identical  to  eq.  (1).  Crack  tip  stress  intensity  factors  AKtip  are 
obtained  through  the  J-integral,  and  normalized  by  the  applied  stress  intensity,  AKa 

AKa  =  A<5  sfi^F  (a/w)  (11a) 

where  F  (a/w)  is  given  in  Tada  et  al.,  (1985)  to  be  approximately 

F(a/w)  = 

Plotted  in  Fig.  6  as  the  solid  lines  are  finite  element  results  for  the  normalized 
crack  tip  stress  intensity  amplitude  AKtip/AKA  against  the  normalized  crack  extension 
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(a  -  ao)/a  for  AEo  =  1  and  AEq  =  2  where  AEo  is  the  value  of  AE  when  a  =  ao-  The 
corresponding  results  for  the  infinite  body  (w  ->  <»)  are  shown  as  the  dashed  lines. 
Inspection  of  these  results  indicates  that  for  (a-ao)/a  <  0.6,  the  values  of  AKtip/AKA  for 
finite  width  specimen  are  essentially  the  same  as  those  given  by  the  infinite  body 
solution.  Consequently  for  (a-ao)/a  <  0.6,  the  results  in  Fig.  4  can  be  used  for  the  finite 
strip  as  long  as  AKa  is  computed  according  to  eq.  (11).  These  findings  imply  that  in 
general  as  long  as  a/w  <  0.5,  the  results  in  Fig.  4  can  be  used  to  determine  the  stress 
intensity  factor  in  the  finite  strip. 

Following  the  argument  leading  to  eq.  (9),  we  infer  that  the  maximum  stress  in 
the  fiber  adjacent  to  the  unbridged  segment  is  such  that 


fS 


^37cF^(/  /w)a^  £ 
2XE 


1 

V 

) 


(12a) 


or 


Ti  =  (67c)5  [F(//w)E]^ 


(12b) 


when  Gmax  is  small  and  the  matrix  crack  is  very  large  compared  to  the  unbridged 
segment.  This  result  is  valid  for  any  value  of  //w  as  long  as  the  applied  stress  is 
sufficiently  low  so  that  small  scale  "yielding"  prevails  in  the  bridge  next  to  the 
unbridged  segment  (Suo  et  al.,  1993). 


CALIBRATED  FUNCTIONS 

It  is  convenient  to  approximate  the  numerical  results  in  Fig.  4  by  a  set  of 
functions.  These  functions  can  then  be  used  to  compute  results  without  recourse  to  the 
numerical  methods  used  to  generate  the  curves  in  the  first  place.  Calibration  functions 
of  this  type  were  pioneered  by  Cox  and  Lo  (1992b)  including  those  for  finite  geometries 
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with  center  notches  as  in  this  paper  and  for  edge  notches.  The  functions  suggested  here 
serve  the  same  purpose  as  those  of  Cox  and  Lo  (1992b)  and  are  presented  as  possible 
alternatives.  We  state  the  following  expression  for  Ak  =  AKtip/ AKa^ 

Ak  (AZ,  Cc)  =  exp  {-sina  [A  (AX)  +  B  (AX)  a  +  C  (AX) 

where  a  =  {a-D/a  (13) 

A  (AX)  =  -0.049  +  3.0  /  -  0.027  /  AX 

B  (AX)  =  -0.399  +  2.504  /  -  3.207  /  AX  +  0.379  /  AX^/^ 

C  (AX)  =  0.439  -  1.784  /  +  1-374  /  AX  -  0.04  /  AX3/2 


This  approximation  is  accurate  to  within  a  few  percent  of  the  numerical  results  depicted 
in  Fig.  4  for  the  range  0.1  A  X  <  12.  It  is  similarly  close  to  the  function  devised  by  Cox 
and  Lo  (1992b)  for  the  case  of  the  finite  aack  in  tension.  In  addition,  it  should  be  noted 
that  the  expression  in  eq.  (13)  is  valid  for  the  finite  strip  with  AKa  given  by  eq.  (11)  as 
long  as  a/w  <  0.5. 

In  a  similar  manner,  a  function  can  be  fitted  to  the  peak  fiber  stresses  shown  in 
Fig.  5.  This  function  finds  its  utility  in  predictions  of  fiber  failure.  The  function  is 


Ti  =  (})(Z)  exp 


(i-«r 

Va\|/(X) 


(14a) 


where  a  =  (a  -  l)/a  as  before. 


(14b) 
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\^{Z)  =  13.1  -  2.31  +  0.22:^  (14c) 

m(S)  =  14.037  -  15.327  2  +  7.237  2^ 

-  1.5628  2^  +  0.1274  2"^  (14d) 

and  T)  and  2  are  given  by  (10b)  and  (10c)  respectively.  When  a  =  1,  the  form  given  in 
eq.  (14a)  represents  the  relationship  for  an  infinite  body  split  by  a  bridged  matrix  crack 
with  a  center  unbridged  notch.  The  form  given  in  eq.  (14b)  has  been  deduced  from  an 
expression  of  Cui  and  Budiansky  (1993)  and  is  asymptotically  exact  both  for  small  and 
large  2.  Cui  and  Budiansky  (1993)  have  shown  that  this  expression  compares  well  with 
their  numerical  results  for  2  ranging  from  0.4  to  extremely  large  values.  The  function  in 
eq.  (14a)  has  been  plotted  and  compared  with  the  numerical  results  in  Fig.  5a.  It  can  be 
seen  that  the  agreement  is  good.  No  comparison  has  been  made  between  (14a)  and 
numerical  results  for  values  of  a  not  equal  to  unity  for  values  of  2  other  than  those 
shown  in  Fig.  5a.  Thus  the  accuracy  of  (14a)  outside  the  range  shown  in  Fig.  5a  (apart 
from  (X  =  1)  is  not  known. 

The  form  in  eq.  (14a)  is  valid  for  the  infinite  body  only  and  forms  cannot  as  yet  be 
given  for  the  finite  strip.  However,  based  on  the  work  of  Suo  et  al.  (1993),  in  the  case  of 
the  finite  strip  with  the  matrix  aack  extending  across  the  entire  width  so  that  a  =  w,  the 
form 


T12  =  22/(1 -^/w)2  +  [67C  F2  (£/w)  22]2/3  (15) 

can  be  stated  with  F(^/w)  given  by  (11b).  The  form  in  eq.  (15)  is  an  interpolation 
between  results  for  small  and  large  2  in  the  manner  of  Suo  et  al.  (1992)  but  using  the 
findings  of  Cui  and  Budiansky  (1993)  to  give  accuracy  for  small  £/w.  For  cases  where 
the  matrix  extends  over  only  a  fraction  of  the  width  of  the  finite  strip,  it  is  possible  that 
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eq.  {14a)  can  be  used  with  (j)  (Z)  given  by  the  right  hand  side  of  eq.  (15),  (1-a)  replaced 
by  I  (w-a)/a(w-^)  but  V^retained  as  it  is.  The  resulting  behavior  takes  T|  from  zero  in 
the  absence  of  bridging  to  the  known  estimate  for  T|  when  the  matrix  crack  extends  over 
the  entire  width  of  the  finite  strip.  However,  no  attempt  has  been  made  to  check 
whether  this  assertion  is  reasonable. 

MATRIX  FATIGUE  CRACKING 

The  governing  equation  for  matrix  fatigue  crack  growth  in  fiber  reinforced 
composite  is  assumed  to  be  simply  the  Paris  law  (McMeeking  and  Evans,  1990) 

da/dN  =  |3(AKtip/Em)"  (16) 

where  P  and  n  are  material  parameters  for  the  matrix  material.  An  underlying 
assumption  here  is  that  the  fatigue  aack  growth  rate  in  the  matrix  is  governed  by  the 
crack  tip  stress  intensity  amplitude,  AKtip,  in  accord  with  the  Paris  law  for  the  matrix 
alloy  alone.  Therefore,  the  intact  fibers  contribute  to  the  composite  fatigue  behavior 
only  through  AKtip.  In  the  calculation  of  AKtip,  the  composite  is  taken  to  be 
homogeneous  and  orthotropic,  and  the  crack  front  is  assumed  to  be  straight.  In 
practice,  however,  only  the  matrix  is  fatigue  cracked  when  fibers  remain  intact,  and  the 
crack  front  adopts  a  rather  complex  shape.  As  a  consequence,  the  local  stress  intensity 
factor  amplitude  will  not  generally  be  equal  to  the  calculated  AKtip  values  established 
through  idealized  bridging  calculations.  One  approximate  model  for  the  effect  is  that 
the  average  stress  intensity  factor  amplitude  at  the  matrix  crack  front  is  equal  to 
AKtip  W  (I -f)  E/Eni  (Budiansky  Amazigo  and  Evans,  1988),  accounting  for  the  reduced 
area  of  material  being  cracked  as  well  as  the  elastic  inhomogeneity.  To  permit 
incorporation  of  this  effect  into  the  model,  the  modulu  Em  has  been  used  in  eq.  (16) 
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instead  of  Em-  Thus,  the  Budiansky  et  al.,  1988  model  would  be  accounted  for  by  use  of 
Em  =  (1-f)  E/Em-  However,  in  this  paper,  Em  will  simply  be  assumed  to  be  Em  and 

any  effect  of  this  assumption  will  be  compensated  for  in  the  empirical  choice  of  a  value 
for  T. 

The  fatigue  crack  growth  law  of  eq.  (16)  was  integrated  with  AKtip  evaluated 
from  the  expression  in  eq.  (13)  with  AKa  =  Ao  as  for  the  infinite  body.  The 
calculation  was  carried  out  for  exponents  n  =  2  and  4  and  for  4  values  of  AZq  in  each 
case  where  AXq  =  AZ  a/a©.  Note  that  AXo  remains  constant  if  Act  is  held  fixed  during 
fatigue.  The  results  for  non-failing  fibers  are  sho-wn  in  Fig.  7a  and  7b.  The  plots  show 
that  for  the  load  amplitudes  assumed,  the  crack  does  not  have  to  extend  very  far 
compared  to  Lhe  original  notch  length  for  the  rate  of  crack  extension  to  diminish 
dramatically. 

The  theoretical  predictions  of  fatigue  crack  growth  in  Fig.  7  have  two  of  the 
features  exhibited  in  the  experimental  results,  i.e.,  a  transient  region  in  which  da/ dN 
diminishes  upon  crack  growth,  and  a  seemingly  steady-state  region  in  which  da/dN 
remains  almost  constant.  The  non-dimensional  parameter  AXq  that  governs  the 
prediction  is  a  combination  of  the  original  notch  size,  material  properties  and  the  fixed 
applied  load  amplitudes.  Fatigue  crack  growth  curves  for  situations  with  a  var)dng 
load  amplitude  Act  have  not  been  presented  because  there  are  too  many  possibilities. 
However,  they  can  be  pieced  together  in  a  rather  complicated  manner  from  the  curves 
for  constant  AXq.  The  appropriate  procedure  can  be  deduced  from  integration  of 
eq.  (16). 

It  has  been  observed  experimentally  that  at  high  values  of  applied  stress 
amplitude  Act,  the  crack  growth  rate  decreases  first  due  to  the  fiber  shielding,  reaches  a 
minimum  value  and  then  increases  with  further  crack  extension,  as  exemplified  by  the 
aack  growth  curve  shown  in  Fig.  1  (Walls  et  al.,  1991,  1993).  The  acceleration  in  crack 
growth  rate  has  been  attributed  to  the  occurrence  of  fiber  failure,  as  suggested  by  the 
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direct  observations  of  fiber  bridging  and  fiber  fracture  along  the  length  of  the  matrix 
crack  (Walls  et  al.,  1991, 1993). 

In  practice,  there  is  a  statistical  characteristic  to  the  fiber  failure  process. 
However,  to  incorporate  the  effects  of  fiber  breaking  into  the  fatigue  crack  growth 
model  just  developed,  a  deterministic  approach  is  adopted.  The  fibers  are  assumed  to 
have  a  unique  strength  S,  such  that  they  fail  in  the  plane  of  the  matrix  crack  when  the 
stress  on  them  there  reaches  S.  Both  the  bridging  law  eq.  (3)  and  the  Paris  law  eq.  (16) 
remain  valid.  The  frictional  pull-out  effect  of  broken  fibers  on  AKtip  is  neglected  since 
the  deterministic  fiber  strength  implies  that  fibers  break  at  the  matrix  crack  rather  than 
inside  the  material.  Once  the  fibers  begin  to  fail,  the  unbridged  notch  length  is 
continuously  adjusted  in  the  calculation  to  maintain  a  fiber  stress  at  the  unbridged 
notch  tip  equal  to  the  fiber  strength.  The  conditions  giving  rise  to  this  have  been 
presented  and  discussed  already  in  connection  with  Fig.  5. 

Of  interest,  however,  is  the  relationship  between  the  current  unbridged  segment 
length  2£  and  the  original  notch  length  2ao  for  a  given  fatigue  problem.  For  simplicity, 
attention  will  be  confined  to  cases  where  AO  is  fixed  during  fatigue.  The  function  in 
eq.  (14)  can  be  used  to  predict  i  vs.  ao  during  fatiguing  for  given  fiber  strength.  A 
particular  result  is  shown  in  Fig.  8  for  crack  growth  in  an  infinite  body.  The  dashed  line 
on  the  diagonal  specifies  ^  =  a^  and  so  depicts  the  relationship  prior  to  first  fiber  failure. 
At  the  beginning  of  fatiguing,  a  =  ao  so  the  top  right  of  Fig.  8  is  the  starting  point  for  the 
process.  As  the  fatigue  crack  grows  at  first  without  fiber  failure,  the  state  of  the 
specimen  will  move  down  the  dashed  line  on  the  diagonal  towards  the  bottom  as 
indicated  by  the  arrow.  The  state  departs  from  the  dashed  line  when  fibers  begin  to  faU. 
The  point  of  departure  for  several  ratios  of  maximum  applied  stress  to  volume  fraction 
reduced  fiber  strength  are  marked  on  Fig.  8.  Thereafter,  as  the  fatigue  crack  grows,  the 
state  of  the  specimen  follows  the  relevant  full  line  towards  the  top  left  of  the  diagram  as 
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indicated  by  the  arrow.  Each  full  line  in  Fig.  8  represents  the  relationship  for  the  fixed 
ratio  of  Omax/fS  noted  at  the  intersection  of  that  full  line  with  the  diagonal  dashed  line. 

If  the  fibers  are  weak  or  the  maximum  applied  stress  is  high,  the  fibers  break 
close  to  ihe  matrix  crack  tip  (ao/a  is  close  to  unity)  and  the  bridging  zone  is  always  a 
small  fraction  of  the  crack  length  {Hz.  remains  dose  to  unity  as  the  crack  grows).  This 
means  that  fibers  will  continuously  fail  dose  to  the  matrix  crack  tip  as  the  matrix  crack 
grows.  In  this  case  there  AAdll  not  be  much  shielding  and  the  fatigue  crack  growth  rate 
will  be  similar  to  what  would  be  expected  in  an  imreinforced  matrix.  If  the  fibers  are 
moderately  strong  or  the  maximum  applied  stress  is  moderately  high,  the  fibers  remain 
intact  at  first  and  a  sizable  bridging  zone  can  develop.  However  when  the  first  fiber 
fails,  say  when  ao/a  =  0.5,  subsequent  fiber  failure  occurs  fairly  rapidly  as  the  crack 
grows.  The  unbridged  crack  length  increases  faster  than  the  matrix  crack  length.  In 
that  case  the  value  of  AKtip  will  increase  quite  rapidly  as  the  matrix  crack  grows  after 
the  first  fiber  fails.  That  means  that  the  matrix  crack  growth  rate  will  accelerate 
significantly  after  first  fiber  failure.  When  the  fibers  are  strong  or  the  maximum  applied 
stress  is  modest,  first  fiber  failure  is  delayed.  However,  after  it  occurs,  say  when 
ao/a  =  0.1,  many  fibers  fail  essentially  simultaneously  and  the  unbridged  length 
increases  very  rapidly.  This  causes  AK^p  to  jump  to  a  higher  value  with  a 
corresponding  sudden  increase  in  the  crack  growth  rate.  As  noted  previously,  when  the 
fiber  strength  is  higher  than  a  threshold  value,  they  will  never  break  and  the  fatigue 
crack  growth  rate  v/ill  persist  at  the  low  level  associated  with  extensively  bridged 
cracks.  The  aimotation  on  Fig.  8  makes  it  dear  that  the  sensitivity  to  fiber  strength  is 
quite  marked,  with  the  different  types  of  behavior  outlined  in  the  last  few  sentences 
occurs  over  a  very  narrow  range  of  fiber  strengths,  or  equivalently  over  a  very  narrow 
range  of  maximum  applied  stress. 

Plotted  in  Fig.  9  are  the  fatigue  aack  growth  curves  predicted  from  the  Paris  law 
eq.  (18)  for  infinitely  large  spedmens  taking  fiber  fracture  into  account.  Without  fibers 
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breaking,  the  fatigue  crack  growth  curves  are  the  same  as  those  in  Fig.  7.  In  the 
presence  of  fiber  fracture  three  matrix  fatigue  crack  growth  curves  are  presented 
corresponding  to  three  different  fiber  failure  strengths.  If  fibers  are  relatively  weak, 
fiber  failure  occurs  early  on,  and  a  gradual  transition  is  predicted.  For  stronger  fibers, 
however,  the  transition  occurs  later  but  becomes  more  abrupt  as  can  be  seen  in  Fig.  9. 
This  sudden  increase  of  crack  growth  rate  is  due  to  the  sudden  lengthening  of  the 
unbridged  zone  after  first  failure  of  stronger  fibers  as  depicted  in  Fig.  8.  Once  the  fiber 
failure  process  starts  for  strong  fibers,  it  tends  to  continue  rapidly  until  most  of  the 
fibers  fail  in  the  bridging  zone  that  has  been  previously  built  up.  As  a  consequence  the 
crack  growth  rate  increases  suddenly  and  is  comparable  to  the  fatigue  crack  growth  rate 
in  the  unreinforced  matrix.  This  has  been  observed  in  experiments  (Walls  et  al.,  1991, 
1993). 

FIBER  FAILURE 

The  rapid  growth  of  fatigue  cracks  after  fibers  have  commenced  failing,  as 
depicted  in  Fig.  9,  suggests  that  an  important  strategy  for  design  and  use  of  fiber 
reinforced  metal  components  will  be  the  avoidance  of  fiber  failure.  Once  fibers  begin  to 
fail  after  significant  crack  growth,  they  will  quickly  break  along  the  fatigue  crack.  In 
addition,  further  crack  growth  will  be  accompanied  by  more  fiber  failure.  As  a 
consequence,  the  benefits  of  fiber  reinforcement  will  be  partially  lost  and  if  there  are 
many  matrix  fatigue  cracks,  fiber  reinforcement  may  be  significantly  impaired. 
Therefore,  it  can  be  suggested  that  the  end  of  useful  life  of  the  composite  material  can  be 
considered  to  be  the  onset  of  fiber  failure.  It  should  be  noted  that  fracture  of  the 
composite  material  after  fatigue  crack  growth  will  depend  on  a  combination  of  the 
matrix  toughness  and  the  fiber  strength.  This  has  been  studied  by  Cui  and  Budiansky 
(1993).  However  for  high  toughness  matrices  such  as  titanium  alloys,  fracture  of  the 
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composite  material  after  matrix  fatigue  and  fiber  failure  will  depend  primarily  on 
matrix  toughness.  A  very  approximate  estimate  for  residual  composite  strength  after 
fiber  failure  is  therefore  Kic/^TCa  where  Kic  is  the  fracture  toughness  of  the  matrix 
alloy.  A  more  exact  assessment  of  residual  strength  can  be  carried  out  using  the  more 
accurate  models  of  Cui  and  Budiansky  (1993).  However,  an  important  point  is  that  fiber 
failure  is  a  necessary  precursor  before  the  residual  strength  of  the  composite  material 
becomes  a  relevant  consideration.  Therefore,  the  life  up  to  fiber  failure  is  an  important 
determinant  and  the  time  between  first  fiber  failure  and  composite  fracture  is  likely  to 
be  relatively  short. 

As  noted  previously,  if  the  maximum  applied  stress  is  low  enough,  fibers  will 
never  fail  during  matrix  fatigue  crack  growth.  It  is  useful  to  investigate  the 
circumstances  which  will  ensure  that  fibers  will  remain  intact  throughout  crack  growth. 
As  implemented  by  Walls  et  al.  (1993),  this  can  be  done  by  plotting  the  ratio  of  the 
maximum  applied  stress  to  the  fiber  strength  against  the  intercepts  of  the  curves  in 
Fig.  5a  with  a  =  1  (where  ^/a  0).  The  result,  shown  in  Fig.  10,  is  a  map  determining 

when  fibers  will  fail  and  when  they  do  not.  The  numerical  results  have  been  shown  for 
the  infinite  body  in  which  case  ao/w  =  0.  Below  the  line  in  the  diagram,  no  fiber  failure 
will  occur  no  matter  how  much  matrix  fatigue  crack  growth  occurs.  However,  if  a 
component  is  highly  stressed  so  that  it  operates  above  the  line  in  the  diagram, 
eventually  fiber  failure  will  occur  during  matri'f;  fatigue  crack  growth.  WaUs  et  al. 
(1993)  have  found  this  diagram  to  be  effective  in  distinguishing  the  incidence  of  fiber 
failure  from  nonfailure  in  experiments. 

For  comparison  with  the  numerical  results,  a  relationship  derived  from  eq.  (15) 
has  been  plotted  in  Fig.  10.  This  is 
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where  Tl  is  given  by  eq.  (10b)  and  (ao/w)  =  sec  (71  ao/2w).  It  can  be  seen  that  the 
prediction  agrees  well  with  the  numerical  results.  Furthermore,  the  form  of  eq.  (17) 
indicates  that  the  map  can  be  generalized  to  the  finite  strip  without  significant 
alteration.  In  view  of  this,  the  map  in  Fig.  10  has  been  presented  in  a  form  allowing  for 
the  notch  to  width  ratio  of  a  finite  strip. 

The  map  in  Fig.  10  can  be  adapted  to  show  the  extent  to  w.hich  crack  growth  can 
occur  in  an  infinite  body  prior  to  fiber  failure.  If  the  loading  of  a  very  large  component 
is  such  that  according  to  Fig.  10  fiber  failure  will  eventually  occur,  the  matrix  crack  will 
reach  the  length  2af  and  then  fibers  will  commence  failing.  The  ratio  of  this  length  to 
the  original  notch  length  is  shovm  in  Fig.  11  for  various  levels  of  loading  and  original 
notch  length  taking  fiber  strength  and  volume  fraction  into  account.  For  a  given  notch 
length,  the  contours  in  Fig.  11  indicate  the  permissible  maximum  stress  for  a  given 
extension  of  the  matrix  crack.  For  example,  the  contour  marked  af/ao  =  2  shows  the 
relationship  between  maximum  applied  stress  and  notch  length  which  will  produce 
exactly  a  doubling  of  the  flaw  length  before  fiber  failure  will  begin  to  occur.  Similarly 
the  contour  for  af,/  ao  =  20  shows  the  maximum  stress  which  will  exactly  cause  the 
matrix  crack  to  reach  20  times  the  length  of  the  initial  notch  before  fiber  breakage  The 
line  with  af/ao  =  is  the  boundary  between  fiber  nonfailure  and  failure  from  Fig.  10 
and  for  a  m.aximum  stress  lying  on  or  below  this  contour,  the  matrix  crack  can  extend  to 
infinity  without  fiber  failure.  The  plots  in  Fig.  7  can  be  used  to  predict  how  many  cycles 
of  constant  load  amplitude  will  occur  before  the  matrix  crack  reaches  the  extent  at 
which  fiber  failure  will  commence.  Thus,  for  large  components.  Figs.  7  and  11  can  be 
combined  to  provide  a  basis  for  life  estimation  up  to  fiber  failure  for  values  of  AXq 
ranging  from  1  to  8. 
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CONCLUDING  REMARKS 

A  model  has  been  presented  for  matrix  fatigue  crack  growth  emanating  from  a 
finite  notch.  Predictions  have  been  presented  for  the  relationship  between  the  matrix 
crack  length  and  the  number  of  load  cycles  of  a  given  amplitude.  In  addition,  the 
matrix  crack  length  when  fibers  will  begin  to  fail  has  been  identified  in  terms  of  fiber 
strength,  maximum  applied  stress  and  initial  notch  length.  These  predictions  have  been 
compared  to  experimental  data  for  fatiguing  of  titanium /SiC  fibrous  composites  and 
the  model  has  been  shown  to  work  well  (Walls  et  al.,  1993).  As  mentioned  in  the 
introduction,  the  comparison  between  the  model  and  the  data  has  been  based  on  a 
ntimber  of  empirical  steps.  Over  and  above  the  use  of  empirical  values  for  fiber  and 
matrix  elastic  moduli,  fiber  volume  fraction,  fiber  diameter  and  monolithic  matrix 
fatigue  crack  growth  rates,  a  single  value  for  the  interface  shear  stress  T  is  determined  to 
ensure  that  the  steady  state  fatigue  crack  growth  rate  in  one  experiment  is  accurately 
predicted.  The  transient  prior  to  steady  state  matrix  fatigue  crack  growth  is  then 
predicted  accurately  without  any  furfiier  empiricism.  Furthermore,  it  is  then  found  that 
when  no  fiber  failure  occurs,  the  model  with  the  same  value  of  X  can  predict  the  results 
of  other  experiments  carried  out  at  different  load  amplitudes  and  with  different  notch 
lengths. 

Fiber  failure  is  treated  in  a  similar  way.  A  value  of  fiber  strength  S  is  determined 
that  will  cause  the  model  to  acciuately  predict  the  onset  of  fiber  breakage  in  one 
experiment.  Without  further  empiricism,  the  model  then  accurately  predicts  the  rate  of 
matrix  fatigue  crack  growth  after  the  initiation  of  fiber  breakage  in  that  experiment.  In 
addition,  without  alteration  to  parametric  values,  the  model  accurately  predicts  the 
onset  of  fiber  failure  when  different  initial  notch  lengths  and  maximum  applied  stress 
magnitudes  are  used  in  the  experiments.  The  value  of  T  used  in  the  comparison  of  the 
model  with  experimental  data  is  consistent  with  in  situ  measurements  by  push  out  of 
fibers  (Warren  et  al.,  1991)  after  fatigue  cycling  of  the  specimen.  In  addition,  the  fiber 
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strength  used  in  the  model  is  in  good  agreement  with  the  strength  of  fibers  tested  after 
being  removed  from  the  composite  by  dissolution  of  the  matrix.  This  strength  is  less 
than  that  for  pristine  fibers  and  the  reduced  value  is  thought  to  be  due  to  processing  of 
the  composite  material. 
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APPENDIX 


GOVERNING  EQUATIONS 

The  equation  governing  the  stress  distribution  along  a  bridged  matrix  crack 
subject  to  a  mono  tonic  applied  stress  Omax  ai'd  the  bridging  law  eq.  (1)  is  (Marshall  and 
Cox,  1987) 

22(x)/16  +  ^  Zs(x)  H{t,x)dt  =  zVl-x^  (Al) 


where 


Ss  =  4A.EOs/a  (A2) 

and  Cs  is  the  stress  transmitted  through  the  matrix  aack  by  the  fibers  defined  as  a 
traction  on  the  aack  area.  Thus  Gs  is  equal  to  the  actual  stress  in  the  fibers  at  the  matrix 
crack  multiplied  by  the  volume  fraction  of  fibers.  In  addition,  X  is  given  by  eq.  (2), 


I  -  a  =  t/a 


(A3) 


21  is  the  length  of  the  unbridged  segment,  2a  is  the  length  of  the  matrix  crack,  x  =  x/a 
where  x  is  the  distance  from  the  center  of  die  notch. 


H(t,x)  =  log 

K 


Vi-x^  -  Vi-t^ 


(A4) 


X  =  4Xlarnax/a  =  2//a 


(A5) 
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with  Z  given  by  eq.  (10c)  and  E  is  an  effective  elastic  modulus  taking  the  material 
orthotropy  into  account. 

Consider  a  plane  strain,  center  crack  running  in  the  x-direction  in  an  infinite, 
orthotropic  body.  Results  from  Sih,  Paris  and  Irwin  (1965)  for  cracks  in  orthotropic 
bodies  can  be  used  to  provide  solutions  for  the  point  force  on  a  crack  surface  and 
therefore  for  fully  and  partially  bridged  cracks.  This  justifies  the  use  of  E  in  (Al).  For 
example,  when  the  coordinates  x  and  y  coincide  with  the  principal  axes  1  and  2  of  the 
orthotropic  material,  the  crack  opening  displacement  5a  due  to  the  remote  applied 
tension  CT  is  (Bao  et  al.,  1992) 


5a 


4a 


(A6) 


provided  that 


2'j12 

Consequently,  the  effective  Young's  modulus  E  is  given  by 
E  =  E'2lE\/E'2]* 

where 

E{  =  E,/(1-Vi3V3i) 

E2  =  E2/(1-V23  V32) 

V12  =  {Vi2  +  Vi3V32)/(1-V,3V3i) 

^^21  -  (v21  +  ''23  V3i)/(1“V23  V32). 


(AT) 


(A8) 


(A9) 
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In  the  cases  where  p  is  dose  to  1, 1  can  be  approximated  by 


E  = 


■  (¥ 


1 

EUE'i/Ei]' 


(AlO) 


For  more  general  situations  Cui  and  Budiansky  (1993)  have  provided  numerical  values 
for  orthotropy  factors  A  which  can  be  used  to  determineE.  The  relationship  between  E 
and  A  is 


E  = 


(All) 


in  which  V  is  the  Poisson's  ratio  of  fiber  and  matrix  which  are  assumed  to  be  the  same. 
The  orthotropic  modulus  1  can  be  used  to  detennine  the  opening  of  the  crack  due  to  the 
applied  load  and  for  the  effect  of  fibers  on  the  aack  opening  (Cui  and  Budiansky,  1993). 

For  a  bridged  matrix  crack  subject  to  load  cycling  such  that  the  amplitude  of  the 
applied  load  is  Ac  the  bridging  behavior  is  given  by  eq.  (3)  and  the  governing  is 
(Marshall  and  Cox,  1987;  McMeeking  and  Evans,  1990) 


AZ2(x)/16  +  A2:s(t)  H(t,x)dt  ==  AzVl-x^ 


(A12) 


where  AZ  is  given  by  eq.  (4)  and 


AEs  =  2XEAas/a 


(A13) 
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and  AOs  is  the  amplitude  of  the  stress  cycle  at  the  matrix  crack  surface.  Note  that  as 
shown  by  McMeeking  and  Evans  (1990)Zs  and  AXs  obey  exactly  the  same  equation  so 
that  results  for  them  can  be  interchanged. 

The  equations  were  solved  by  standard  methods  disrossed  by  Marshall  and  Cox 

(1987). 
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FIGURE  CAPTIONS 

Fig.  1  A  typical  fatigue  crack  growth  curve  for  a  Ti/SiC  composite.  The  length  Aa 
of  the  matrix  fatigue  crack  beyond  the  original  notch  is  plotted  against  N  the 
number  of  load  cydes.  The  actual  dimensions  of  the  spedmen  are  shown  in 
the  insert. 

Fig.  2  Schematic  of  a  center  crack  in  an  infinite  body  under  remote  tension,  with 
bridging  fibers  in  the  matrix  crack  wake. 

Fig.  3  Distributions  of  the  non-dimensional  bridging  stress  for  different  unbridged 
lengths  for  AZ  =  1. 

Fig,  4  Non-dimensional  stress  intensity  ranges  versus  normalized  crack  extertsion 
for  different  applied  stress  amplitudes. 

Fig.  5  Plots  giving  the  relationship  among  the  length  of  the  crack,  a,  the  unbridged 
segment  t,  the  maximum  stress  in  the  fibers  S  and  the  maximum  applied  load 
<5max- 

Fig.  6  Full  lines  show  the  normalized  stress  intensity  ranges  versus  normalized 
crack  extension  for  a  finite  width  specimen  computed  by  finite  elements.  The 
dashed  lines  show  the  results  for  an  infinite  body  computed  by  solution  of  the 
integral  equation. 

Fig.  7  Predicted  fatigue  crack  growth  curves  when  fibers  do  not  fail.  The 
normalized  crack  extension  is  plotted  versus  the  normalized  number  of  load 
cycles,  (a)  Paris  law  exponent  n  =  2;  (b)  Paris  law  exponent  n  =  4. 

Fig.  8  Fiber  breaking  rate  related  to  fiber  strength,  applied  load  and  matrix  crack 
growth  rate;  It  is  the  length  of  the  current  unbridged  segment  of  the  crack, 
whereas  2ao  is  the  length  of  the  original  unbridged  notch. 

Fig.  9  Predicted  fatigue  crack  growth  curves  in  the  presence  of  fiber  failure  for  n  =  2 
and  different  values  of  AZq. 
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Fig.  10  Map  for  fiber  failure  and  non-failure  in  a  finite  strip  with  a  central  notch  in 
which  a  matrix  aack  can  grow  by  fatigue. 

Fig.  11  Relationship  between  applied  stress,  fiber  strength  and  notch  length  for  a 
specified  extension  of  the  matrix  crack  before  fiber  failure  will  occur. 
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The  Anisotropic  Mechanical  Properties  of  a  Ti 
Matrix  Composite  Reinforced  with  SiC  Fibers 


S.  JANSSON,  H  E.  DEVE.  and  A.G.  EVANS 

The  anisotropic  mechanical  properties  of  a  Ti  alloy  composite  reinforced  with  SiC  fibers  have 
been  investigated  and  rationalized  using  analytical  models.  The  appropriate  material  model  for 
this  composite  involves  the  following  features;  an  interface  that  debonds  and  slides,  a  flaw 
insensitive  ductile  matrix,  and  high-strength  elastic  fibers  subject  to  residual  compressive  stress 
caused  by  thermal  expansion  mismatch.  This  model  is  broadly  consistent  with  the  longitudinal, 
transverse,  and  shear  properties  of  the  composite. 


I.  INTRODUCTION 

Various  Ti  matrix  composites  reinforced  with  SiC 
monofilaments  have  been  subject  to  assessment. The 
present  study  describes  measurements  and  preliminary 
analysis  conducted  on  a  Ti-15-3  alloy  uniaxially  rein¬ 
forced  with  SiC  (SCS-6)  fibers.  The  ultimate  objective 
is  to  use  measurements  and  analysis  to  establish  the  con¬ 
stitutive  properties  of  the  composite,  consistent  with  the 
deformation  and  fracture  mechanisms  operating  in  the 
material. 

Previous  research  on  these  materials  has  emphasized 
some  of  the  transverse  tensile  properties,  particularly  the 
influence  of  the  residual  stress  and  incidence  of  interface 
debonding.  The  higher  thermal  expansion  coefficient  of 
the  matrix  compared  to  the  fiber  causes  the  interface  to 
be  subject  to  normal  compression,  of  order  300  MPa.>*' 
Furthermore,  the  "interface"  between  the  fiber  and  the 
natiix  is  "weakly"  bonded.f^-^*  Consequently,  it  has  been 
proposed  that  the  composite  exhibits  elastic  properties 
clwacteristic  of  those  for  bonded  interfaces  until  the  stress 
at  the  interface  caused  by  the  applied  load  exceeds  the 
residual  compression,  at  about  200  MPa.'^-^’  Thereupon, 
interface  debonding  occurs  and  reduces  the  longitudinal 
modulus  to  about  one-third  the  initial  value  (Figure  1). 
Subsequently,  general  yielding  at  the  matrix  occurs,  fol¬ 
lowed  by  fracture.  This  sequence  of  events  is  broadly 
consistent  with  measurements  of  the  unloading  and  re¬ 
loading  behavior  and  by  observations  of  interface  de- 
bonding.'*'  Notably,  subsequent  to  initial  loading  above 
the  debond  stress,  bilinear  reversible  unloading/reloading 
behavior  has  been  found,  provided  that  the  peak  stress 
was  less  than  about  3(X)  MPa  (Figure  1).  The  "knee” 
has  been  attributed  to  the  stress  at  which  the  interface 
separates.  Furthermore,  (tebonding  has  been  detected, 
using  a  replica  technique,  at  stresses  above  ~200  MPa. 
Numerical  procedures  have  been  used  to  simulate  this 
behavim-  for  a  Ti-6V-4A1  matrix  system  by  assuming  that 
the  interface  has  a  negligible  fracture  energy  (i.e.,  zero 
riKxle  1  strength)  and  is  subject  to  a  friction  coefficient, 
ft  *  0.3.'-’'  The  results  are  broadly  consistent  with  the 
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experimental  measurements,  provided  that  the  fibers  are 
assumed  to  have  anisotropic  elastic  properties,  with  a 
transverse  modulus  about  70  pet  of  the  longitudinal 
modulus. 

In  the  present  study,  measurements  and  observations 
arc  performed  to  extend  previous  work  and  have  the  ob¬ 
jective  of  developing  a  material  model  that  provides  an 
overall  rationale  for  the  mechanical  characteristics  of  these 
composites.  For  this  purpose,  tests  are  performed  in  both 
longitudinal  and  transverse  tension,  as  well  as  in  shear, 
accompanied  by  various  microstructural  and  damage  ob¬ 
servations.  In  addition,  various  analytical  solutions  are 
used  to  rationalize  the  observations. 

II.  MATERIAL 

The  matrix  is  a  metastable  ^  titanium  alloy:  Ti-15V- 
3Cr-3Al-3Sn.  The  SCS-6  fibers  consist  of  a  C  core  and 
have  a  graded  C.Si  coating.  The  fiber  diameter  is  typ¬ 
ically  140  jxm.  The  materials  are  made  by  hot-pressing 
alloy  foils  between  fiber  tapes.  The  fiber  volume  fraction 
in  this  material  is  /  =  0.35.  A  cross-sectional  view  re¬ 
veals  several  features  (Figure  2(a)).  The  fiber  lay-up  is 
randomly  distributed.  There  are  also  several  reaction 
products  formed  around  the  fibers  (Figure  2(b).  Consis¬ 
tent  with  previous  studies. there  are  three  noticeable 
layers.  The  two  layers  adjacent  to  the  fiber  are  graded 
C ;  Si  coatings  with  detectable  amounts  of  Ti  in  layer  B 
(Figure  2(b)).  The  outer  layer  is  TiC.  Also,  in  this  com- 
pos'tc,  a  thin  TiC  layer  exists  between  many  of  the  alloy 
sheets. 


III.  MECHANICAL  MEASUREMENTS 
A.  Constituent  Properties 

A  thin  tensile  specimen  made  of  the  matrix  material 
was  produced  by  delaminating  a  matrix  layer  along  the 
TiC  film,  followed  by  grinding  to  produce  a  flat  gage 
section,  0.1  x  5  x  30  mm.  The  longitudinal  strain  was 
measured  with  a  3.2-mm  strain  gage.  The  stress-strain 
curve  of  the  foil  (Figure  3)  indicates  that  Young’s  mod¬ 
ulus  £  =  115  GPa,  the  initial  yield  strength  tr^  •= 
750  MPa,  and  the  ultimate  tensile  strength  ar^j, 
950  MPa. 

The  modulus  of  the  fibers  was  measured  on  single  fi¬ 
bers  extracted  from  the  composite.  For  this  purpose,  a 

VOLUME  2ZA.  DECEMBER  1991  —297S 


lOOOl 


Stress 


Fig.  I — A  schematic  of  the  transverse  tensile  characteristics  of  Ti 
matrix  composites  reinforced  with  SiC  fibers."  -  ’* 


Fig.  2 — SEM  cross  section  of  the  composite  revealing  (n)  the  overall 
qMtial  arrangemem  of  die  fibers  and  \b)  the  reaction  product  layer 
around  the  fibers. 


cantilever  mode  was  used,  wherein  a  load  was  imposed 
at  the  end  and  the  deflectitm  measured.  The  average 
Young’s  modulus  of  50  fibers,  determined  by  assuming 
elastic  homogeneity,  was  Ef  »  360  GPa.  This  value  is 


Fig.  3 — Tensile  stress-sliain  curve  for  the  matrix. 


somewhat  lower  than  the  cited  axial  value  of  400  to 
425  GPa.'^'  The  low  modulus  is  attributed  to  the  soft 
caitKin  core  and  carbon  surface  layer.  For  reference  pur¬ 
poses,  k  is  noted  that  the  average  tensile  strength  of  the 
fibers  5  4.3  GPa  for  a  25-mm  gage  length  and,  by 

assuming  a  Weibull  distribution,  the  shape  parameter 
m  9'^'  and  the  scale  parameter  5o  =  4.5  GPa  for  a 
reference  length  Lo  =  1  m. 

B.  Test  Specimens  for  Composites 

The  specimen  used  for  both  longitudinal  and  trans¬ 
verse  tests  has  a  large  radius  at  the  transition  from  the 
gripping  section  to  the  reduced  gage  section  to  minimize 
stress  ctmcentiations.  The  gage  sectitxn  is  l-mm  wide 
and  6.25-iiim  long.  The  in-plane  strains  that  develop  upon 
testing  were  measured  with  3.2-mm  strain  gages,  while 
the  strain  in  the  thickness  direction  was  obtained  using 
1.62-inm  gages. 

In-plane  shear  prqieTties  were  determined  with  spec¬ 
imens  of  losipescu  (Figure  4).  The  specimen  is  a 
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short  beam  in  antisymmetric  loading,  with  a  symmetry 
line  in  the  midspan  subject  to  pure  shear.  However,  the 
stress  is  singular  if  the  notch  is  too  sharp  and  parabolic 
if  the  notch  is  too  blunt.  In  practice,  the  notch  angle  is 
selected  to  be  slightly  larger  than  critical  (110  deg)  in 
order  to  be  conservative  and  to  avoid  high  stress  con¬ 
centrations.  The  shear  strain  that  developed  was  mea¬ 
sured  with  two  1 .62-mm  strain  gages  mounted  on  opposite 
sides  of  the  specimen  in  the  gage  section;  one  at  -f  45  deg 
and  one  at  -45  deg.  Properties  have  been  obtained  for 
two  fiber  orientations  (Figure  7):  fibers  oriented  in  the 
direction  of  the  notches,  with  longitudinal  loading,  and 
fibers  oriented  perpendicular  to  the  notches,  with  trans¬ 
verse  loading.  Ail  tests  were  conducted  at  the  strain  rate 
of  -lO'*  s"^. 

The  flexural  properties  were  obtained  in  three-ooint 
bending.  Two  beam  lengths  have  been  used.  A  long  beam 
(span  to  thickness;  8.2)  provided  a  measure  of  the  tensile 
properties  and  a  short  beam  (span  to  thickness;  3.7)  was 
used  to  measure  the  interlaminar  shear  properties. 

C.  Composite  Properties 

The  measured  moduli  and  Poisson’s  ratios  are  sum¬ 
marized  in  Table  I.  The  longitudinal  tensile  stress-strain 
curve  (Figure  S)  indicates  that  the  response  is  linear  up 
to  approximately  850  MPa,  at  a  strain  of  0.5  pet,  and 
the  ultimo  strength  a,  -  18(X)  MPa,  occurring  at  a  strain 
of  1  pet.  The  transverse  tensile  stress-strain  curve 
(Figure  6(a))  indicates  a  deviation  from  linearity  at 
150  MPa  at  a  strain  of  —0. 15  pet  and  an  ultimate  strength 
of  tr,_,  =  420  MPa  at  a  strain  of  1 .2  pet.  The  strain  in 
the  thickness  direction  ''Figure  6(b))  exhibits  an  abrupt 
increase  at  the  onset  oi  rtonlinearity,  indicative  of  a  vol¬ 
ume  increase.  Subsequently,  the  slope  diminishes  and 
asymptotically  approaches  the  initial  elastic  slope. 

Measurements  of  in-plane  shear  properties  (Figure  7) 
indicate  that  the  initial  elastic  response  for  the  two  ori¬ 
entations  is  similar  but  that  the  fiow  strength  is  notice¬ 
ably  different.  Such  a  difference  has  not  been  t^rserved 
for  ductile  matrix  systems  with  bonded  interfaces. 

The  flexural  experiments  performed  on  long  beam  re¬ 
sulted  in  failure  from  the  tensile  surface.  Based  on  a  lin¬ 
ear  elastic  formulation,  the  corresponding  tensile  stress 
at  the  ultimate  load  was  2.5  GPa.  The  tests  on  short  beams 
resulted  in  nonlinearity  occurring  by  interlaminar  shear. 
The  shear  stress  at  Uk  onset  of  flow  was  260  MPa 
(Figure  8). 


Fig.  S — The  stress-strain  curve  in  longitudinal  tension.  Also  shown 
as  the  triangles  and  circles  are  predicted  results  for  two  levels  of  re¬ 
sidual  stress  as  well  as  the  ultimate  strength  predicted  using  weakest 
link  sutistics. 


D.  In  Situ  Measurements 

Transverse  tension  tests  have  been  conducted  in  situ 
in  a  scanning  electron  microscope  (SEM).  The  test  spec¬ 
imens  used  in  the  in  situ  tests  were  similar  to  those  used 
in  the  servohydraulic  testing  frame  but  with  a  gage  sec¬ 
tion  of  5  X  I  X  0.5  mm.  The  composites  were  tested 
in  a  SEM  tensile  stage,*  with  the  fiber  axis  normal  to 

'Instnuiicnied  JSM-840  stage,  Ernest  Fullam  Inc.,  Latham,  NY 
121 10. 


die  plane  of  observation  (Figure  9).  Within  the  accurvy 
of  the  optica]  measurements  of  the  matrix-fiber  separa¬ 
tion  (~0. 1  p  m),  the  experiments  confirm  that  int^ace 
separation  commences  at  a  stress  of  200  ±  10  MPa 
(Figure  9).  Furthermore,  when  the  peak  stress  is  below 
3(X)  MPa.  the  debond  closes  upon  unloading  (Figure  9), 
widi  an  unloading  curve  of  the  type  sketched  in  Figure  I 
However,  upon  loading  above  3(X)  MPa,  debond  closure 
does  not  occur  upon  unloading  (Figure  9),  indicative  of 
plastic  deformation  in  the  matrix. 


Tabic  I.  Summary  of  Elastic  Properties 


E„ 

(GPa) 

Vll 

5GP») 

VlJ 

Vjl 

C*2 

(GP«) 

Experiments 

196 

0  25 

129 

0.34 

0.20 

62.0 

Calculations 

bonded  interface 

201 

0.27 

171 

0.32 

0.23 

64.4 

sliding  interface  ( r,  -  0) 

201 

— 

127 

— 

— 

29 

Rber  propenies;  £  « 
Matrix  ptopertk^:  £ 

360  GPa  and  v  -  017. 

•  1  IS  GPa  and  V  »  0.33. 
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Transverse  Strain  (%) 

(*) 


Fig.  6 — to)  Stress-strain  curve  in  transverse  tension;  also  shown  as 
the  doited  curve  is  the  bilinear  elastic  behavior  predicted  with  inter¬ 
face  debonding  (h)  The  change  in  strain  in  the  thickness  orieniatioo 
with  the  imposed  transverse  strain  showing  the  dilatation  that  occurs 
upon  debonding. 


IV.  CHARACTERIZATION 

Specimens  tested  in  longitudinal  tension  exhibit  the 
fracture  characteristics  depicted  in  Figure  10.  The  two 
most  notable  features  are  the  extensive  fiber/ matrix  sep¬ 
aration  and  the  fully  ductile  nature  of  the  matrix  fracture. 


Fig.  7 — The  shear  stress-strain  curves  measured  for  the  two  orien¬ 
tations:  also  shown  are  the  predicted  curves  for  a  bonded  interface 
and  a  sliding  interface  with  t,  0. 


Deflection  (mm) 

Fig.  8 — The  interlaminar  shear-stress  deflection  curve  obtained  using 
a  short  span  three-point  flexure  specimen. 


It  is  also  noted  that  the  fracture  plane  is  irregular,  having 
height  variability  up  to  about  3  riber  dian*  jteir .  and  that 
extensive  delamination  occurs  along  the  TiC  fdanes.  Qose 
inspection  of  the  ftber/matrix  separations  (Figure  10), 
coupled  with  EDAX  analysis,  indicates  two  features.  The 
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Fig.  9 — In  siiu  observations  conducted  in  the  SEM  upon  transverse  loading. 


debonding  occurred  primarily  at  the  A/B  interface 
(Figure  2(a)),  with  the  outer  carbon  layer  attached  to  the 
matrix  and  the  inner  carbon  layer  attached  to  the  fibers. 
Furthermore,  the  outer  C  layer  exhibits  multiple  crack¬ 
ing.  The  latter  phenomenon  is  typical  of  brittle  debond 
layers  when  attached  to  the  ductile  member  of  a  com¬ 
posite  system.'’! 

The  fracture  surfaces  of  specimens  tested  in  transverse 
tension  are  also  irregular.  Inspection  of  side  surfaces  re¬ 
mote  from  the  fracture  surface  confirms  that  transverse 
debonding  propagates  predominantly  in  the  inner  carbon 
coating  in  mode  I  debonding  and  along  the  A/B  inter¬ 
face  in  mixed  mode  debonding  (Figure  1 1 ).  Addition¬ 
ally,  the  reaction  product  layer  exhibits  radial  cracks 
normal  to  the  transverse  tension.  These  cracks  induce 
shear  bands  in  the  matrix,  which  may  contribute  to  the 
failure  process  (Figure  11(c)).  It  is  also  noted  that  the 
area  fraction  of  matrix  on  the  fracture  surface  A„  =  0.4. 


indicating  that  the  fracture  selects  material  planes  that 
contain  a  higher  than  average  area  fraction  of  fibers. 

The  specimens  tested  in  shear  exhibit  matrix  features 
characteristic  of  mode  II  ductile  fracture  (Figure  12).  Also, 
fibers  are  exposed  by  the  fracture  with  fragments  of  re¬ 
action  product  layer  attached. 

V.  PRELIMINARY  ANALYSIS  OF  RESULTS 
A.  The  Material  Mode! 

A  full  analysis  of  composite  behavior  would  require 
further  mechanical  measurements  and  damage  observa¬ 
tions  as  well  as  selected  numerical  calculations.  Instead, 
the  intent  here  is  to  use  simple  analytical  results  in  an 
atiempt  to  provide  a  physical  rationale  for  the  observed 
composite  characteristics  and  to  use  this  information  to 
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(b) 

Fig.  10 — The  fracture  surface  of  a  specimen  tested  in  longitudinal 
tension:  (<r)  a  low  magnification  view:  and  (b)  a  closc-up  of  a  de- 
bonded  interface  indicating  the  debond  at  A  and  the  multiple  cracked 
reaction  product  B. 


design  additional  experiments  as  well  as  to  motivate  fur¬ 
ther  numerical  calculations.  For  this  purpose,  the  elastic 
properties,  the  flow  stress,  and  the  ultimate  strength  are 
examined  successively  using  a  physically  consistent  ma¬ 
terial  description.  The  material  model  that  seemingly 
provides  the  best  rationale,  depicted  in  Figure  13.  is  con¬ 
sistent  with  that  suggested  by  previous  studies.'--^’  The 
interpha.se  between  the  fiber  and  matrix  is  characterized 
by  a  debond  fracture  energy  F,  that  depends  on  the  load¬ 
ing  phase  ij;  (increasing  as  iji  increases)  and  by  a  sliding 
stress  T,  along  the  debonded  interface The  sliding  stress 
T,.  in  turn,  depends  on  the  stress  normal  to  the  interface, 
perhaps  in  accordance  with  a  Coulomb  friction  coeffi¬ 
cient.  fi.  When  the  dominant  debond  interphase  in  car¬ 
bon.  r,.  appears  to  be  small*'®'  (<1  Jm’^).  debonding 
occurs  readily  in  all  modes  of  loading  and,  conse¬ 
quently,  the  mechanical  response  of  the  interface  is  dom¬ 
inated  by  sliding.*'®  '"  Since  a  carbon  layer  is  retained 


(c) 


Fig.  1 1  —  SEM  view  of  the  side  surface  of  a  specimen  tested  to  fail¬ 
ure  in  transverse  tension:  (<i)  overview:  (b)  a  high  resolution  view  of 
the  debonded  interface:  and  (c)  a  high  resolution  view'  of  cracks  in 
the  reaction  product  layer  and  of  shear  bands  induced  in  the  matn* 
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Fig.  12  —  A  matrix  region  of  a  fracture  surface  of  a  specimen  tested 
in  shear. 


□•banding:  Sidbig 


Transverse 


Longitudinal 


Fig.  13 — The  material  model  used  to  rationalize  the  mechanical  be¬ 
havior  of  the  composite:  (n)  mode  U  debonding  and  sliding  followed 
by  mode  I  debonding  in  transverse  tension:  and  (b)  fiber  cracking  and 
mode  11  debonding  and  sliding  in  longitudinal  tension. 


in  the  present  composite,  a  material  model  based  on 
r,  =  0  is  assumed  but  with  frictional  sliding. 

Residual  stress  is  another  important  feature  of  the 
model.  Thermal  expansion  misfit  between  the  fiber  and 
matrix  is  insufficient  to  cause  matrix  yielding  on  cool- 
ing'^’  and,  consequently,  elastic  solutions  may  be  used. 
The  longitudinal  misfit  dominates  the  axial  residual  stress 


in  the  matrix,  p,  which  is  spatially  quite  uniform  and  is 
given  for  the  concentric  cylinder  model  by"-' 


P_ 

£- 


A: 

A. 


£' 


flalT 


(1  - 

where  £  is  the  longitudinal  composite  modulus. 

£,  =  £„(!  -/)  +  Eff 
and  the  A,  are  given  by  ( r-  =  v,  =  v„) 

A,  =  {I  -  (1  -  £,/£^)(l  -  u)/! 

-  (E,/Er)i'-}/(l  -  p') 


12) 


[3] 


Aj  =  1  -  (1  -  E, IE, ill 

For  the  present  composite'-'  (Aa  =  5  x  10"*  C"‘.  A7  = 
900  ®C),  p  «  400  MPa,  consistent  with  finite  element 
calculations'’'  and  with  X-ray  measurements."” 

The  radial  and  tangential  stresses  in  the  mauix  are 
spatially  nonuniform,  but  the  compressive  stress  q  nor¬ 
mal  to  the  interface  is  given  simply  by"” 

q  (I  -fi^aikT 

—  - - [4J 

£„  2A,(I  -  v^) 

which  for  the  present  composite  is  ^  =  -300  MPa. 

Finally,  the  fibers  are  considered  to  be  elastic  and  have 
strength  properties  governed  by  weakest  link  statistics. 
Furthermore,  the  fibers  are  regarded  as  noninteracting, 
because  cracks  in  the  fiber  dissipate  local  stress  concen¬ 
trations  by  debonding  and  sliding  along  the  interface. 


B.  Elastic  Properties 

The  effective  elastic  properties  for  a  bonded  interface 
and  elastically  isotropic  fibers,  based  on  the  propenies 
of  the  fibers  and  the  matrix  listed  in  Table  1,  are  cal¬ 
culated  by  using  the  homogenization  method."^'  It  is  ap¬ 
parent  that  the  calculated  and  measured  elastic  prt^rties 
are  relatively  close,  except  for  an  appreciable  discrepi- 
ancy  in  the  transverse  Young's  modulus,  £22-  This  dis¬ 
crepancy  is  addressed  by  allowing  the  interface  to  debond 
in  mode  11  and  then  sli^  at  a  characteristic  sliding  stress 
T,.  For  transverse  tension,  r,  is  expected  to  be  small  be¬ 
cause  the  applied  load  reduces  the  stress  mnmal  to  those 
segments  of  interface  susceptible  to  sliding  (Figure  13). 
In  the  limit  t,  -*  0,  numerical  calculations"*'  yield  a 
transverse  m^ulus  similar  to  the  measured  value 
(Table  1).  The  sliding  interface  model  must  also  be  con¬ 
sistent  with  the  result  that  the  shear  modulus  is  the  same 
as  that  for  a  bonded  interface.  In  the  limit  r,  — >  0,  the 
calculated  shear  modulus  is  much  snudler  than  the  mea¬ 
sured  value  (Table  1).  It  is  thus  presumed  that,  in  shear, 
the  stress  normal  to  the  interface  on  the  sliding  segments 
is  essentially  unchanged  such  that  the  sliding  stress  t, 
has  sufficient  magnitude  to  inhibit  sliding  and  lead  to  a 
modulus  essentially  the  same  as  that  for  the  bonded 
interface.  As  elaborated  below,  t,  is  inferred  from  the 
shear  tests  as  being  of  order  90  MPa.  Lower  values  have 
been  obtained  from  fiber  push-through  tests."’' 


C.  Flow  Strength 

I.  Longitudinal  tension 

The  flow  strength  in  longitudinal  tension  is  unaffected 
by  the  interface  and  can  be  examined  using  a  simple 
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parallel  model,  with  an  initial  stress  p  in  the  matrix. 
Yielding  of  the  matrix  should  initiate  at  an  applied  stress. 
CT,.  given  by 

=/£rCo  +  (1  -/)  [«^« -P]  I51 

where  Bq  is  the  matrix  yield  strain.  The  flow  stress  cr  at 
larger  strains  c  is 

0-,  =/£,e,  +  (1  -/)  (cr«  -  p|  16| 

where  £r„  is  the  matrix  flow  strength  at  strain  e  +  p/E„. 
The  stress-strain  curve  ( tr  vr  e  )  predicted  using  this  sim¬ 
ple  formulation  is  ploned  in  Figure  5  for  the  cases 
p  =  0  and  p  =  400  MPa.  The  latter  agrees  well  with 
the  measured  curve.  The  influence  of  p  on  o-(e)  is  small; 
however,  by  taking  into  account  experimental  scatter, 
the  experiments  consistently  indicate  the  presence  of  a 
compressive  residual  stress.  The  effects  on  the  trans¬ 
verse  properties  are  much  more  important,  as  elaborated 
below. 

2.  Transverse  tension 

The  transverse  flow  strength  is  sensitive  to  interface 
bonding  and  also  depends  on  the  spatial  arrangement  of 
the  fibers.  Estimates  of  the  limit  flow  strength  tr,  of  com¬ 
posites  with  elastic  reinforcements  having  bonded  inter¬ 
faces  may  be  expressed  in  the  form''* 

a,  =  (2/V3)<TM+pf]  [7] 

where  a„  is  the  reference  flow  strength  of  the  matrix  at 
plastic  strain  e^,  and  ^  is  a  coefficient  that  depends  on 
the  work-hardening  coefficient,  N,  and  may  also  depend 
on  the  fiber  volume  fraction.  However,  the  flow  strength 
is  strongly  dependent  on  the  spatial  arrangement  of  the 
fibers."^'  For  typical  values  of  N,  j8  is  of  order  unity 
when  /  =  0.35.  However,  even  when  ^  -  0,  corre¬ 
sponding  to  the  lower  bound,  Eq.  [7]  predicts  a,  « 
940  MPa,  substantially  in  excess  of  the  measured  trans¬ 
verse  flow  strength.  The  discrepancy  is  attributed  to 
interface  debonding.  To  further  address  the  effect  of  de¬ 
bonding,  various  elasticity  solutions  are  invoked.  The 
stress  ncxmal  to  the  sliding  interface  at  the  interface  poles 
a,  is  related  to  the  applied  stress  a,  prior  to  debonding 
by 


The  bilinear  clastic  stress-strain  behavior,  based  on  the 
above  value  of  the  separation  stress  and  using  Eq.  19)  to 
estimate  the  behavior  after  debonding,  is  plotted  in 
Figure  6(a)  This  curve  is  comparable  to  the  measured 
curve  for  stresses  up  to  ~350  MPa.  At  larger  stresses, 
the  slip  bands  that  extend  from  the  cracks  in  the  inter¬ 
faces  (Figure  1 1 )  interact  and  further  soften  the  matcnal. 
A  model  of  this  behavior  has  yet  to  be  developed, 

3.  Shear 

The  flow  strength  in  shear  also  depends  on  the  inter¬ 
face  response.  For  a  bonded  interface,  a  rigorous  upper 
bound  for  the  flow  stress  when  the  fibers  are  randomly 
oriented  is'-" 

T=  (1/V3)(1  +  0.17/)(t,,  [10] 

This  result,  ploned  in  Figure  7.  again  overestimates  the 
measured  properties.  However,  given  the  tendency  for 
mode  II  interfaciai  debonding  and  sliding,  one  hypoth¬ 
esis  is  that  the  interface  slides  at  stress  r,.  In  this  case, 
the  flow  strength  in  shear  becomes 

T  =  (l/v'3)A„cr„ -  T,(l  -  [11] 

The  experimental  curve  for  the  weaker  orientation  is 
consistent  with  Eq.  [Ill  when  a  sliding  stress  t,  = 
90  MPa  is  selected.  This  value  is  approximately  twice 
as  high  as  the  saturated  sliding  stress  in  pushout  tests."-" 

D.  Ultimate  Strength 

1.  Longitudinal  tension 

The  ultimate  strength  of  the  composite  in  longitudinal 
tension  is  dominated  by  the  properties  of  the  fibers.  This 
situation  arises  because  fiber  cracks  induce  debonding 
and  sliding  along  the  A/B  interface  (Figure  10)  and  this 
negates  the  concentration  of  stress  in  neighboring  fibers 
(Figure  13).  Consequently,  the  fibers  can  be  treated  as 
a  noninteracting  fiber  bundle  having  strength  5^.  The 
composite  ultimate  strength  o-.  is  then 

=/5. -t- (I  1121 

where  <r«,/  is  now  the  matrix  strength  at  the  failure  strain 


a, /a,  = 


11  -  +  6p^  +  -^{9  -  I4vj-9v^+  \4p„Vf) 

_ _ 

5  -  6i'„  -1-  ^  [8  -  I2vf-6v„  +  12i^„»yJ  -t-  (3  -  iVf  +  4v}  ) 


I8J 


Interface  separation  should  initiate  when  a,  ^  q.  Thus, 
based  on  Eqs.  [4]  and  [8].  elastic  separation  is  predicted 
to  occur  at  a  transverse  stress,  a,  «=  200  MPa,  consistent 
with  both  the  measured  onset  of  nonlinearity  (Figure  6) 
and  with  the  observations  of  debonding.  Subsequent  to 
debonding  and  while  the  material  remains  predominantly 
elastic,  the  composite  would  develop  a  reduced  trans¬ 
verse  Young's  modulus  given  approximately  (for  high 
modulus  fibers  and  for /  s:  0.4)  by"” 

£,*£„(!-  1.6/)  (91 


Ef.  The  strength  of  the  fiber  bundle  in  the  composite.  S, . 
usually  has  some  dependence  on  the  interface  sliding 
stress,  r,.  Such  sliding  allows  failed  fibers  to  sustain 
stresses  through  load  transfer  from  the  matrix.  When  this 
transfer  length  is  small  compared  with  the  specimen  gage 
length.  L,.  multiple  fiber  failures  are  possible,  leading 
to  an  ultimate  tensile  strength  independent  of  £,.  with 
Sr  given  by'"' 


2t,Lq 

i/i**ii  , 

( m  +  \  \ 

floRim  -t-  2)_ 

\m  +  2/ 
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where  So  and  to  are  scale  parameters  and  m  the  shape 
parameter  in  the  Weibull  distribution.  Conversely,  when 
only  partial  load  transfer  occurs  within  the  gage  length. 
Sc  decreases  as  L,  decreases  in  approximate  accordance 
with  the  fiber  bundle  solution. 

•Note  that  5o  =  S/Htm  +  where  P  is  the  gamma  function 

and  S  is  the  mean  strength  for  fiber  having  length  Z.„. 


S,  =  SoCto/met,)'^'"  fl4] 

To  identify  the  relevant  composite  failure  mode,  the 

transfer  length  on  each  side  of  a  failed  fiber  i'  given  by'--^ 

l=^R(S,/2r,)  [15] 

where  S/  is  the  nominal  stress  on  the  fibers  at  the  ulti¬ 
mate  strength  of  the  composite.  With  S,  =  3.5  GPa  and 
T,  =  90  MPa,  Eq.  [15]  gives  <  =  1.5  mm.  The  total  slip 
length,  2f  «  3  mm,  is  thus  comparable  to  the  specimen 
gage  length,  L,  6.25  mm,  indicating  that  ^e  fiber 
bundle  solution  (Eq.  [14])  is  more  likely  to  apply.  In¬ 
deed,  the  ultimate  strength  predicted  from  [14], 

O’.  =  1870  MPa,  is  similar  to  the  measured  value 
(Figure  5).  However,  it  is  important  to  appreciate  that 
Eq.  [  13]  is  expected  to  become  mote  relevant  at  larger  L,. 

Load  transfer  lengths  from  failed  fiber  within  the  load¬ 
ing  span  used  in  the  three-point  bending  tests  would  again 
be  in  the  range  indicative  of  a  gage  length  dependence, 
qualitatively  consistent  with  the  greater  strength  mea¬ 
sured  in  bending  than  in  tension.  Furthermore,  a  stan¬ 
dard  weakest  link  analysis  predicts  a  ratio  A  of  the  bending 
to  the  tensile  strength  given  by 

A  =  [2(m  +  1)V,/V*]'/"  [16] 

where  V,  and  are,  respectively,  the  gage  volume  in 
tension  and  the  volume  between  the  loading  points  in 
bending.  For  the  present  case,  A  =  1.47,  compared  with 
a  measured  ratio  of  1.4. 

Transverse  tension 

The  ultimate  strength  in  transverse  tension  is  preceded 
by  the  formation  of  cracks  in  the  reaction  product  layers 
(Figure  1 1(c)).  These  cracks,  in  turn,  induce  shear  bands 
in  the  matrix.  Such  observations  suggest  a  strength  con¬ 
trolled  by  the  coalescence  of  the  cracks  in  the  reinforce¬ 
ments  by  ductile  failure  of  the  intervening  matrix.  Should 
this  hypothesis  apply,  the  transverse  strength  would  be 
influenced  by  the  fiber  diameter  (the  crack  size),  the  ma¬ 
trix  toughness,  and  the  fiber  volume  fraction.  However, 
the  following  simple  model  based  only  on  the  matrix 
strength  apparently  agrees  quite  well  with  the  measured 
composite  strength.  The  matrix  ligament  caused  by  de¬ 
bonding,  subject  to  plane  strain  in  the  fiber  direction, 
should  fail  of  a  stress  cr, .  given  by 

<r,..  =  (2/V3)o-,.,.A„  [17] 

where  (r„..  is  the  ultimate  strength  of  the  matrix  and  A„ 
is  the  area  fraction  of  matrix  on  the  transverse  fracture 
plane.  Noting  that  =  950  MPa  and  A„  =  0.4,  the 
transverse  strength  given  by  Eq.  [15]  is  tr,..  =  430  MPa 
compared  with  a  measur^  value  of  420  MPa.  This 
agreement  suggests  that  the  matrix  is  sufficiently  ductile 


that  the  cracks  in  the  reinforcements  do  not  act  as  frac¬ 
ture  flaws.  However,  further  study  of  the  transverse 
strength  is  needed  to  thoroughly  investigate  this  impor¬ 
tant  implication. 


VI.  CONCLUDING  REMARKS 

The  longitudinal  properties  of  a  Ti-15-3  composite 
reinforced  with  SCS-6  SiC  fibers  are  consistent  with 
simple  models  in  which  the  strength  is  dominated  by  the 
bundle  properties  of  the  fibers.  All  other  properties  arc 
strongly  influenced  by  the  fiber/ matrix  interface  and  by 
the  presence  of  residual  stress.  The  experimental  mea¬ 
surements  are  qualitatively  consistent  with  an  interface 
model  wherein  debonding  occurs  readily  in  both 
modes  I  and  11  and  frictional  sliding  proceeds  over  the 
debonded  surfaces.  Furthermore,  sliding  appears  to  be 
influenced  by  the  normal  compression  at  the  interface, 
suggestive  of  a  Coulomb  friction  law.  These  interface 
features  cause  the  composite  flow  strength  in  both  trans¬ 
verse  tension  and  shear  to  be  appreciably  lower  than  the 
matrix  flow  strength. 

Residual  stress  has  effects  on  several  properties.  These 
stresses  change  as  the  composite  is  subject  to  various 
thermal  and  mechanical  loadings,  causing  such  proper¬ 
ties  to  depend  on  the  thermomechanical  history  of  the 
material.  In  the  as-processed  state,  the  interface  is  sub¬ 
ject  to  normal  compression.  This  stress  suppresses  initial 
debonding  in  transverse  tension  and  inhibits  sliding  in 
shear  loading.  Consequently,  the  composite  exhibits  bi¬ 
linear  elastic  behavior  in  transverse  tension. 
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Introduction 


This  review  is  intended  to  focus  on  ceramic  matrix  composite  materials. 
However,  the  creep  models  which  exist  and  which  will  be  discussed  are  generic  in  the 
sense  that  they  can  apply  to  materials  with  polymer,  metal  or  ceramic  matrices.  Only  a 
case  by  case  distinction  between  linear  and  nonlinear  behavior  separates  the  materials 
into  classes  of  response.  The  temperature  dependent  issue  of  whether  the  fibers  creep 
or  do  not  creep  permits  further  classification.  Therefore,  in  the  review  of  the  models,  it 
is  more  attractive  to  use  a  classification  scheme  which  accords  with  the  nature  of  the 
material  response  rather  than  one  which  identifies  the  materials  per  se.  Thus,  this 
review  could  apply  to  pol5aner,  metal  or  ceramic  matrix  materials  equally  well. 

Only  fiber  and  whisker  reinforced  materials  will  be  considered.  The  fibers  and 
whiskers  will  be  identified  as  ceramics  but  with  different  characteristics  firom  the 
matrix.  As  noted  above,  at  certain  temperatures,  the  reinforcement  phase  will  not  be 
creeping  and  then  it  will  be  treated  as  elastic  or  rigid  as  appropriate  to  the  model.  At 
higher  temperatures,  the  reinforcement  phase  will  aeep,  and  that  must  be  allowed  for 
in  the  appropriate  model.  On  the  other  hand,  the  case  of  creeping  fibers  in  an  elastic 
matrix  will  not  be  considered,  although  certain  of  the  models  have  a  symmetry  between 
fiber  and  matrix  which  permits  such  an  interpretation.  The  models  reviewed  will  be  for 
materials  with  long  fibers,  broken  long  fibers  and  short  fibers  or  whiskers.  Aligned 
fibers  and  two  and  three  dimensional  reinforcement  by  long  fibers  will  be  discussed. 
However,  general  laminate  behavior  will  not  be  a  subject  of  this  review. 

The  material  behaviors  considered  will  include  linear  elasticity  plus  linear  or 
nonlinear  creep  behavior.  The  nonlinear  case  will  be  restricted  to  power  law  rheologies. 
In  some  cases  the  elasticity  will  be  idealized  as  rigid.  In  ceramics,  it  is  commonly  the 
case  that  creep  occurs  by  mass  transport  on  the  grain  boundaries^.  This  usually  leads  to 
a  linear  rheology.  In  the  models  considered,  this  behavior  will  be  represented  by  a 
continuum  creep  model  with  a  fixed  viscosity.  That  is,  the  viscosity  is  strain  rate 
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independent,  although  it  will  in  general  be  temperature  dependent.  Thus,  the  mass 
transport  per  se  will  not  be  explicit  in  the  models.  In  some  situations,  even  though  the 
mechanism  is  mass  transport,  the  creep  behavior  involves  a  power  law  response  with  a 
low  exponent.  Such  a  case  is  polycrystalline  alumina  at  certain  temperatures^.  This 
explains  the  inclusion  of  power  law  models  in  this  review.  An  additional  constitutive 
feature  considered  in  this  review  is  mass  transport  on  the  interface  between  the  fiber 
and  the  matrix.  This  path  can  be  a  faster  route  for  diffusion  than  the  grain  boundaries 
within  the  matrix.  Therefore  it  merits  a  separate  treatment  as  a  mechanism  for  creep.  A 
rudimentary  model  for  the  progressive  breaking  of  reinforcements  will  be  discussed. 
Creep  void  growth  and  other  types  of  rupture  damage  in  the  matrix  and  the  fiber  will, 
however,  be  excluded  from  consideration. 

Because  the  creep  behavior  of  a  ceramic  composite  often  has  a  linear  rheology, 
the  behavior  of  the  composite  usually  can  be  represented  by  an  anisotropic  viscoelastic 
constitutive  law.  Thus,  a  rather  general  model  for  such  composites  involves  hereditary 
integrals  with  time  dependent  creep  or  relaxation  moduli^^  with  a  general  anisotropy, 
the  parameters  for  the  law  can  be  determined  through  creep  and  relaxation  tests,  but  a 
multiplicity  of  experiments  are  required  to  evaluate  all  the  functions  appearing  in  a 
general  aixisotropic  law.  As  a  consequence,  some  guidance  from  micromechanics  is 
essential  for  the  generalization  of  the  results.  In  this  review,  the  focus  will  be  on  the 
micromechanics  based  models  and  the  hereditary  integral  methods  will  not  be 
considered.  However,  the  micromechanics  models  can,  if  desired,  be  recast  in  the 
classical  viscoelastic  form.  It  should  be  noted  that  there  exists  a  vast  literature  on  the 
linear  elastic  properties  of  reinforced  materials.  These  elasticity  models  can  be 
converted  into  creep  models  by  use  of  standard  methods  of  linear  viscoelasticity^.  This 
approach  will  be  avoided  in  this  review  even  though  it  can  provide  effective  creep 
models  for  ceramic  matrix  composites.  Instead,  the  focus  in  this  chapter  will  be  on 
models  which  involve  nonlinearities  or  have  features  such  as  interface  diffusion  which 
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are  not  accoiinted  for  when  linear  elastic  models  are  converted  to  linear  viscoelastic 
constitutive  laws. 


Material  Models 

All  phases  of  the  composite  material  will  be  assumed  to  be  isotropic.  The  creep 
behavior  of  a  ceramic  will  be  represented  by  d\e  law 


e«  = 


^  Sii+^8,dki+|B5''-’S,)+o6,t 


2G 


(1) 


where  E  is  the  strain  rate,  G  is  the  stress,  c  is  the  stress  rate,  G  is  the  elastic  shear 
modulus,  K  is  the  elastic  bulk  modulus,  5i|  is  the  Kronecker  delta,  B  is  the  creep 
rheology  parameter,  n  is  the  creep  ind&c,  S  is  the  deviatoric  stress  and  the  effective 
stress  G  is  defined  by 

G  =  Sq  Sij,  (2) 


a  is  the  coefficient  of  thermal  expansion  and  T  is  the  rate  of  change  of  temperature.  In 
all  expressions  the  Einstein  repeated  indec  summation  convention  is  used,  xi,  X2  and  X3 
will  be  takot  to  be  synonymous  with  x,  y  and  z  so  that  G\\  =  G^x  ^c..  Hie  parameter  B 
will  be  temperature  dependent  through  an  activation  ^ergy  expression  and  can  be 
related  to  microstructural  parameters  such  as  grain  size,  diffusion  coefficients  etc.  on  a 
case  by  case  basis  depending  on  the  mechanism  of  creep  involved^.  In  addition,  the 
ind&(  will  depend  on  the  mechanism  which  is  active.  In  the  linear  case,  n  =  1  and  B  is 
equal  to  1  /3r\  where  T}  is  the  Unear  shear  viscosity  of  the  material.  Stresses,  strains  and 
material  parameters  for  the  fibers  will  be  denoted  with  a  subscript  or  superscript  f  and 
for  the  matrix  with  a  subscript  or  superscript  m. 


4Ha^S26(September  1. 1992)10^5  AM/mef 


Various  models  will  be  used  for  the  interface  between  the  fiber  and  the  matrix. 
For  bonded  interfaces,  complete  continuity  of  all  components  of  the  velocity  will  be 
invoked.  The  simplest  model  for  a  weak  interface  is  that  a  shear  drag  equal  to  X 
opposes  the  relative  shear  velocity  jump  across  the  interface.  The  direction  of  the  shear 
drag  is  determined  by  the  direction  of  the  relative  velocity.  However,  the  magnitude  of 
T  is  independent  of  the  velocities.  This  model  is  assumed  to  represent  friction  occurring 
mainly  because  of  roughness  of  the  surfaces  or  due  to  a  superposed  large  normal 
pressure  on  the  interface.  Creep  can,  of  course,  relax  the  superposed  normal  stress  over 
time,  but  on  a  short  time  scale  the  parameter  X  can  be  assumed  to  be  relatively  invariant. 
No  attempt  will  be  made  to  accoimt  for  Coulomb  friction  associated  with  local  normal 
pressures  on  the  interface. 

On  the  other  hand,  a  model  for  the  viscous  flow  of  creeping  material  along  a  fiber 
surface  is  exploited  in  some  of  the  cases  covered.  This  model  is  thought  to  represent  the 
movement  of  material  in  steady  state  along  a  rough  fiber  surface  and  is  given  by 
(McMeeking,  to  be  published) 

=  B  a"-'  nj  Gjk  (Ski  “ "k  nj)  0) 

where  is  the  relative  velocity  of  the  matrix  material  with  respect  to  the  fiber,  B  is  a 

rheology  parameter  proportional  to  B  but  dependent  also  on  roughness  parameters  for 
the  fiber,  n  is  the  unit  outward  normal  to  the  fiber  surface  and  the  stress  is  that 
prevailing  in  the  creeping  matrix  material.  The  law  simply  says  that  the  velocity  is  in 
the  direction  of  the  shear  stress  on  the  interface  but  is  controlled  by  power  law  creep. 

When  there  is  mass  transport  by  diffusion  taking  place  in  the  interface  between 
the  fiber  and  the  matrix,  the  relative  velocity  is  given  by^ 

=  -n(V.j) 
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where  is  the  mass  flux  of  material  in  the  plane  of  the  interface  and  V  is  the  divergence 
operator  in  2-dimensions  also  in  the  plane  of  the  interface.  The  mass  flux  in  the 
interface  is  measured  as  the  mass  per  unit  time  passing  across  a  line  element  of  unit 
length  in  the  interface.  The  flux  is  proportional  to  the  stress  gradient  so  that 

i  =  iZ>VOnn  (5) 

where  27  is  an  effective  diffusion  coefficient  and 

Grm  =  n.g.n  (6) 


is  the  normal  stress  at  the  interface.  Combination  of  eq.  (4  &  5)  for  a  homogeneous 
interface  gives 


yRel  =  _n  27  V^Onn* 


(7) 


The  diffusion  parameter  27  controls  mass  trcmsp>ort  in  a  thin  layer  at  the  interface  and  so 
its  relation  to  other  parameters  can  be  stated  as^ 


5Dbn 

kT  (8) 


where  6  is  the  thickness  of  the  thin  layer  in  which  diffusion  is  occurring,  Db  is  the 
diffusion  coefficient  in  the  material  near  or  at  the  interface,  Q  is  the  atomic  volume,  k  is 
Boltzmann's  constant  and  T  is  the  absolute  temperature.  The  diffusion  could  occur  in 
the  matrix  material,  in  the  fiber  or  in  both.  The  relevant  diffusion  parameters  for  the 
matrix,  the  fiber  or  some  weighted  average  would  be  used  respectively. 
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It  is  worth  noting  that  the  "rule  of  mixtures"  for  stress,  stress  rate,  strain  and 
strain  rate  is  always  an  exact  result  in  tem-is  of  the  averages  over  the  phases^.  That  is 

Oij  =  f  ^  +  a-f)aSj™  (9) 

£ij  =  f  e{j  +  (i-flej"  (10) 

etc.  where  the  unsuperscripted  tensor  variables  are  the  averages  over  the  composite 
material  and  the  superscripted  variables  are  the  averages  over  the  fibers  (f)  and  the 
matrix  (m)  respectively.  The  volume  fraction  of  the  fibrous  phase  is  f.  The  result 
applies  irrespective  of  the  coi\figuration  of  the  composite  material,  e.g.  unidirectional  or 
multidirectional  reinforcement.  However,  an  allowance  must  be  made  for  d\e 
contribution  arising  from  gaps  which  can  appear  such  as  at  the  ends  of  fibers.  The 
difficulty  in  the  use  of  the  rule  of  mixtvires  is  the  requirement  that  file  average  values  in 
the  fibers  and  in  the  matrix  mast  be  known  somehow. 


Materials  with  Long  Intact  Fibers 

Creep  laws  for  materials  with  long  intact  fibers  are  relevant  to  cases  where  the 
fibers  are  unbroken  at  the  outset,  and  never  fracture  during  life.  As  a  model,  it  also 
applies  to  cases  where  some  but  not  all  of  the  fibers  are  broken  so  that  some  fibers 
remain  intact  during  service.  Obviously  these  situations  would  occur  only  when  the 
manufacturing  procedure  can  produce  composites  with  many  or  all  of  the  fibers  intact. 

the  problem  of  the  creep  of  materials  with  intact  unidirectional  fibers,  as 
shown  in  Fig.  1,  most  of  the  insights  arise  from  the  compatibility  of  the  strain  rates  in 
the  fibers  and  in  the  matrix.  When  a  stress  Ozz  is  applied  to  the  composite  parallel  to 
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the  fibers,  the  strairts  and  strain  rates  of  the  fibers  an^  .ne  matrix  in  the  z-direction  must 
be  all  the  same^.  This  gives  rise  to  a  creep  law  of  the  form 


e 


zz 


+  OtL  t 


(11) 


and 


e 


XX 


Vl  Ozz 
El 


+  6^ 
^  ^xx 


+  (Xf 


t 


(12) 


where  El  is  the  longitudinal  composite  modulus,  is  the  longitudinal  creep  strain 

rate,  Ol  is  the  longitudinal  coefficient  of  thermal  expansion,  Vl  is  the  Poisson's  ratio  for 
the  composite  relating  t'  ansverse  ebstic  strain  to  longitudinal  stress,  ^  is  the 

transverse  creep  strain  rate  and  aj  is  the  transverse  coefficient  of  thermal  expansion. 
The  temperature  is  taken  to  be  uniform  throughout  the  umposite  material.  Evolution 
laws  for  the  creep  rates  are  required  and  these  laws  involve  the  stress  levels  in  the 
matrix  and  fibers.  Tlius,  in  turn,  evolution  laws  are  required  for  the  matrix  and  fiber 
stresses. 

The  exact  la  wc  bas^d  on  continuum  arjdysis  of  the  fibers  and  the  matrix  would 
be  very  complicated.  The  analysis  would  involve  equilibrium  of  stresses  around  and  in 
the  fibers  and  compatibility  of  matrix  deformation  with  the  fiber  strains.  Furthermore, 
end  and  edge  effects  near  the  free  surfaces  of  the  composite  material  would  introduce 
complications.  However,  a  simplified  model  can  be  developed  for  the  interior  of  the 
composite  material  based  on  the  notion  that  the  fibers  and  the  matrix  interact  only  by 
having  to  experience  the  same  longitudinal  strain.  Otherwise,  the  phases  behave  as  two 
uniaxially  stressed  materials.  McLean^  introduced  such  a  model  for  materials  with 
elastic  fibers  and  he  notes  that  McDanels,  Signorelli  and  Weeton^  develop'd  the  model 


4H:MS26(Septeinber  1, 1992)10:25  AM/mef 


for  the  case  where  both  the  fibrous  and  the  matrix  phase  are  creeping.  In  both  cases,  the 
longitudinal  parameters  are  the  same,  namely 

El  =  f  Ef  +  (1  -  f)  Em  (13) 

ai  =  [f  Ef  af  +  (1  -  f)  Em  Oml/EL  (14) 

=  [f  Ef  Bf  +  (1  -  f)  Em  Bm  O^^^'J/El-  (15) 

When  the  fibers  do  not  creep,  Bf  is  simply  set  to  zero.  The  longitudinal  stress  Gzz  in  the 
fibers  and  the  matrix  are  denoted  Gf  and  Gm  respjectively.  To  accompany  eq.  (13-15), 
evolution  laws  for  the  fiber  and  the  matrix  stresses  are  required.  These  are 

=  Ef(fezz  -  BfGf^  -  aft)  (16) 


and 


=  Em  (fez2  ~  Em  ~  Qtn  t).  (17) 

Indeed,  combining  these  by  the  rule  of  mixtures,  eq.  (9),  leads  to  eq.  (13)  to  (15). 

Since  the  fibers  and  the  matrix  do  not  interact  traitsversely,  the  model  implies 
that  no  transverse  stresses  develop  in  the  matrix  or  the  fibers.  The  rule  of  mixtures, 
eq.  (10),  then  leads  to 


Vt,  =  fVf  +  (l-f)Vm  (18) 

ax  =  fttf  +  (l-f)am  +  f(l-0(af-am)(VfEm-VmEf)/EL  (19) 
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and 


+  f  (1  -  fl  (Bm  -  Bf  o”')  (Vf  Em  -  V„  Ef)/El..  (20) 

The  data  suggest  that  the  elastic  parameters  in  this  model  are  reasonably  good  to  first 
order^  and  experience  with  plasticity  calculations®'®'^®  indicates  that  there  is  little  plastic 
constraint  between  fibers  and  matrices  at  low  volume  fractions.  Thus,  the  model  should 
work  reasonably  well  for  any  creep  exponents  at  low  volume  fractions  of  fibers. 

Indeed,  McLean®  has  used  the  isothermal  version  of  the  model  successfuUy  to  explain 
longitudinal  creep  data  for  materials  with  non-creeping  fibers. 

Of  interest,  is  the  prediction  of  the  uniaxial  stress  model  when  the  applied  stress 
and  the  temperature  are  held  coiwtant  The  governing  equations  (19),  (16)  &  (17)  then 
have  the  feature  that  as  time  passes  the  solution  always  tends  towards  asymptotic 
values  for  stress  in  fl\e  fibers  and  the  matrix.  The  evolution  of  the  matrix  stress  occurs 
according  to 


=  Bm  ajif 
m  ''m 


-Bf 


f 


(21) 


and  it  can  be  shown  that  for  any  initial  value  of  matrix  stress,  the  matrix  stress  rate 
tends  to  zero.  Therefore,  the  matrix  stress  tends  toward  the  value  which  makes  the 
right  hand  side  of  eq.  (21)  equal  to  zero.  This  can  be  solved  easily  for  four  common 
ceramic  cases.  One  is  when  both  matrix  and  fibers  creep  with  a  linear  rheology  so  that 
both  creep  indices  are  equal  to  one.  In  that  case  the  stresses  tend  towards  the  state  in 
which 
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(22) 


Bf  o 

+  (l-f)Bf 


and 


fB„  +  (l-f)Bf. 


(23) 


Another  case  is  when  the  fibers  creep  linearly  and  the  matrix  creeps  with  an  index  of  2. 
Then  the  matrix  tends  towards  a  stress 


flL) 

1 

a  (1-f)^  1-f 

iBmJ 

1  Bf  J 

f  4f^  2f 

(24) 


and  of  cx)urse  Cm  =  [G  -  il-0  The  opposite  case  of  a  linear  matrix  and 

quadratic  fibers  is  such  that  the  fibers  tend  towards  the  stress 


fBml 

1 

fBf] 

a  I  f 

iBf  J 

111 

iBmJ 

l-f  2(l-f) 

(25) 


and  am  =  [Of  -  f  af]/(l  -  f).  Finally,  when  the  fibers  do  not  creep,  the  matrix  stress  tends 
towards  zero  and  the  fiber  stresses  approach  a/ (1  -  f). 

In  the  latter  case,  the  transient  stress  can  be  stated  as  well.  The  isothermal  result 
for  constant  a  is^ 

l-n 

(26) 


(n-l)fEfEmBt 


bm(0)] 


n-1 
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when  n  1  and 

Om(t)  =  <ym(0)  exp(-f  Ef  Eir,  B  t/EiJ  (27) 

when  n  =  1.  The  subscript  on  the  creep  rheology  parameter  for  the  matrix  has  been 
dropped  and  the  unsubscripted  B  refers  to  the  matrix  henceforth.  In  both  cases 
OTf  =  [O  -  (1  -  f)  Oml/f  and  the  composite  strain  is  Of/Ef.  The  stress  at  time  zero  would 
be  computed  from  the  prior  history  with  t  =  0  being  the  time  when  both  the  temperature 
and  the  applied  stress  become  constant.  For  example  if  the  temperature  is  held  constant 
at  creep  levels  until  equilibrium  is  achieved  and  then  the  load  is  suddenly  applied, 

®in  (0)  =  C  Em/EL-  To  the  extent  that  there  are  any  thermal  residual  stresses  at  t  =  0, 
they  will  contribute  to  On,  (0).  However,  eq.  (26)  &  (27)  make  it  clear  that  thermal 
residual  stresses  will  be  relaxed  away  be  creep. 

Steady  Transverse  Creep  with  Well-Bonded  Elastic  Fibers  The  previous  paragraph 
has  made  it  clear  that  if  there  are  elastic  fibers  and  a  constant  maaoscopic  stress  is 
applied,  die  longitudinal  creep  rate  will  eventually  fall  to  zero.  With  constant 
transverse  stresses  applied  as  well,  die  process  of  transient  creep  will  be  much  more 
complicated  than  that  associated  with  eq.  (27)  and  (28).  However,  it  can  be  deduced 
that  the  longitudiiud  creep  rate  will  still  fall  to  zero  eventually.  Furthermore,  any 
transverse  steady  creep  rate  must  occur  in  a  plane  strain  mode.  During  such  steady 
creep,  the  fiber  does  not  deform  further  because  the  stress  in  the  fiber  is  constant.  In 
addition,  any  debonding  which  might  tend  to  occur  would  have  achieved  a  steady  level 
becavise  the  stresses  are  fixed. 

For  materials  with  a  strong  bond  betweoi  the  matrix  and  the  fiber,  mcxiels  for 
steady  transverse  aeep  are  available.  The  case  of  a  linear  matrix  is  represented  exactly 
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by  the  effect  of  rigid  fibers  in  an  incompressible  linear  elastic  matrix  and  is  covered  in 
texts  on  elastic  materials^'^^'^2,  por  example,  the  transverse  shear  modulus,  and 
therefore  the  shear  viscosity,  of  a  material  containing  up  to  about  60%  rigid  fibers  in  a 
square  array  is  approximated  well  by^^ 


Gt 


l  +  2f 
1-f 


'm 


(28) 


It  follows  that  in  the  coordinates  of  Fig.  1,  steady  transverse  creep  with  well  bonded 
fibers  obeys 


(29) 


and 


3Bri-f^ 


(30) 


with  £:zz  =  0-  A  material  with  fibers  in  a  hexagonal  array  will  creep  slightly  faster  than 
this.  Similarly,  creep  in  longitudinal  shear  with  fibers  in  a  square  array  can  be 
approximated  well  by 


and 


(31) 


(32) 
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There  are  few  comprehensive  results  for  power  law  matrices.  Results  given  by 
Schmauder  and  McMeeking^  ^for  up  to  60%  by  volume  of  fibers  in  a  square  array  with  a 
creep  index  of  5  can  be  represented  approximately  by 

^xx  =  ~  ^yy  ~  0.42  B  |Oxx  ~  ®yyl^  ((yxx~®yy)/S^  (33) 

where  fezz  =  fexy  =  <Jxy  =  0 

S  =  (l+f2)/(l-f)  (34) 

is  the  creep  strength,  defined  to  be  the  stress  required  for  the  composite  at  a  given  strain 
rate  divided  by  the  stress  required  for  the  matrix  alone  at  the  same  strain  rate.  The 
expression  in  eq.  (34)  is  only  suitable  for  n  =  5.  The  result  in  eq.  (33)  when  f  =  0  is  the 
plane  strain  creep  rate  for  the  matrix  alone.  Results  for  Gxy  0  are  not  given  because  of 
the  relative  anisotropy  of  the  composite  with  a  square  array  of  fibers.  Relevant  results 
for  other  power  law  indices  and  other  fiber  arrangements  are  not  available  in  sufficient 
quantity  to  allow  representative  expressions  to  be  developed  for  them. 

Three-Dimensional  Continuous  Reinforcement  This  configuration  of  reinforcement 
can  be  achieved  by  the  use  of  a  woven  fiber  reinforcement  or  interpenetrating  networks 
of  the  two  phases.  Another  possibility  is  that  random  orientation  of  whiskers  produces 
a  percolating  network  and  even  if  the  whiskers  are  not  bonded  together,  this  network 
effectively  forms  a  mechanically  continuous  phase.  In  the  case  of  woven 
reinforcements,  there  may  be  some  freedom  for  the  woven  network  to  reconfigure  itself 
by  the  straightening  of  fibers  in  the  weave  or  because  of  void  space  in  the  matrix.  Such 
effects  will  be  ignored  and  it  will  be  assumed  that  die  fibers  are  relatively  straight  and 
that  there  is  little  or  no  void  space  in  the  matrix.  A  straightforward  model  for  these 
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materials  is  that  the  strain  rate  is  homogeneous  throughout  the  composite.  The 
response  is  then  given  by 


15 


dij  =  2  G  feij  +  (K  —  G)  5ij  —  3  K  (X  T  5ij 

-  3  f  Gf  Bf  df  -  3  (1  -  0  Gm  Bm  d""'"’  Sj'  (35) 

where 

G  =  fGf  +  (l-f)Gm  (36) 

K  =  fKf  +  (l-f)Km  (37) 


and 


Ot  =  f  OCf  Kf  +  (1  —  f)  Otfn  Knj.  (38) 

The  evolution  of  the  fiber  and  matrix  average  stresses  appearing  in  the  last  two  terms  in 
eq.  (35)  is  given  by  eq.  (35)  with  f  =  1  and  f  =  0  respectively.  It  is  of  interest  that  the 
constitutive  law  in  eq,  (35)  is  independent  of  the  configuration  of  the  reiirforcements 
and  the  matrix.  As  a  consequence,  the  law  is  fully  isotropic  and  therefore  may  be 
unsuitable  for  woven  reinforcements  with  unequal  numbers  of  fibers  in  the  principal 
directions.  In  addition,  the  fully  isotropic  law  may  not  truly  represent  materials  in 
which  the  fibers  are  woven  in  3  orthogonal  directions.  Perhaps  these  deficiencies  could 
be  remedied  by  replacing  the  thermoelastic  part  of  the  law  with  an  appropriate 
anisotropic  model.  A  similar  alteration  to  the  creep  part  may  be  necessary  but  no 
micromechanical  guidance  is  available  at  this  stage. 
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If  the  composite  strain  rate  is  known,  the  composite  stress  during  steady  state 
isothermal  creep  can  be  computed  from  the  rule  of  mixtures  for  the  stress,  eq.  (9).  This 
gives 


Sij  =  - 

3 


1 . . . 

l-nf 

nf  X-f 

f— 1 

Bf 

.Bf> 

*^in 

'v.Bm  y 

(39) 


where  e  must  be  deviatoric  (i.e.  fekk  =  0)  and 


(40) 


A  hydrostatic  stress  can  be  superposed,  but  it  is  caused  only  by  elastic  volumetric  strain 
of  the  composite.  The  result  in  eq.  (39)  is,  pjerhaps,  not  very  useful  since  it  is  rare  that  a 
steady  strain  rate  will  be  kinematically  imposed.  When  both  fiber  and  matrix  creep,  the 
steady  solutions  for  a  fixed  stress  in  isothermal  states  are  quite  complex  but  can  be 
computed  by  numerical  inversion  of  eq.  (39).  The  solution  can  however  be  given  for  the 
isothermal  case  where  the  fibers  do  not  creep.  (For  non-fiber  composites,  this  should  be 
interpreted  to  mean  that  one  of  the  network  phases  creeps  while  the  other  does  not.) 
The  matrix  deviatoric  stress  is  then  given  by 


Jg[3(n-l)f  G,  G„  Bt/G  .  (a„  (0))’-”]" 


v/hen  n  1  and  for  n  =  1 

S^(t)  =  ^^(0)  exp(-3f  Gf  Cm  B  t/G). 


(42) 


4H:MSi6(September  1, 1992)1035  AM/mef 


The  subscripts  on  B  and  n  have  been  dropped  since  only  the  matrix  creeps.  The 
interpretation  of  time  and  the  initial  conditions  for  eq.  (41)  &  (42)  are  the  same  as  for 
eq.  (26)  &  (27).  The  fiber  deviatoric  stresses  are  given  by 
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Sfj  =  [Sij  -  (l-f)^™]/f  (43) 

and  the  composite  deviatoric  strain  eij  is  therefore 

eij  =  sfj/2Gf.  (44) 

The  volumetric  strains  are  invariant  and  given  by 

eick  *  akk/3  K.  (45) 


As  expected,  the  matrix  deviatoric  stresses  will  be  relaxed  away  completely. 
Thereafter,  the  "fiber"  phase  sustains  the  entire  deviatoric  stress.  As  a  consequence,  in 
the  asymptotic  state 


(46) 


and  the  composite  strain  will  be  given  by  (44)  to  (46)  as 


f 


2(C, 


3K  2fG 


fj 


-  Gkk  5ij 


(47) 


It  follows  that  in  uniaxial  stress,  with  Ozz  =  Cf  and  Ezz  =  £,  the  asymptotic  result  will  be 
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e 


(48) 


This  resiilt  indicates  that  the  composite  will  have  an  asymptotic  modulus  slightly  stiffer 
than  f  Ef  because  the  matrix  phase  is  capable  of  sustaining  a  hydrostatic  stress. 


Two-Dimensional  Continuous  Reinforcement  This  configuration  of  reinforcement 
occurs  when  fibers  are  woven  into  a  mat.  It  could  also  represent  whisker  reinforced 
materials  in  which  the  whiskers  are  randomly  oriented  in  the  plane,  especially  if 
iiniaxial  pressing  has  been  used  to  consolidate  the  composite  material.  In  the  case  of  the 
whisker  reinforced  material,  it  is  to  be  assumed  that  their  volume  fraction  is  so  high  that 
they  touch  each  other.  The  whiskers  have  eidier  been  bonded  together,  say  by 
diffusion,  or  the  contact  between  the  whiskers  acts,  as  is  likely,  as  a  bond  even  if  tnere  is 
no  interdiffusion. 

In  a  simple  model  for  this  case,  which  as  in  the  3-d  case  ignores  fiber 
straightening  and  anisotropy  of  the  fibrous  network,  a  plane  stress  version  of  eq.  (35) 
can  be  developed.  As  such,  it  can  only  be  used  for  plane  stress  states.  Consider  the  x-y 
plane  to  be  that  in  which  the  fibers  are  wovoi  or  the  whiskers  are  lying.  The  strain  rates 
in  this  plane  are  takoi  to  be  homog^eotis  throughout  foe  composite  material  and  Gzz, 
Gxz  and  Gyz  are  taken  to  be  zero.  The  resulting  law  is 


Gap  -  2Gj^£ap  + 

-3fGf  Bf  g"'"’ 

L 


_ 


m  .  ^tn  s  c*n 


(1-Vm) 


^oP 


(49) 
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where  Greek  subscripts  range  over  1  &  2  and  where 


V 

1-v 


Vf 

1-Vf 


+  (l-f)G 


m 


UIL 


/G 


(50) 


and 


a  = 


1  +  v 


m 


1-Vf 


1-V 


m 


U-v 


(51) 


The  fiber  and  matrix  evolution  laws  for  stress  are  identical  to  eq.  (49)  with  f  =  0  and  f  =  1 
respectively.  Being  isotropic  in  the  plane,  this  law  suffers  from  the  same  deficiencies  as 
the  3^  version  regarding  the  orthotropy  of  the  woven  mat  and  any  inequality  between 
the  warp  and  the  woof.  As  before,  this  could  be  remedied  with  an  anisotropic  version 
of  the  law. 

In  steady  state  isothermal  creep,  the  relationship  between  in  plane  components  of 
stress  and  in  plane  components  of  strain  rate  are  given  by 


l-nf 


f  ^ 


BmlB 


my 


(52) 


with  0x2  =  <5yz  =  O22  =  0  and  with  e  given  by  eq.  (40)  but  with  fexz  =  feyz  =  0-  As  in  the 
3-d  case,  this  must  be  inverted  numerically  to  establish  a  steady  state  isothermal  creep 
rate  for  a  given  imposed  stress. 

When  the  fibers  are  elastic  and  non-creeping,  the  isothermal  behavior  at  fbced 
applied  plane  stress  is  given  in  terms  of  the  deviatoric  stress  by  eq.  (41)  or  (42)  and 
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eq.  (43).  The  expression  for  the  deviatoric  composite  strain,  eq.  (44),  still  applies. 

However,  the  composite  strain  obeys 


Ba"-' 


(l  +  v)(l-v^) 


(53) 


L  1-v,  ^-v„J  ^  2^  (1- 


0  Tj  =n-l  cm 


B^n—1  cni 


The  latter  result  indicates  that  the  volumetric  strains  can  be  relaxed  to  some  extent  by 
matrix  creep.  This  contrasts  with  the  3-d  case  where  ojmplete  compatibility  of  strains 
precludes  such  relaxation.  The  extent  to  which  the  relaxation  occurs  has  not  yet  been 
calculated.  However,  if  it  is  assumed  that  the  relaxation  can  be  complete  so  that  the 
matrix  volumetric  strain  is  zero,  then  the  fiber  stress  tends  towards  (Top/f  and  therefore 
the  composite  strain  approaches 


1  +  Vf  Vf  5 

■  fE,  "‘i  fEf 


which,  of  course,  is  restricted  to  plane  stress.  It  can  be  seen  that  in  uniaxial  stress,  the 
effective  asymptotic  modulus  would  now  equal  f  Ef.  A  properly  calculated  solution  for 
£kk  (t)  is  required  to  investigate  whether  this  result  holds  true. 
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Uniaxial  Reinforcement  with  Long  Brittle  Fibers 

The  reinforcement  configuration  of  interest  now  is  once  more  that  depicted  in 
Fig.  1  and  the  loading  will  be  restricted  to  a  longitudinal  steady  stress  <5zz  The 
possibility  will  be  taken  into  account  that  the  fibers  might  be  overstressed  and  therefore 
could  fail.  Only  elastic  fibers  which  break  in  a  brittle  manner  will  be  considered, 
although  ceramic  fibers  are  also  known  to  creep  and  possibly  rupture  due  to  grain 
boimdary  damage.  Frictionally  constrained  fibers  only  will  be  considered  since  well 
bonded  fibers  will  fail  upon  matrix  aacking  and  vice  versa.  The  case  where  the  fibers 
have  a  deterministic  strength  S  can  be  considered.  In  that  situation,  the  fibers  will 
remain  intact  when  the  fiber  stress  is  below  the  deterministic  strength  level  and  they 
will  break  when  the  fiber  stress  exceeds  the  strength.  The  fracturing  of  the  fibers  could 
occur  during  the  initial  application  of  the  load,  in  which  case  elastic  analysis  is 
appropriate.  If  the  fibers  survive  the  initial  application  of  the  load,  then  subsequent 
failure  can  occur  as  the  matrix  relaxes  according  to  eq.  (26)  or  (27)  and  the  fiber  stress 
increases.  Thus  the  time  elapsed  before  first  fib^  failure  can  be  estimated  based  on 
eq.  (26)  or  (27)  by  setting  the  fiber  stress  equal  to  the  deterministic  strength.  This 
predicts  that  failure  of  a  fiber  will  occur  when 

(Tm  =  [a  -  fS]/(l-f)  (56) 

from  which  the  time  to  failure  can  be  computed  through  eq.  (26)  or  (27).  The  failure  of 
one  fiber  in  a  homogeneous  stress  state  will  cause  a  neighboring  fiber  to  fail  nearby 
because  of  the  fiber/matrix  shear  stress  interaction  and  the  resulting  localized  load 
sharing  around  the  broken  fibpr.  Thus  a  single  fiber  failure  will  tend  to  cause  a 
spreading  of  damage  in  the  form  of  fiber  breaks  near  a  single  plane  across  the  section. 
This  will  lead  to  localized  rapid  creep  and  elastic  strains  in  the  matrix  near  the  breaks 
perhaps  giving  rise  to  matrix  failure.  It  follows  therefore  that  tertiary  failure  of  the 
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composite  will  tend  to  occur  soon  iJter  the  occurrence  of  one  fiber  failure  when  the  fiber 
strength  is  deterministic. 

Tertiary  failure  processes  akin  to  this  have  been  modelled  by  Phoenix  and 
coworkers^3-15  context  of  epoxy  matrix  composites.  Indeed,  they  show  that  such 

tertiary  failures  can  occur  even  when  the  fiber  strength  is  statistical  in  nature.  This 
mechanism  will  not  be  pursued  further  in  this  paper  but  some  other  basic  results 
considered  on  the  assumption  that  when  there  is  a  sufficient  spread  in  fiber  strengths 
such  tertiary  failures  can  be  postponed  well  beyond  the  occurrence  of  first  fiber  failure 
or  indeed  eliminated  completely.  Thus,  attention  will  be  focused  on  fibers  which  obey 
the  classical  VVeibull  model  that  the  probability  of  survival  of  a  fiber  of  length  L  stressed 
to  a  level  CSf  is  given  by 


Ps 


exp 


(57) 


where  Lg  is  a  datum  gauge  length,  S  is  a  datum  strength  and  m  is  the  Weibull  modulus. 
Clearly  the  results  given  below  can  be  generalized  to  accoimt  for  variations  on  the 
statistical  form  which  differ  from  eq.  (57).  However,  the  basic  ideas  wilt  remain  the 
same. 


Long  TeriTi  Creep  Threshold  Consider  a  specimen  of  length  Ls  containing  a  very  large 
number  of  wholly  intact  fibers.  A  stress  O  is  suddenly  applied  to  the  specimen  parallel 
to  the  fibers.  The  temperahire  nas  been  raised  to  the  creep  level  already  and  i  .now 
held  fixed.  Upon  first  application  of  the  load,  some  of  the  fibers  will  break.  The  sudden 
application  of  the  load  means  that  the  initial  response  is  elastic.  This  elastic  behavior 
has  been  modelled  by  Curtin^^  among  others  but  details  will  not  be  given  here.  If  the 
applied  stress  exceeds  the  ultimate  strength  of  the  composite  in  this  elastic  mode  of 
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response,  then  the  composite  will  fail  and  long  term  creep  is  obviously  not  an  issue. 
However,  it  will  be  assumed  that  the  applied  stress  is  below  the  elastic  ultimate 
strength  and  therefore  creep  can  commence.  It  should  be  noted,  however,  that  matrix 
cracking  can  occur  in  the  ceramic  matrix  and  the  characteristics  of  creep  relaxation 
would  depend  on  the  degree  of  matrix  cracking.  However,  this  aspect  of  the  problem 
will  not  be  considered  in  detail.  For  cases  where  there  is  matrix  cracking  and  for  which 
the  specimen  length  L5  is  sufficiently  long,  Curtin^^  has  given  the  theoretical  prediction 
that  the  ultimate  elastic  strength  is 

Sa  =  f  [4  Lg  S"' T/D  {m  +  (m  +  l)/(m  +  2)  (58) 


where  T  is  the  interface  shear  strength  between  the  fiber  and  the  matrix  and  D  is  the 
diameter  of  the  fibers.  The  interface  shear  strength  is  usually  controlled  by  friction.  For 
specimens  shorter  than  6c,  the  ultimate  brittle  strength  exceeds  Su  where  6c  is  given 

byi6 


6c  =  [S  D/2  x]m/(in+l) 


(59) 


This  critical  length  is  usually  somewhat  less  than  the  datum  gauge  length. 

When  the  applied  stress  a  is  less  than  Su,  creep  of  the  matrix  will  commence  after 
application  of  tfie  load.  During  this  creep,  the  matrix  will  relax  and  the  stress  on  the 
fibers  will  increase.  Therefore,  further  fiber  failure  will  occur.  In  addition,  the  process 
of  matrix  creep  will  depend  on  the  extent  of  prior  fiber  failure  and,  as  mentioned 
previously,  on  the  amount  of  matrix  cracking.  The  details  will  be  rather  complicated. 
However,  the  question  of  whether  steady  state  creep  or,  p)erhaps,  rupture  will  occur  or 
whether  sufficient  fibers  will  survive  to  provide  an  intact  elastic  specimen  can  be 
answered  by  consideration  of  the  stress  in  the  fibers  after  the  matrix  has  been  assumed 
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to  relax  completely.  Clearly,  when  the  matrix  carries  no  stress,  the  fibers  will  at  least  fail 
to  the  extent  they  do  in  a  dry  bundle.  It  is  possible  that  a  greater  degree  of  fiber  failure 
will  be  caused  by  the  transient  stresses  during  creep  relaxation,  but  this  effect  has  not 
yet  been  modelled.  Instead,  the  dry  bundle  behavior  will  be  used  to  provide  an  initial 
estimate  of  fiber  failure  in  these  circumstances. 

Given  eq.  (57),  the  elastic  stress  strain  curve  for  a  fiber  bundle  is 


G  = 


f  Ef  E  exp 


(60) 


Thus  when  a  stress  G  is  applied  to  the  composite,  creep  will  occur  until  the  strain  has 
the  value  consistent  with  eq.  (60).  Numerical  inversion  of  eq.  (60)  can  be  used  to 
establish  this  strain.  The  stress-strain  curve  in  eq.  (60)  has  a  stress  maximum  when 


e 


Ef 


(61) 


with  a  corresponding  stress  level  given  by 


Gc  =  fS 


'g 


mL 


exp  (-1/m) 


s7 


(62) 


This  result  is  plotted  as  a  function  of  m  in  Fig.  2.  IfG  <  Go  the  composite  will  creep 
until  the  strain  is  consistent  with  eq.  (60)  and  thereafter  no  further  creep  strain  will 
occvir.  Of  course,  the  non  creeping  state  will  be  approached  asymptotically.  (It  should 
be  noted  that  due  to  possible  fiber  failure  during  the  creep  transient,  the  true  value  for 
Gc  may  lie  below  the  result  given  in  eq.  (62).)  For  an  applied  composite  stress  equal  to 
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or  exceeding  Gc,  creep  will  not  disappear  with  time  because  all  of  the  fibers  will 
eventually  fail  and  the  strain  will  continue  to  accumulate. 

The  critical  threshold  stress  for  ongoing  creep  given  by  eq.  (62)  is  Sf)edmen 
length  dependent.  For  very  long  specimens,  the  threshold  stress  is  low  whereas  short 
specimens  will  require  a  high  stress  for  ongoing  creep  to  continue  without  limit.  On  the 
other  hand,  the  ultimate  brittle  strength  as  given  by  eq.  (58)  for  a  composite  specimen 
longer  than  5c  is  specimen  length  independent.  Thus  there  are  always  specimens  long 
enough  so  that  CTc  is  less  than  Su-  This  means  that  the  specimen  can  be  loaded  without 
failure  initially  and  if  G  exceeds  CTc/  the  specimen  will  go  into  a  process  of  long  term 
creep.  (It  should  be  remembered,  however,  that  this  model  is  based  on  the  assumption 
that  tertiary  failure  is  delayed  and  does  not  occur  until  a  substantial  amount  of  matrix 
creep  has  occurred.)  For  shorter  specimens,  the  relationship  between  Gc  and  Su 
depends  on  the  material  parameters  appearing  in  eq.  (58)  and  (62).  However,  for 
t5q5ical  values  of  the  parameters,  Oc  is  less  than  Su  so  that  there  is  usually  a  window  of 
stress  capable  of  giving  rise  to  long  term  creep  without  specimen  failure  when  the 
specimen  length  exceeds  5c.  Typical  values  for  the  parameters  are  given  by,  among 
others,  Hild  et  al.^^^  From  these  parameters,  predictions  for  Gc  can  be  made.  For 
example,  a  LAS  matrix  composite  containing  46%  of  SiC  (Nicalon)  Hbers  (m  equals  3  or 
4)  is  predicted  to  have  a  value  for  Gc  between  400  MPa  and  440  MPa  for  a  specimen 
length  of  25  mm  whereas  its  measured  ultimate  brittle  strength  is  between  660  MPa  and 
760  MPa.  At  250  mm  specimen  length,  the  long  term  creep  threshold  Gc  is  predicted  to 
fall  to  the  range  185  MPa  to  250  MPa.  Similarly,  a  CAS  matrix  composite  with  37%  SiC 
(Nicalon)  fibers  (m  equals  3.6)  in  a  specimen  length  of  25  mm  is  predicted  to  suffer  long 
term  creep  if  the  stress  exceeds  160  MPa  whereas  the  measured  ultimate  brittle  strength 
is  430  MPa.  For  a  250  mm  specimen  length,  this  creep  threshold  is  predicted  to  fall  to 
85  MPa.  Thus  ‘t  is  dear  that  in  some  practical  cases,  applied  stresses  which  are  modest 
fractions  of  the  elastic  ultimate  strength  will  cause  long  term  creep. 
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Steady  State  Creep  For  specimens  which  have  (i)  previously  experienced  an  applied 
stress  exceeding  the  long  term  creep  threshold  or  (ii)  which  had  every  fiber  broken  prior 
to  testing  or  service  (e.g.  during  processing)  or  (iii)  which  had  few  fibers  intact  to  begin 
with  so  that  initially  the  long  term  creep  threshold  is  much  lower  than  Oc  as  predicted 
by  eq.  (62),  a  prediction  of  the  long  term  creep  behavior  can  be  made.  Prior  to  this  state, 
there  will,  of  course,  be  a  transient  which  involves  matrix  creep  and,  perhaps,  the 
fragmentation  of  fibers.  This  transient  has  not  been  fully  modelled.  Only  a 
rudimentary  assessment  of  the  creep  behavior  has  been  made  revealing  the  following 
features. 

For  those  composites  initially  having  some  of  the  fibers  intact,  there  will  always 
be  some  which  must  be  stretched  elastically.  This  will  require  a  stress  which  will  tend 
towards  the  value  given  by  eq.  (60)  with  f  replaced  by  fi,  the  volume  fraction  of  fibers 
initially  intact.  If  a  relaxation  test  were  carried  out,  the  stress  would  asymptote  to  the 
level  predicted  by  eq.  (60).  The  remaining  broken  fibers  will  interact  vrith  the  matrix  in 
a  complex  way,  but  at  a  given  strain  and  strain  rate,  a  characteristic  stress  contribution 
can  be  identified  in  principle.  Details  have  not  been  worked  out.  However,  the  total 
stress  would  be  the  sxun  of  the  contribution  from  the  broken  and  unbroken  fibers.  If 
the  transient  behavior  is  ignored  (i.e.  assumed  to  die  away  relatively  fast  compared  to 
the  strain  rate)  a  basic  model  can  be  constructed. 

Steady  State  Creep  with  Broken  Fibers  First,  consider  a  composite  with  a  volume 
fraction  f  of  fibers,  all  of  which  are  broken.  There  are  two  possible  models  for  the 
steady  state  creep  behavior  of  such  a  material.  In  one,  favored  by  Mileiko^®  and 
Lilholt^^  among  others,  the  matrix  serves  simply  to  transmit  shear  stress  from  one  fiber 
to  another  and  the  longitudinal  stress  in  the  matrix  is  negligible.  The  kinematics  of  this 
model  requires  void  space  to  increase  in  volume  at  the  ends  of  the  fibers.  However, 
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with  broken  fibers  there  is  no  inherent  constraint  on  this  occurring.  Furthermore,  if 
matrix  cracking  has  occurred,  the  matrix  will  not  be  able  to  sustain  large  amounts  of 
longitudinal  tension  and  its  main  role  will  be  to  transmit  shear  from  fiber  to  fiber. 
Indeed,  matrix  cracking  will  probably  promote  this  mode  of  matrix  flow  since  there  will 
be  no  driving  stress  for  other  mechanisms  of  straining.  The  other  model,  favored  by 
McLean^O  and  developed  by  Kelly  and  Strect^l  involves  a  stretching  flow  of  the  matrix 
between  fibers  at  a  rate  equal  to  the  macroscopic  strain  rate  of  the  composite  material. 
This  requires  substantial  axial  stress  in  the  matrix.  In  addition,  volume  is  preserved  by 
the  flow  and  there  is  no  need  for  space  to  develop  at  the  end  of  the  fiber.  The  model 
requires  a  considerable  matrix  flow  to  occur  transporting  material  from  the  side  of  a 
given  fiber  to  its  end  and  the  injection  of  matrix  in  between  adjacent  ends  of  the  broken 
fibers.  There  is  good  reason  to  believe  that  the  Mileiko^®  pattern  of  flow  prevails  when 
there  are  broken  fibers. 

In  a  version  of  the  Mileiko^®  model  in  which  it  is  assumed  that  each  of  six 
neighboring  fibers  has  a  break  somewhere  within  the  span  of  the  length  of  a  given  fiber 
but  that  the  location  of  those  breaks  is  random  within  the  span,  the  relationship 
between  the  steady  state  creep  rate  and  the  composite  stress  is  (McMeeking, 
unpublished  work) 

fe  =  g(n,f)(D/L)"+^  BO"  (63) 


where  L  is  the  average  length  of  the  broken  fiber  segments  and 


2V3 
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n 
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(n-l) 

(64) 
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when  n  ^  1  and 

g(l,f)  =  (9/f)  rn(l/Vf).  (65) 

These  functions  have  been  computed  for  uniform  fiber  length  and  based  on  a  hexagonal 
shape  for  the  fiber  even  though  interpreted  to  be  circular.  That  explains  why  creep 
strength  goes  to  infinity  at  f  =  0  rather  than  at  f  less  than  1.  In  this  creep  model,  the 
influence  of  both  volume  fraction  and  the  aspect  ratio  L/D  on  the  strain  rate  is  clear 
with  both  having  a  strong  effect.  As  noted,  this  model  could  serve  as  a  constitutive  law 
for  the  creep  of  a  material  in  which  all  of  the  fibers  are  broken  to  fragments  of  average 
length  L.  In  addition,  it  could  be  used  for  short  fiber  composites  which  have  weak 
bonds  between  the  fiber  end  and  the  matrix  so  that  debonding  can  readily  occur  and 
void  space  can  develop  as  a  result.  However,  the  aspect  ratio  L/D  should  be  large  so 
that  the  Mileiko^®  flow  pattern  will  occur  and  end  effects  can  be  neglected  when  the 
composite  creep  law  is  computed. 

The  shear  stress  transmitted  to  a  fiber  is  limited  to  the  shear  strength  X.  As  a 
result,  the  formula  given  in  eq.  (63)  is  valid  only  up  to  a  composite  macroscopic  stress  of 

2n+l  VD;  (66) 

for  both  the  linear  and  nonlinear  cases.  According  to  the  model,  at  this  level  of  applied 
stress,  the  shear  stress  on  the  fiber  interface  will  start  to  exceed  T.  Therefore,  at  stresses 
higher  than  the  value  given  in  eq.  (66),  the  strain  rate  will  exceed  the  level  predicted  in 
eq.  (63).  This  situation  will  persist  in  the  presence  of  matrix  cracks  up  to  a  composite 
macroscopic  stress  of 
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C^LIM  =  f  t  L/D  (67) 

at  which  stress  the  entire  fiber  surface  is  subject  to  a  shear  stress  equal  in  magnitude  to 
X.  Then,  the  mechanism  represented  by  eq.  (63)  provides  an  indeterminate  strain  rate  as 
in  rate  independent  plasticity.  Thus  Olim  be  thought  of  as  a  yield  stress.  This 
concept  is  probably  satisfactory  for  materials  with  many  matrix  cracks  so  that  there  is 
no  constraint  on  stretching  the  matrix.  However,  when  there  are  no  matrix  cracks,  the 
strain  rate  is  probably  controlled  by  the  mechanism  which  generates  void  space  at  the 
fiber  ends.  This  has  been  considered  to  require  negligible  stress  in  the  version  of  the 
model  leading  to  eq.  (63).  For  a  proper  consideration  of  the  limit  behavior,  the 
contribution  to  the  stress  arising  from  void  development  at  the  fiber  ends  should  be 
taken  into  account. 

The  Effect  of  Fiber  Fracture  If  the  stress  applied  to  the  composite  is  increased,  the 
stress  sustained  by  fibers  will  increase  also.  When  the  probability  of  survival  of  fibers 
obeys  the  statistical  relationship  given  by  eq.  (57),  the  effect  of  a  raised  stress  will  be  to 
fracture  more  fibers,  with  a  preference  for  breaking  long  fibers.  This  will  have  the  effect 
of  reducing  the  average  fiber  length  L  and  therefore  raising  the  strain  rate  at  a  given 
applied  stress  as  can  be  deduced  from  eq.  (63).  Therefore,  the  composite  will  no  longer 
have  a  simple  power  law  behavior  in  steady  state  creep  since  the  fiber  fragment  length 
will  depend  on  the  largest  stress  which  the  composite  material  has  previously 
experienced.  In  this  regard,  the  elastic  transients  will  play  an  important  role  in 
determining  the  fiber  fragment  length.  However,  the  average  fragment  length  in  steady 
state  creep  will  generally  be  smaller  than  the  average  fragment  length  arising  during 
initial  elastic  response.  Therefore,  some  guidance  can  be  obtained  from  a  model 
designed  to  predict  the  steady  state  creep  response  only. 
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For  the  Mileiko^®  model  of  composite  creep  leading  to  the  steady  state  creep  rate 
for  fixed  fiber  length  given  in  eq.  (63),  a  rudimentary  fiber  fragment  length  model  gives 
(McMeeking,  impublished  work) 


L  = 


(m  +  1) 


(n-fl)fS 
[(2n  +  l)aJ 


nm 


(68) 


subject  to  L  being  less  than  the  specimen  length.  When  a  stress  a  is  applied  to  the 
composite  material  and  steady  state  is  allowed  to  develop,  the  average  length  for  the 
fiber  fragments  is  predicted  by  eq.  (68).  This  model  is  by  no  means  precise,  based  as  it  is 
on  some  approximations  in  the  calculations  as  well  as  the  notion  that  all  fibers  can  be 
treated  as  if  they  had  the  same  length.  However,  the  model  conveys  the  important 
notion  that  the  fiber  fragment  length  will  fall  as  the  applied  stress  is  increased. 

The  fiber  fragment  average  length  during  steady  state  aeep  can  be  substituted 
into  eq.  (63)  from  which  results 

fe  =  h  (n,  f,  D/Lg,  m,  S)  B  (69) 

where  h  is  a  rather  complicated  function  of  its  argiunents  and  can  readily  be  calculated. 
A  significant  cx>nclusion  is  that  the  creep  index  for  the  composite  is  no  longer  just  n  but 
is  n+m+nm.  Thus  a  ceramic  matrix  material  with  a  creep  index  for  the  matrix  of  1  will 
have  composite  creep  index  of  2m  +  1.  In  the  case  of  a  fiber  with  a  WeibuU  modulus  of 
m  =  4,  the  composite  creep  index  will  be  9.  Similar  effects  will  be  apparent  in 
composites  with  a  nonlinearly  creeping  ceramic  matrix,  say  with  n  =  2.  It  has  been 
observed  that  metal  matrix  composites  with  noncreeping  reinforcements  often  have  a 
creep  index  which  differs  firom  that  of  the  matrix^^  and  the  effect  is  usually  attributed 


4H;MS26(September  1, 1992)10:25  AM/mef 


to  damage  of  the  fibers  or  of  the  interface.  It  can  be  expected  that  ceramic  matrix 
composites  will  exhibit  a  similar  behavior. 

It  should  be  noted  that  the  model  leading  to  eq.  (69)  is  incomplete  since  the  stress 
required  to  cause  the  enlargement  of  void  space  at  the  fiber  breaks  is  omitted  from 
consideration.  At  high  strain  rates  this  contribution  to  stress  can  be  expected  to 
dominate  other  contributions.  Therefore  at  high  stress  or  strain,  the  creep  behavior  will 
diverge  from  eq.  (69)  and  perhaps  exhibit  the  nth  power  dependence  on  stress  as 
controlled  by  the  matrix.  The  creep  rate  at  these  high  stresses  can  be  expected  to  exceed 
the  creep  rate  of  the  matrix  at  the  same  applied  stress  since  the  void  space  at  the  fiber 
ends  is  a  form  of  damage. 


Creep  of  an  Initially  Undamaged  Composite  The  issue  to  be  addressed  in  this  section 
is  the  long  term  behavior  of  a  composite  stressed  above  the  threshold  CTc  given  by 
eq.  (62)  which  means  that  the  specimen  will  creep  continuously.  As  in  the  immediately 
preceding  sections,  elastic  transient  effects  will  be  omitted  from  the  model  of  long  term 
creep  of  the  initially  imdamaged  composite.  No  model  exists  as  yet  for  the  transient 
behavior,  but  there  is  little  doubt  that  the  transient  behavior  is  important.  Many 
composite  materials  in  service  at  creep  temperatures  will  probably  always  respond  in 
the  transient  stage  since  the  time  for  that  to  die  away  will  typically  be  rather  long. 
However,  a  quasi-steady  state  model,  as  before,  will  give  some  insight  into  the  state 
towards  which  the  transients  will  be  taking  the  material.  However,  the  model 
presented  below  is  rather  selective,  since  it  includes  some  elastic  effects  and  ignores 
others.  It  is  not  known  how  deficient  this  feature  of  the  model  is.  Perhaps  the  material 
state  will  evolve  rather  rapidly  towards  the  state  predicted  below  and  therefore  the 
model  may  have  some  merit. 
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The  specimen  is  composed  of  a  mixture  of  matrix,  unbroken  fibers  and  broken 
fibers.  The  volume  fraction  of  intact  fibers  is  given  by  eq.  (57)  with  L  =  Ls,  the  specimen 
length.  To  the  neglect  of  transients,  the  macroscopic  stress  supported  by  these  intact 
fibers  is  given  by  eq.  (60).  The  strain  will  now  exceed  the  level  of  eq.  (61)  associated 
with  the  ultimate  strength  of  the  fiber  bundle.  Therefore  the  stress  supported  by  the 
intact  fibers  will  be  less  than  Gc  which  is  the  ultimate  strength  of  the  fiber  bundle 
without  matrix.  The  applied  stress  exceeds  Oc  and  the  balance  in  excess  of  the  amount 
borne  by  the  intact  fibers  will  cause  the  composite  material  to  creep. 

The  steady  state  result  given  in  eq.  (69)  will  be  taken  to  express  the  creep 
behavior  controlled  by  the  broken  fibers.  The  volume  fraction  of  broken  fibers  is 


1  -  exp 


(70) 


and  a  material  with  this  volume  fraction  of  broken  fibers  aeeping  at  a  rate  t  will 
support  a  stress 


Gb  =  [t/B  h(n,fb,D/Lg,m,S)l^/P 


(71) 


where 


p  =  n  +  m  +  nm  (72) 

which  comes  directly  from  eq.  (69).  The  total  stress  sustained  by  the  composite  material 
is  therefore 


G  —  fb  Ob  +  Gu 


(73) 
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where  Ou  is  the  contribution  due  to  unbroken  fibers.  This  leads  to 


a  =  fb  [E/Bh(fb)f  +  fEf  eexp 

which  can  be  seen  to  be  a  rather  nonlinear  Kelvin- Voigt  material  in  which  the  stress  is 
the  sum  of  a  viscous  element  and  an  elastic  element  both  of  which  are  norUinear.  As  the 
strain  increases,  the  second  term  on  the  right  hand  side  of  eq.  (74)  (i.e.  the  term  due  to 
the  intact  fibers)  will  diminish  and  become  rather  small  when  only  a  few  unbroken 
fibers  are  left.  At  the  same  time,  fb  will  approach  f  and  so  the  strain  rate  will  approach 
the  steady  state  rate  for  a  material  in  which  all  of  the  fibers  are  broken.  However,  as 
long  as  a  few  fibers  remain  intact,  the  aeep  behavior  will  not  precisely  duplicate  that 
for  the  fully  broken  material.  This  transient  effect  will  be  compounded  by  the 
redistribution  of  stress  from  the  matrix  to  the  fibers  which  will  occur  both  after  the  first 
application  of  load  to  the  composite  material  and  after  each  fracture  of  a  fiber,  both 
effects  having  been  omitted  from  this  version  of  the  model. 


(E.eY 

.  Lg 

1  s  J 

(74) 


Creep  of  Materials  with  Strong  Interfaces 

It  seems  unlikely  that  long  fiber  ceramic  matrix  composites  with  strong  bonds 
will  find  application  because  of  their  low  temperature  brittleness.  However,  for 
completeness,  a  model  which  applies  to  the  creep  of  such  materials  can  be  stated.  It  is 
that  due  to  Kelly  and  Street^l,  It  is  possible  also  that  the  model  applies  to  aligned 
whisker  reinforced  composites  since  they  may  have  strong  bonds.  In  addition,  the 
model  has  a  wide  currency  since  it  is  believed  to  apply  to  weakly  bonded  composites  as 
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well.  However,  the  Mileiko^®  model  predicts  a  lower  creep  strength  for  weakly  bonded 
or  xmbonded  composites  and  therefore  is  considered  to  apply  in  that  case. 

The  Kelly  and  Street^l  model  uses  the  notion  that  creep  of  the  composite  material 
can  be  modelled  by  the  behavior  of  a  uiut  cell.  Each  unit  cell  contains  one  fiber  plus 
matrix  around  it  so  that  the  volume  of  the  fiber  divided  by  the  volume  of  the  unit  cell 
equals  the  fiber  volume  fraction  of  the  composite  material.  The  perimeter  of  the  urut 
cell  is  assumed  to  be  deforming  at  a  rate  consistent  with  the  macroscopic  strain  rate  of 
the  composite  material.  (It  can  be  observed  at  this  stage  that  this  notion  is  inconsistent 
with  the  presence  of  transverse  matrix  cracks  which  would  make  it  impossible  to 
sustain  the  longitudinal  stress  necessary  to  stretch  the  matrix.  This  is  an  additional 
reason  why  the  Kelly  and  Street^l  model  is  not  likely  to  be  applicable  to  unbonded 
ceramic  matrix  materials  which  are  likely  to  have  matrix  cracks.)  Only  steady  state 
creep  of  materials  with  aligned  reinforcements  which  are  shorter  than  the  specimen  is 
considered.  The  unit  cell  is  assumed  to  conserve  volume.  This  means  that  material 
originally  adjacent  to  the  reinforcement  must  flow  aroimd  the  fiber  and  finish  up  at  its 
end.  This  phenomenon  has  to  occur  when  the  end  of  the  fiber  or  whisker  is  strongly 
bonded  to  the  matrix.  For  fliis  reason,  the  Kelly  and  Street^i  model  is  considered  to  be 
relevant  to  materials  with  strong  bonds. 

Kelly  and  Street^l  analyzed  this  model  but  their  deductions  were  not  consistent 
with  the  mechctnics.  McMeeking23  has  remedied  this  deficiency  for  nonlinear  materials. 
His  results  for  n  =  2  are  relevant  to  composite  materials  with  nonlinearly  creeping 
ceramic  matrices  which  tend  to  have  low  creep  indices.  In  that  case,  the  steady  state 
creep  rate  is  given  by  eq.  (63)  with  n  =  2  and 


75  Van 
8f^  \2 


+  -f 
5  2 


(75) 
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which  is  invalid  for  f  =  0.  When  f  is  close  to  zero  a  different  form  should  be  used  which 
accounts  for  the  matrix  stress  so  that  the  matrix  creep  law  is  recovered  smoothly  ~s  the 
volume  fraction  of  fiber  disappears.  This  result  is  developed  below  and  is  given  in 
eq.  (77).  Comparison  of  eq.  (75)  with  eq.  (64)  for  n  =  2  will  show  that  the  model  of  Kelly 
and  Street^!  creeps  more  slowly  than  the  Mileiko'®  law  confirming  that  the  Mileiko 
model  is  the  preferred  one  when  it  is  kinematically  admissible. 

It  is  thought  that  at  higher  temperatures,  the  interface  between  the  fiber  and  the 
matrix  becomes  weak  and  sliding  occurs  according  to  the  constitutive  law  given  in 
eq.  (3).  In  that  case,  creep  of  a  composite  with  a  well  bonded  interface  obeys  eq.  (63) 
with  n  =  2  and23 


25S\,(1 

SP  U 


iVf 

5  2  2 


(1-ff  B 
2DB 


(76) 


This  form  for  g  is  identical  with  that  in  eq.  (75)  when  B  =  0.  Thus,  slid  mg  at  the  interface 
inaeases  the  aeep  rate  at  a  given  stress.  If  B/B  D  is  very  large,  signifying  a  very  weak 
interface,  then  the  interface  term  will  dominate  the  matrix  term  in  eq.  (76).  It  should  be 
noted  that  there  is  a  relative  size  effect,  with  large  diameter  fibers  making  sliding  less 
important. 

At  large  strain  rates,  stretching  of  the  matrix  as  it  slides  past  the  matrix  will 
contribute  to  the  creep  strength.  Under  those  circumstances,  the  term  g(2,  f)  in  eq.  (63) 
should  be  replaced  by23 


g(2-f)  = 


(77) 
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where,  in  eq.  (77),  g(2,  f)  is  to  be  calculated  according  to  eq.  (76).  Note  that  as  g(2,  f) 
becomes  large  (i.e.,  the  composite  strain  rate  is  large  because  either  f  is  small  or  B  is 
large),  the  composite  strain  rate  will  approach 

=  3[a/(l-f)]2  (78) 

which  is  the  rate  that  would  prevail  if  the  fibers  were  replaced  by  long  cylindrical  holes. 

Creep  of  Matenals  with  a  Linear  Rheology  The  equivalent  correction  to  the  Kelly  and 
StrpptZl  model  for  cases  where  the  matrix  creep  obeys  a  linear  rheology  (n  =  1)  was  not 
given  uy  McMeeking23.  However,  consideration  of  this  case  can  be  included  in  a  model 
with  accoimts  for  the  ability  of  a  well  bonded  interface  between  the  fiber  and  the  matrix 
to  sustain  sliding  according  tc  eq.  (3)  and  in  which  mass  transport  may  cause  the  effect 
described  by  eq.  (4).  In  unpublished  work,  McMeeking  has  given  the  steady  state  creep 
law  for  the  composite  material  in  these  circumstances  to  be 


where 


l/h{f)  =  A[4in(l/Vf)  -  3  +  4f  -  f2] 

3B(l-f)2  48/2? 

^  fBD  ^  BD^ 


(80) 


Recall  that  if  sliding  between  the  fiber  a. id  the  matrix  occurs  readily,  B  will  be  large  and 
also  rapid  mass  transport  is  associated  with  a  large  value  of  ©. 
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It  is  thought  that  as  the  temperature  is  increased,  the  relative  importance  of 
sliding  and  mass  transport  is  enhanced.  Thus  at  low  creep  temperatures,  B/B  D  and 
(Z)/B  would  be  small.  Then  only  the  first  term  on  the  right  hand  side  of  eq.  (80)  w'ill 
be  important  and  when  L/D  is  large,  as  required  by  this  asymptotic  model,  the  creep 
strength  will  be  high.  As  the  temperature  is  increased,  either  B/ B  D  or  iZ>/ B  or  both 

will  increase  in  magnitude.  When  they  become  large,  h(f)  will  become  small  and  the 
creep  strength  of  the  composite  will  fall,  as  can  be  seen  in  eq.  (79).  However,  if  h(f) 
becomes  negligible,  the  steady  state  aeep  law  for  the  composite  will  be  approximately 

£  =  Bo/(l-f).  (81) 

As  m  the  case  of  the  quadratic  matrix  rheology,  the  creep  behavior  when  sliding 
dominates  (or  as  in  this  new  case  mass  transport  is  significant)  is  the  same  as  for  a 
material  containing  cylindrical  holes  instead  of  fibers  even  if  the  interface  is  nominally 
well  bonded.  This  behavior  will  occur  when  h(f)  is  much  smaller  than  (D/L)^  so  that 
the  relevant  term  containing  h(f)  in  eq.  (79)  is  negligible. 

It  should  be  noted  that  the  creep  behavior  is  affected  in  the  way  predicted  by 
eq.  (79)  and  (80)  whether  interface  sliding  occurs  readily  or  mass  transport  occurs 
rapidly  at  the  interface  between  the  fiber  and  the  matrix.  It  follows  that  rapid  sliding  by 
itself  is  sufficient  to  diminish  the  creep  strength  of  the  composite  material  and  long 
range  mass  transport  at  the  interface  is  not  necessary.  Note  also  that  if  the  matrix  does 
not  creep  (i.e.  B  =  0)  neither  sliding  nor  mass  transport  will  have  any  effect  on  creep  and 
the  composite  will  be  rigid.  This  feature  arises  because  the  matrix  must  deform  when 
any  sliding  or  mass  transport  occurs  at  the  interface. 

An  additional  feature  is  a  size  effect  in  the  creep  law  when  sliding  or  mass 
transport  at  the  interface  are  significant  enough  to  affect  the  composite  behavior.  A 
small  diameter  fiber  (i.e.  small  D)  will  tend  to  enhance  the  effect  of  sliding  or  mass 
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transport  on  the  creep  rate  of  the  composite  and  the  composite  will  creep  faster. 
Similarly,  a  large  diameter  fiber  will  tend  to  suppress  the  effect  of  sliding  or  mass 
transport  and  the  creep  strength  of  the  composite  will  correspondingly  be  increased. 
Similar  effects  tied  to  grain  size  are  known  to  occur  in  the  creep  of  ceramics  and  metals 
controlled  by  mass  transport  on  the  grain  boundaries^.  Note  that  the  mass  transport 
term  in  eq.  (80)  is  much  more  sensitive  to  fiber  diameter  than  the  sliding  term.  The 
cubic  dependence  on  fiber  diameter  in  the  mass  transport  controlled  term  will  cause  it 
to  disappear  rapidly  as  D  is  increased.  However,  if  both  ®  and  B  are  substantial,  the 
creep  strength  of  a  composite  will  not  be  improved  substantially  by  increase  of  fiber 
diameter  until  both  the  effects  of  sliding  and  mass  transport  are  suppressed.  It  seems 
likely  that  in  practice  this  will  mean  that  mass  transport  will  be  relatively  easy  to 
eliminate  as  a  contributor  to  rapid  creep  strain  of  the  composite  by  increase  of  the  fiber 
diameter,  whereas  the  effect  of  sliding  at  a  given  temperature  will  be  more  persistent. 
Furthermore,  there  is  also  an  interplay  with  volume  fraction,  with  the  importance  of 
interface  sliding  being  greater  at  low  volume  fractions  of  fibers  and  mass  transport 
being  more  significant  at  higher  volume  fractions. 


Discussion 

As  previously  noted,  this  chapter  has  been  concerned  mainly  with  those  models 
for  the  creep  of  ceramic  matrix  composite  materials  which  feature  some  novelty  which 
cannot  be  represented  simply  by  taking  models  for  the  linear  elastic  prop>erties  of  a 
composite  and,  through  transformation,  turning  the  model  into  a  linear  viscoelastic  one. 
If  this  were  done,  the  coverage  of  models  would  be  much  more  comprehensive  since 
elastic  models  for  composites  abound.  Instead,  it  was  decided  to  concentrate  mainly  on 
phenomena  which  cannot  be  treated  in  this  manner.  However,  it  was  necessary  to 
introduce  a  few  models  for  materials  with  linear  matrices  which  could  have  been 
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developed  by  the  transformation  route.  Otherwise,  the  discussion  of  some  novel 
aspects  such  as  fiber  brittle  failure  or  the  comparison  of  nonlinear  materials  with  linear 
ones  would  have  been  incomprehensible.  To  summarize  those  models  which  could 
have  been  introduced  by  the  transformation  route,  it  can  be  stated  that  the  inverse  of  the 
composite  linear  elastic  modulus  can  be  used  to  represent  a  linear  steady  state  creep 
coefficient  when  the  kinematics  are  switched  from  strain  to  strain  rate  in  the  relevant 
model. 

No  attempt  has  been  made  to  discuss  in  a  comprehensive  manner  models  which 
are  based  on  finite  element  calculations  or  other  numerical  analyses.  Only  some  results 
of  Schmauder  and  McMeeking^O  for  transverse  creep  of  power  law  materials  were 
discussed.  The  main  reason  that  such  analyses  were  in  general  omitted  is  that  they  tend 
to  be  in  the  literature  for  a  small  number  of  specific  problems  and  little  has  been  done  to 
provide  comprehensive  results  for  the  range  of  parameters  which  would  be 
technologically  interesting  >  i.e.  volume  fractions  of  reinforcements  from  zero  to  60%, 
reinforcement  aspect  ratios  from  1  to  10^,  etc..  Attention  was  restricted  in  this  chapter  to 
cases  where  comprehensive  results  could  be  stated.  In  almost  all  cases,  this  means  that 
only  approximate  models  were  available  for  use.  Furthermore,  numerical  analyses  for 
creep  in  the  literature  tend  to  be  for  metal  matrix  composites  and  so  use  creep  indices 
which  are  rather  high  for  ceramic  matrices.  Indeed,  this  latter  fault  applies  to  the  finite 
element  calculations  so  far  performed  by  Schmauder  and  McMeeking^O  even  though 
there  was  an  attempt  to  be  comprehensive.  Those  finite  element  results  which  are 
available  in  the  literature  such  as  the  work  by  Dragone  and  Nix24  are  very  valuable  and 
provide  accurate  results  for  a  number  of  sp)ecific  cases  against  which  the  more 
approximate  models  discussed  in  this  chapter  can  be  checked.  A  limited  amount  of  this 
checking  for  a  single  model  has  been  done  by  McMeeking23  in  comparison  with  the 
Dragone  and  Nix^^  calculations.  The  results  show  that  the  approximate  model  is 
reasonably  accurate.  However,  more  extensive  checking  of  the  approximate  models  is 
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required  and  to  do  this  in  many  cases  it  will  be  necessary  to  create  the  finite  element 
analyses. 

Also  omitted  from  this  chapter  was  any  attempt  to  compare  the  models  w'ith 
experiments.  This  would  require  a  lengthy  chapter  by  itself  and  some  comparisons  are 
given  elsewhere  in  this  book.  In  addition,  limited  data  are  available  for  such 
comparisons  in  general.  For  metals,  there  are  some  successful  comparisons^  and  some 
unsuccessful  ones^^.  It  seems  that  when  there  is  good  know’ledge  of  the  material 
properties  and  the  operating  mechanisms,  the  right  model  can  be  chosen,  but  lack  of 
such  knowledge  makes  it  virtually  impossible  to  identify  which  features  must  be 
present  in  the  model.  Thus,  multidisciplinary  work  is  necessary  to  understand  the 
microstructure,  to  identify  the  mechanisms  and  to  select  and  develop  the  appropriate 
model.  An  example  of  such  an  effort,  although  for  the  closely  related  subject  of  the 
plastic  yielding  of  a  metal  matrix  composite,  is  the  work  of  Evans,  Hutchinson  and 
McMeeking25^  where  careful  control  of  the  metallurgy  and  the  experiments  was  used  to 
confirm  the  validity  of  the  models. 
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Figure  Captions 

Fig.  1  A  uniaxially  reinforced  fiber  composite. 

Fig.  2  Threshold  for  long  term  creep  of  a  uniaxially  reinforced  composite  as  a  function 
of  Weibull  modulus  for  the  fiber  strength  distribution. 
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ABSTRACT 


The  creep  properties  and  nucrostructiires  of  7-TiAl  reinforced  with  continuous 
AI2O3  fibers  have  been  investigated.  Novel  fiber  coating  concepts  have  been  used  to 
create  "weak"  fiber/ matrix  interfaces  that  allow  the  fibers  to  impart  enhanced  creep  and 
fracture  resistance,  simultaneously.  Several  major  facets  of  the  creep  behavior  were 
identified.  Under  conditions  of  limited  fiber  fracture,  creep-resistant  sapphire  fibers 
were  found  to  limit  longitudinal  creep  to  a  short  transient  strain,  consistent  with  model 
predictions.  At  the  same  time,  the  interlaminar  siie«r  creep  properties  were  found  to  be 
insensitive  to  fiber  reinforcement,  again  consistent  with  predictions.  It  was  also 
demonstrated  that  the  "weak"  interfaces  were  maintained  after  creep  and  resulted  in 
significant  levels  of  toughening. 
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1.  INTRODUCTION 


Titanium-aluminides  have  potential  as  high-temperatvire  structural  materials  for 
aerospace  applications.  Compared  to  Ti-based  alloys,  these  materials  have  superior 
elastic  moduli  and  high-temperature  strength,  as  well  as  improved  oxidation  and  creep 
resistance.!'  2  These  factors  also  give  y-TiAl  an  advantage  over  a2-Ti3Al  for  high 
temperature  applications.  Two  key  problems  with  y-TiAl  are  its  low  toughness  and 
duchlity  below  700  *C,  as  well  as  inadequate  creep  strength  for  a  number  of  proposed 
applications.  There  have  been  several  successful  demonstrations  of  improved 
toughness3-6  but  more  limited  assessment  of  the  approaches  for  enhancing  creep 
strength.  Attempts  to  improve  the  creep  resistance  by  solid-solution  and  particulate 
strengthening  have  only  had  limited  success.^*^  A  potentially  more  powerful  approach 
involves  reinforcing  with  unidirectional  continuous  fibers.  Such  fibers  are  also  capable 
of  enhancing  strength  and  toughness  if  the  appropriate  fiber  coating  is  used.!*! 

An  appreciable  literature  exists  concerning  models  of  the  effect  of  fibers  on  the 
longitudinal!!'!^  and  transverse!®  creep  characteristics  of  unidirectional  composites. 
However,  there  have  been  few  experimental  studies  on  systems  having  practical  utility 
at  elevated  temperatures.  The  principal  intent  of  this  study  is  to  quantify  the  effect  of 
fibers,  and  fiber/matrix  interface  characteristics,  on  the  longitudinal  creep  of  y-TiAl, 
and  to  provide  a  comparison  with  models. 

In  one  li.nit,  the  models  suggest  that  composites  with  continuous  elastic  fibers 
demonstrate  transiem  creep,  with  a  creep  strain  limited  by  the  elastic  deformation  of  the 
fibers.!^  When  the  fibers  also  creep,  the  composite  will  usually  be  expected  to  exhibit 
steady-state  behavior,  following  an  initial  transient,  subject  to  a  'rule-of-mixtures'  creep 
rate.!2  However,  these  expectations  are  modified  by  fiber  failures,!®'!^  which  initiate 
tertiary  creep  and  may  lead  to  creep  brittleness.  In  some  cases,  the  presence  of  a  "weak" 
fiber /matrix  interface  may  further  obviate  creep  strength  by  allowing  debonding  and 
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relative  sliding  between  fiber  and  matrix,  either  at  free  surfaces  or  at  prematurely  failed 
fibers.'^^ 

These  concepts  may  be  assessed  by  using  two  types  of  aliuniua  fiber 
reinforcements,  (i)  Sapphire  fibers,  which  are  expected  to  be  essentially  elastic  up  to 
-  1600  *C,  when  loaded  parallel  to  the  c-axis,20  are  used  to  evaluate  the  elastic  fiber 
concept.  Novel  fiber  coating  procedvires  are  used  to  explore  the  effect  of  weak 
fiber /matrix  interfaces  on  the  composite  creep  rate.^O'^i  (jj)  Fibers  consisting  oifine 
grained  polycrystalline  AI2OS,  which  should  creep  noticeably  at  -lOOO'C^,  provide 
infoimation  about  composite  behavior  in  the  ptesence  of  creeping  fibers. 


2.  EXPERIMENTAL 

2.1  Materials  and  Processing 

The  matrix  used  in  the  present  study  is  a  y-TLAl  alloy  (Ti-48  Al-2.5  Nb- 
0.3  Ta  at  %),  supplied  by  Pratt  and  Whitney  as  rapidly  solidified  powda-  having  an 
average  particle  diameter  of  ~  ^20  pm.  The  polycrystalline  AI2O3  fibers,  produced  by  a 
sol-gel  process,  supplied  by  3M,  had  a  diameter  of  ~  15  pm  and  a  submicron  grain  size. 
The  sapphire  reirtforcements,  produced  by  the  EFG  (edge*defined  film-fed  growth) 
process  at  Saphikon,  Inc.l ,  had  a  nominal  c-axis  orientation  and  a  diameter  of  ~  130  pm. 

Samples  with  strong  interfaces  resxilteJ  when  no  coating  was  applied  to  the  fibers. 
Composites  with  "weak"  fiber/matrix  interfaces  were  obtained  when  the  fibers  were 
suitably  coated.21  For  the  present  specimens,  the  apphire  fibers  were  coated  with 
colloidal  graphite.  Thf  i,  to  prevent  dissolution  of  the  graphite  into  the  TiAl  matrix,  the 
fibers  were  provided  vir an  outer  coating  of  Ai203  Densification  of  the  AI2O3  coating 
was  achieved  during  a  1300*C  vacuum  heat  treatment,  prior  to  composite  consolidation. 


1  Milford,  NH. 
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Composites  with  fiber  coatings  were  produced  by  mechanically  blending  the  fibers 
and  the  TiAl  powders,  and  then  densifying  by  hot  isostatic  pressing  (HIP)  at  276  MPa 
and  1100”C  for  2  h.  For  the  sapphire  fiber  composites,  this  was  achieved  using  a  slurry 
prepared  with  TiAl  powders  and  deionized  water,  and  by  utilising  the  rigidity  of  the 
fibers  to  facilitate  the  mixing  piocess.  To  remove  the  bulk  of  the  water  from  the  slurry, 
the  can  was  first  heated  to  60  *C  in  air  for  48  h.  To  remove  residual  moisture,  the  cans 
were  evacuated  at  350 *C  for  1.5  h,  and  then  sealed  by  crimping  and  wielding.  The 
composites  containing  polycrystalline  fibers  were  manually  fabricated  by  first  stacking 
equal-length  bimdles  into  Ti  cans  (sealed  at  one  end)  having  inner  diameter  12  mm  and 
length  55  nvm.  Dry  TiAl  powder  was  mixed  with  the  fibers  in  the  can.  Mechanical 
agitation  of  the  can  during  mixing  facilitated  powder  dispersion.  Residual  moisture  w'as 
again  removed  under  vacuum.  Unreinforced  TiAl  was  also  produced  by  HIPing,  in 
order  to  provide  a  reference  against  which  the  properties  of  the  composite  could  be 
compared.  Fiber  volume  fractions,  f,  =  0.15  -  0.25,  were  achieved  for  the  sapphire  fiber 
composite  after  consolidation,  (Fig.  1).  For  the  polycrystalline  fiber  composite,  a  fiber 
volume  fraction  /  =  0.07  was  measured  after  HIPing.  Higher  fiber  volume  fractions 
were  precluded  in  this  material  by  the  occurrence  of  uneven  fiber  distributions  in  the 
densified  composite. 

The  composites  reinforced  with  polycrystalline  AI2O3  fibers  were  shaped  into  test 
specimens  by  electro-discharge  machirung.  Rectangular  test  bars  of  the  sapphire- 
reinforced  material  were  produced  by  a  cutting  and  surface  grinding  process,  using 
diamond  impregnated  wheels.  These  samples  were  ground  to  a  400  grit  surface  finish. 
Beams  with  reduced  central  sections  were  also  utilised,  (Fig.  2).  These  specimens  were 
machined  by  using  a  high  speed  diamond  core  drill,  with  a  200  grit  size.  In  the 
composites  with  sapphire  fibers,  brittle  fiber  fractures  were  observed  occasionally, 
attributed  to  machining  damage.  In  one  case,  when  the  tensile  surface  was  profiled  with 
the  200  grit  diamond  core  drill  (rather  than  the  400  grit  wheel  used  on  rectangular 


CHWiI- 12/92 


5 


beams),  substantial  fiber  fracture  occurred,  consistent  with  the  deeper  scoring  resulting 
from  the  larger  grit  size. 

2.2  Creep  Measurements 

Creep  tests  were  performed  in  argon  («  0.1  MPa)  using  a  hydraulic  testing 
machine  with  a  2200  *C  temperature  capability.  The  composites  were  tested  in  four- 
point  flexure,  with  an  inner /outer  span  ratio  of  1/2.  Iiutial  tests  were  conducted  on 
rectangular  beams,  with  cross-section  3x3.5mm.  However,  large  levels  of  shear 
deformation  in  the  outer  span  led  to  discontinuities  in  the  curvature  of  the  beam  at  the 
inner  loading  points,  resulting  in  premature  fiber  fractiore.  Enhancing  the  thickness  of 
the  outer-span  (Fig.  2)  ameliorated  this  problem,  by  reducing  the  outer  span  shear 
stresses. 

Measurements  of  the  axial  creep  properties  were  carried  out  by  using  a  device 
which  directly  and  continuously  evaluated  the  (constant)  curvature  over  the  inner  span 
(which  experiences  a  constant  moment)  by  measurement  of  the  displacement  A  (Fig.  3). 
The  maximum  tensile  creep  strain  e  is  then  given  rigorously  by,24 

e  =  hA/(A2-J-s^)  (I 

where  h  is  the  beam  thickness  and  s  the  span  (Fig.  3).The  device  allows  strcun 
measurements  accurate  to  within  TO.01%,  and  a  resolution  of  TO.0005%.  Subsequent 
numerical  treatment  of  the  data  then  yields  the  corresp>onding  strain  rate  behavior.  The 
corresponding  shear  strain  rate  7  in  the  outer  span,  when  the  reinforcing  fibers  are 
elastic  (Fig.  4),  is® 

®  Eqn.  2  is  applied  to  the  shear  deformation  of  both  rectangular  beams,  as  well  as  the  profiled  beams 
(Fig.  2).  For  the  latter,  the  variation  in  height  of  the  beam  in  the  transition  region  outside  the  inner 
loading  point  may  lead  to  a  small  additional  error. 
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Y  =  2Ap/(L-^) 


(2) 


where  Ap  is  the  load-point  displacement-rate,  L  is  the  outer  span  and  t  the  inner  span. 

The  stresses  that  develop  in  the  composite  relate  to  the  applied  mon\ent  through 
the  longitudinal  constitutive  properties  of  the  composite.  Determining  precise  values  for 
the  axial  and  shear  stresses  during  flexural  creep  is  quite  straightforward  when  the 
fibers  do  not  creep,  and  the  stresses  are  substantially  below  the  fiber  bundle  strength. 
The  procedures  are  more  involved  when  the  fibers  are  subject  to  creep,  as  summeirised 
in  the  Appendices. 

Tests  on  the  TiAl  matrix  were  also  conducted  in  uniaxial  compression.  These  tests 
were  performed  in  argon,  on  samples  measuring  approximately  6  mm  in  diameter  and 
12  mm  long. 

2.3  Fracture  Resistance 

Fracture  resistance  measurements  were  performed,  following  creep,  by  using  a 
chevron-notch,  three-point  bend  technique.  Testing  was  conducted  in  a  hydraulic 
testing  machine,  at  room  temperature,  at  a  crcws-head  displacement  rate  of  - 100  pm/s. 
A  stiff  loading  frame  guaranteed  stable  crack  propagation,  following  initial  pop-in. 

Fiber  push-out  tests  have  also  been  conducted,  before  and  after  creep  testing,  in  order  to 
evaluate  the  interfadal  sliding  stress,  x,  as  described  elsewhere.21/23 

2.4  Characterization 

Various  miCTOStructural  and  miaochemical  characteristics  of  the  cx)mposites  have 
been  established,  by  using  conventional  and  analytical  transmission  electron 
microscopy  (TEM).  These  studies  were  conducted  in  a  JEOL  2000  FX  instrument. 
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equipped  with  a  LE^  eXL  energy  dispersive  X-ray  spectroscopy  (EDS)  system  with  a 
high  take-off  angle  detector.  Indexing  of  electron  diffraction  patterns  was  conducted 
using  Desktop  Microscopist  Software.  Thin  specimens  suitable  for  TEM  were  prepared 
both  by  mechanical  dimpling  followed  by  either  ion  beam  thinning  (5kV/13*)  or  twin 
jet  polishing.  The  latter  was  carried  out  in  a  Fishione  Model  110/130  by  using  4% 
Sulfuric  add/Methanol  solution  at  -15*C  and  95  mA.  Specimens  were  also  examined  by 
scanning  electron  microscopy  (SEM),  before  and  after  mechanical  testing.  These  studies 
were  conducted  with  a  JEOL  SM840  equipped  with  a  Tracor  Northern  EDS  system. 


3.  MICROSTRUCTURES 

3.1  As-Processed 

Microstructural  analysis  of  the  ■I1AI/AI2O3  composites  conducted  by  using  TEM 
revealed  a  y-TLAl  matrix  with  a  *=  5  ^JLm  grain  size,  insensitive  to  both  the  volume 
fraction  and  t3q>e  of  reinforcement.  Intragranular  carbides  (resulting  from  carbon 
contamination  during  the  HAl  powder  atomization  process)  were  identified  by  selected 
area  diffraction  (SAD),  as  Ti2AlC.  These  were  present  in  small  quantities  (volume 
fraction,  f  <  0.02),  but  with  a  wide  size  distribution  (ranging  from  <  0.1  to  ~  1  pm) 

(Fig.  5).  There  were  no  indications  of  a2-’n3Al.  The  grain  size  of  the  polycrystalline 
AI2O3  fibers  was  ~  0.2  pm  (Fig.  6a).  The  sapphire  fibers  were  largely  devoid  of  both 
grain  boimdaries  and  dislocations  (Fig.  6b).  In  the  absence  of  coatings,  bonding  between 
the  matrix  and  the  fibers  appeared  intimate,  with  no  evidence  of  reaction  zones 
(Fig.  6a,  b).  However,  limited  interdiffusion  occurred.  In  the  polycrystalline  fibers,  Ti 
was  evident  to  a  depth  of  ~  0.8  pm.  The  extent  of  the  interdiffusion  zone  was 
substantially  less  for  the  sapphire  fibers  (~  0.2  pm). 
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In  the  composites  incorporating  fiber  coatings,  a  continuous  graphitic  structure 
was  evident,  with  the  layers  displaying  a  wavy  morphology  parallel  to  the  surface  of 
the  fibers.  This  arrangement,  also  evident  after  creep  (Fig.  7b),  provided  a  "weak" 
interface  and  low  interfacial  sliding  stresses.^Wl  Surrounding  the  graphite  was  a 
continuous,  fine  grained  (=  0.1  pm)  AI2O3  coating,  0.2  -  5  pm  thick,  again,  also  evident 
after  creep  (Fig.  7a),  containing  a  small  amount  of  residual  porosity.  No  interface 
reactions  were  found.  Nor  was  there  evidence  of  significant  levels  of  interdiffusion 
between  the  fiber,  matrix  and  coating. 

3.2  After  Creep 

The  polycrystalline  AI2O3  coatings  on  the  fibers  were  found  to  be  effective  in 
preventing  the  migration  of  the  graphite  into  the  TiAl  during  creep.  This  protection  is 
evident  both  from  the  retention  of  the  200-500  run  graphite  layer  (even  after  more  than 
50  h  at  982 *C  (1800  *F))  and  the  spatial  unifonnity  of  the  matrix  carbide  concentration  in 
the  TiAl  (Fig.  7a). 

However,  following  creep,  several  changes  in  microstructure  were  evident.  Locally 
enhanced  matrix  creep  at  the  fiber  breaks  in  the  sapphire  fibers  produced  by  machining 
resulted  in  separation  of  the  fiber  ends,  (Fig.  8b).  In  the  matrix  adjacent  to  a  fiber  failure, 
extensive  aeep  damage  was  often  evident.  Sudi  damage  provides  a  mechanism  for 
CTeep  rupture  in  the  composite.  In  composites  containing  polycrystalline  fibers,  fiber 
fractures  occurred  at  regular  spadngs  after  a  creep  strain  of  ~  2%  (Fig.  8a).  The 
maximum  value  of  the  ratio  of  crack  spacing,  1,  to  crack  radius,  R,  was  1/R  ~  10.  This 
spacing  occurred  close  to  the  tensile  surface.  The  maximum  fiber  cracking  depth  was 
-  h/3  from  the  tensile  surface.  No  fiber  fractures  were  found  on  the  compression  side. 
Cracking  appeared  to  be  caused  by  creep  damage  coalescence  within  the  fibers  (Fig.  9), 
similar  to  that  observed  for  other  aluminas.25 
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Significant  levels  of  dislocation  activity  were  observed  in  the  y  -TiAl,  with  some 
dislocation  pinning  evident  at  the  intragranular  carbides  (Fig.  10).  Few  dislocations 
were  evident  in  either  the  polycrystalline  AI2O3  or  the  sapphire  fibers. 


4.  CREEP  STRENGTHS 

4.1  Axial  Creep 

Measurements  of  axial  creep  at  982 *C  (1800T)  revealed  substantial  differences 
between  the  various  materials  (Figs.  11,14).  i)  The  matrix-only  material  exhibited 
steady-state  deformation  after  a  short  transient,  (Fig.  11),  with  a  power-law  exponent, 
n  =  2.6  ( Fig.  12).  ii)  The  material  with  the  polycrystalline  fibers  exhibited  primary  and 
steady-state  creep,  (Fig.  11),  with  a  creep-rate  somewhat  less  than  that  for  the  matrix,  (at 
the  same  nominal  stress),  iii)  The  composites  with  sapphire  fibers  exhibited  transient 
creep  (creep-rate  diminishing  with  strain)  and  a  total  creep  strain  ~  0.15%,  (Figs.  11,13). 
Unloading  at  the  end  of  the  creep  test,  while  maintaining  the  temperature,  resulted  in 
reverse  creep .  These  behaviors  were  similar  for  both  fire  coated  and  uncoated  fibers,  in 
the  absence  of  significant  fiber  fracture.  However,  when  premature  fiber  fracture 
occurred  as  a  result  of  machining  damage,  an  acceleration  in  creep  was  evident, 

(Fig.  14). 

The  axial  creep-rate  of  a  composite  containing  intact  continuous,  elastic  fibers,  is 
predicted  to  be  transient'^  and,when  the  matrix  experiences  power  law  creep 
(equation  A2),  is  given  by, 

i  =  [1  -  (/Ez/o)']"  (3, 
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where  Ey  is  Young's  modulus  for  the  fiber,  is  the  matrix  creep-rate  at  the  same 
applied  stress  and  a  is  a  coefficient  that  depends  on  /,  Ey/Ej„  and  n,  given  by  12 


a  = 


Em  (1-0 
Eff  +  En,(l-f) 


(l-f)"*' 


(4) 


For  the  present  composites,  (/  =  0.15-0.25,  n  =  2.6,  Ey/Ej^  =  2.8),  a  ~  1.1.  Integration  of 
equation  (3)  then  gives  the  strain  history. 


(5) 


where  e^.  is  the  strain  at  which  creep  stops,  given  by 
e,  =  c/fEy 


(6) 


A  comparison  with  these  predictions  of  the  creep  rates  measured  on  the 
composites  containing  coated  sapphire  fibers  (Fig.  13),  indicates  a  slighter  higher  than 
expected  creep  rate  after  the  first  few  hours  but  good  agreement,  within  the  accuracy  of 
the  data,  after  about  15  h.  In  particular,  the  limiting  creep  strain  appears  well 
represented  by  equation  (6).  The  discrepancy  during  the  early  stages  is  probably  caused 
by  transient  stress  redistribution  effects  within  the  beam,  not  accounted  for  in 
equation  (5).  Similar  agreement  obtains  from  the  initial  creep  of  the  composite  with 
uncoated  fibers,  prior  to  fiber  failure.  This  result  is  of  significance  because  it  emphasises 
that  the  presence  of  a  "weak"  fiber/ matrix  interface  does  not  degrade  the  axial  creep 
properties  of  die  composite. 
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When  polycrystalline  fiber  reinforcements  are  used,  the  lower  creep  strengths,  as 
well  as  the  attainment  of  a  steady-state  deformation,  involve  both  fiber  creep  and 
fragmentation  of  the  fibers.  The  occurrence  of  creep  in  the  fibers  is  consistent  with  the 
extremely  fine  grain  size22  200nm).  However,  there  is  insufficient  information  to 
compare  explicitly  with  models. 

4.2  Interlaminar  Creep 

In  the  composites  reinforced  with  sapphire  fibers,  steady-state  interlaminar  shear 
creep  is  found  to  occur  in  the  outer  span,  after  a  brief  initial  transient.  The  shear 
deformation  of  the  composite  may  be  compared  with  that  for  the  unreinforced  matrix 
by  using  the  equivalent  stress  and  strain  as  comparators  (Appendix  H).  This  comparison 
demonstrates  that  the  shear  creep  rate  of  the  composite  and  of  the  unreinforced  matrix 
are  similar  (Fig.  12).  Consequently,  the  reinforcing  fibers  are  found  to  have  little  effect 
on  the  shear  creep  response,  consistent  with  theoretical  predictions  (Appendix  HI, 

Fig.  C2). 


5.  FRACTURE  RESISTANCE 

Fracture  resistance  measurements  conducted  on  the  material  with  coated  sapphire 
fibers,  after  creep  (Fig.  15),  were  initially  characterised  by  pop-in,  due  to  unstable  crack 
propagation  from  the  notch.  However,  bridging  fibers  were  found  to  cause  crack  arrest, 
with  subsequent  pull-out,  (Fig.  16b),  resulting  in  significant  enhancement  of  the  fracture 
resistance.  The  pull-out  contribution  to  the  work-of-ruphire  is  estimated  from  the  area 
under  the  'ail  of  the  load-displacement  curve  as,  ATp  »  2.1  kjnr^.  The  fiber  pull-out 
lengths  ranged  between  about  20  -  225  pm,  with  an  average  value,  h  « 105  pm.  In 
contrast,  the  composite  with  uncoated  sapphire  fibers  exhibited  unstable  crack  growth, 
with  no  pull-out  (Fig.  16a).  The  frictional  sliding  stress,  characterizing  pull-out  of  the 
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coated  sapphire  fibers,  obtained  using  fiber  push-out  tests^^  was  T  =  40-50  MPa.  The 
toughening,  ATp,  caused  by  fiber  pull-out  is  predicted  to  be26 

Arp=tfh2/R 

where  R  is  the  fiber  radius,  and  h  =  /  f,  with  m  being  the  number  of  fibers 

per  unit  area.  Using  the  parameters  summarised  in  Table  I,  the  magnitude  predicted  by 
equation  (7)  is  found  to  be  =40%  lower  than  d\e  toughening  value  determined 
experimentally.  This  discrepancy  may  be  partly  due  to  d\e  bending  stresses  that  occur 
in  the  fibers  bridging  the  crack  during  pull-out,  resulting  in  additional  fiber  failure  and, 
thus,  to  an  underestimation  of  the  true  average  pvill-out  length.  In  addition,  bending 
may  lead  to  an  increase  in  the  effective  sliding  stress  by  causing  additional  compressive 
forces  normal  to  the  fiber/matrix  interface. 


6.  CONCLUSIONS 

The  present  study  has  demonstrated /or  the  first  time  that  continuous  ceranuc  fibers 
can  substantially  enhance  the  longitudinal  creep  properties  of  intermetallic  matrices,  in 
the  presence  of  weak  fiber/matrix  interfaces,  provided  that  the  fibers  are  strong  and 
resistant  to  both  creep  and  creep  rupture.  In  addition,  the  comparatively  high  fracture 
resistance  of  7-TiAl  reinforced  with  coated  sapphire  fibers  critically  demonstrates  the 
feasibility  of  using  continuous  fiber  reinforcement  with  weak  fiber/matrix  interfaces  to 
simultaneously  achieve  high  uniaxial  aeep  and  fracture  resistance. 

The  importance  of  fiber  coatings  for  both  fi'acture  resistance  and  creep  strength  has 
been  vividly  demonstrated.  Fiber  pull-out  and  toughening  have  been  demonstrated 
when  coatings  are  used.  It  is  also  shown  that  double  coating  techniques  can  be  used  to 
protect  debond  coatings  during  creep. 
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The  creep  properties  under  shear  loading  were  found  to  be  insensitive  to 
unidirectional  fiber  reinforcement,  in  accordance  with  predictions,  indicating  the  need 
for  multidirectional  reinforcement  under  more  complex  loading  conditions. 
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APPENDIX  1 


Axial  Stress  Redistribution  in  a  Creeping  Beam 

For  a  beam  subject  to  elastic  bending,  the  maximum  tensile  and  compressive 
stresses,  Ce,  are 

Oe  =  (3/2){p(L-/)/bh2} 

where  L  and  t  are  the  length  of  the  outer  span  and  inner  span,  respectively,  P  the  load 
and  b  the  beam  width.  When  the  entire  body  is  subject  to  power  law,  steady-state  creep, 
with  the  strain-rate,  e  characterized  by, 

E  =  £<,(0/0.)'  (A2) 

where  G©  is  a  reference  stress,  Eq  a  reference  !f>crain-rate  and  n  the  power  law  exponent, 
the  maximum  stress  G  in  the  flexural  specimen  is^^ 

a/o,  =  (2n  +  l)/3n  (A3) 

The  corresponding  stress  distribution  is 

o(y)  ^  /ZnilY^Y'" 

o.  I  3n  AhJ  (A4) 

where  y  is  the  distance  from  the  neutral  axis 

For  matrices  reinforced  by  creeping  fibers  accoimt  must  be  taken  of  the 
redistribution  in  moment  from  the  matrix  to  the  fibers.  This  results  in  a  stress 
distibution  that  is  a  function  of  both  the  fiber  volume  fraction  and  the  applied  load.24 
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For  the  TiA\/polycrystalline  AI2O3  fiber  composite,  the  fiber  volume  fraction  is  low  and 
the  fibers  appear  to  creep  with  rates  similar  to  the  matrix.  In  this  limiting  case, 
equation  (A3)  provides  a  sufficiently  accvirate  representation  of  the  composite  stress 
distribution.  Another  limiting  case  occurs  when  the  fibers  are  elastic,  and  not  subject  to 
significant  fragmentation.  Then,  the  composite  stress  during  creep  is  given  by 
equation  (Al).  These  two  well  known  bovmds  are  used  in  this  study  to  gain 
understanding  of  the  influence  of  the  fibers  on  creep  behavior. 
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An  interesting  situation  arises  when  the  composite  is  reinforced  with  elastic  fibers. 
Then,  following  an  initial  transient,  all  axial  load  is  carried  by  the  fibers,  resulting  in  a 
linear  stress  distribution  across  the  beam.  Consequently  the  shear  stress  distribution  is 
the  same  as  that  for  the  elastic  case. 

To  compare  the  composite  shear  behavior  with  the  matrix  creep  behavior  obtained 
in  flexure,  the  stresses  and  strains  are  expressed  in  terms  of  the  equivalent  values  a'  and 
strains  by  using 


(B4) 


and 


3 


(fill  £22)  +{^33  ^22)  ■*■(^11  ^33) 

+6(4 +4 +  4)  J 


(B5) 


where  and  refer  to  the  normal  stresses  and  strains,  respectively.  In  shear,  o'  =  Vs 

T  and  e'  =  Y  /  whereas,  in  flexure,  CT'  =  O  and  E'  =  2e/3. 
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APPENDIX  n 


Shear  Stress  Redistribution  in  a  Creeping  Beam 

The  maximum  shear  stress  x  in  four-point  flexure  occurs  at  the  mid-beam  height  in 
the  outer-span  region.  For  a  monolithic  elastic  beam  in  four-point  flexure,  this  stress  is 28 

X  =  3P/4bh  (Bl) 

where  P  is  the  applied  load,  and  b  ar.d  h  are  the  beam  width  and  height,  respectively. 

When  creep  occurs  a '  irding  to  equation  (A2)  there  is  a  redistribution  in  shear 
stress  across  the  height  of  the  beam.  The  magnitude  of  the  shear  stress  can  be 
determined  from  equilibrium,  by  integrating  the  imbalance  in  axial  stress,  Ao,  across  an 
element  of  width  dx,  over  the  height  of  the  beam, 

T  _ 

dx  (B2) 


For  non-linear  creep,  Ao  is  foimd  from  the  axial  stress  distribution  given  by 
equation  (A4).  The  maximum  shear  stress  normalised  by  the  corresponding  elastic 
stress,  Xq^  is  then 


JL  =  fiELlZ' 

%  \^3n  +  3^ 


(B3) 


This  result  shows  that  non-linear  creep  results  in  a  magnification  of  the  maximum  shear 
stresses. 
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Vl-x^l  dx  +  (l-l/4) 


(C4) 


The  results  of  the  numerical  integration  of  equation  {C4)  for  different  values  of  the 
matrix  creep  exponent,  n,  (Fig.  C2)  indicate  that,  for  materials  characterised  by  a  high 
creep  exponents,  the  fibers  have  little  effect  on  the  creep  behavior  when  the  volume 
fraction,  f  <  0.4.  These  predictions  are  consistent  with  the  shear  creep  behavior  of  the 
TiAl/ sapphire  composite  (f  =  0.15  -  0.25  and  n  =  2.6),  Fig.  (C2). 
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FIGURE  CAPTIONS 


Fig.  1.  Scanning  electron  micrographs  of  the  Y-TiAl/ sapphire  composite;  transverse 
section. 

Fig.  2.  Modified  four-point  flexure  sample,  with  reduced  center  section  to  minimise 
fiber  damage. 

Fig.  3.  Schematic  of  the  method  used  to  measure  bending  deflections  during  creep. 

Fig.  4.  Schematic  of  interlaminar  shear  creep  during  flexure. 

Fig.  5.  Transmission  electron  micrograph  of  the  matrix  in  as-processed  y-TiAl, 
indicating  the  Ti2AlC  precipitates. 

Fig.  6.  TEM  micrograph  of  the  fiber  (f) /matrix  (m)  interface  region  (shown  arrowed) 
in  Y-TiAl  reinforced  with  a)  polycrystalline  Al2C)3  b)  sapphire. 

Fig.  7.  TEM  micrograph  of  the  fiber /matrix  interface  region  in  y-TiAl  reinforced  with 
coated  sapphire  fibers  after  creep  at  982 "C  (1800 T)  for  50  h,  a)  overview,  b) 
detail  of  region  outlined  in  (a).  Diffraction  pattern  shows  the  TiAl  [Oil]  zone 
axis,  recorded  next  to  the  interface.  (M,  matrix:  S,  saphire  fiber:  A,  AI2O3 
coating:  C,  carbon  coating) 

Fig.  8.  TEM  micrographs  of  Y-TiAl  matrices  with  AI2O3  fibers  a)  multiple  cracking  in 
polycrystalline  fibers,  b)  fractixre  in  sapphire  fiber  (arrowed). 

Fig.  9.  Evidence  for  creep  crack  growth  in  polycrystalline  AI2O3  fibers. 

Fig.  10.  Transmission  electron  micrographs  of  unreinforced  Y-TiAl  after  creep, 
a)  bright-field  and  b)  weak  beam  dark-field. 

Fig.  1 1 .  Comparison  of  the  creep  behavior  between  matrix  and  composites. 

Fig.  12.  Steady-state  composite  creep  under  interlaminar  loading  in  TiAl/sapphire  at 
982 *C  (180010  plotted  as  equivalent  stresses  ar.d  strain-rates.  Also  shown  are 
compression  (c)  and  flexural  (f)  creep  rates  for  the  matrix. 
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Fig.  13.  Comparison  of  TiAl/sapphire  creep  data  with  model  at  982 *C  (1800 T)  and  a 
nominal  applied  stress  of  75  MPa. 

Fig.  14.  Transition  to  ’steady-state’  creep  after  onset  of  fiber  fracture  in  TiAl/sapphire, 
containing  uncoated  damaged  fibers. 

Fig.  15,  Work-of-fracture  data  for  TiAl/sapphire  after  creep. 

Fig.  16.  a)  No  fiber  pull-out  in  TiAl/sapphire  for  strongly  bonded  interfaces, 
b)  Weakened  interfaces  result  in  substantial  levels  of  pull-out. 

Fig.  Cl .  Unit-cell  model  for  the  interlaminar  shear  creep  behavior  of  continuous  fiber 
composites. 

Fig.  C2.  Comparison  of  shear  creep  behavior  of  TiAl/sapphire  with  model  at  982 'C 
(1800T)  for  effective  stresses  of  7-12  MPa. 
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Table  I 


Constitutional  Properties  ForTiAL/Sapphtre 


Pull-Out  Length,  h  (gm) 

105 

Fiber  Radius,  R  (|tm) 

65 

Fiber  Volume  Fraction,  f 

0.15 

Sliding  Stress  t  (MPa) 

40-50 
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Strain  Rate,  e  (1/s) 


0 


0.5 


.5 


2.0 


Effective  Strain  Rate,  e'  (1/s) 
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Abstract — The  mechanical  properties  of  aluminum  matrix  composites  unidlrectionalU  reinforced  with 
Al.O,  fibers  have  been  measured  and  characterized  in  longitudinal  and  transverse  tension,  as  ueli  as  in 
shear  The  fiow  strengths  in  transverse  tension  and  shear  are  found  to  exceed  those  of  the  matrices, 
although  the  ductilities  are  lower  The  strengthening  is  gcnerallv  consisieni  w  ith  the  dev  elopment  of  plastic 
constraint  in  the  matrix  around  well-bonded  fibers,  subject  to  tne  in  situ  properties  of  the  matrix  being 
known  from  independent  measurements  The  properties'  in  longitudinal  tension  are  found  to  involve 
interactions  between  fibers,  such  that  fiber  bundle  strengths  are  not  achieved,  even  when  a  low  strength, 
pure  A1  matrix  is  used  Instead,  the  strengths  arc  consistent  with  a  crack  growth  controlled  failure 
mechanism,  wherein  the  strength  is  governed  bv  the  resistance  of  the  material  to  crack  extension  from 
failed  fibers 

RKume — Les  proprietes  mKaniques  de  compositions  a  matrice  d'aluminium  renforces  unidirecticnnelle- 
ment  avec  des  fibres  de  AKO,  ont  ele  mesurees  et  caractensees  en  tractions  longitudinale  el  transversale. 
ainsi  qu'en  ctsaillement  Les  resistances  a  l  ecoulemeni  en  traction  transversale  el  en  cisaillemcm  sent 
supeneures  a  celles  de  la  matnee,  bien  que  les  ductilitcs  soient  moindres.  En  general,  le  durcissemeni  est 
consistant  avec  le  dcveloppemeni  d  une  contrainte  plastique  dans  la  matnee  autour  des  fibres  bien  liees. 
pourvu  que  les  proprietes  in  xiiu  de  la  matrice  soient  deierminees  a  partir  de  mesures  independantes  Les 
proprietes  en  traction  longitudinale  meltent  en  jeu  des  interactions  emre  les  fibres,  de  sorte  que  I  on 
n'atteint  pas  les  resistances  d  un  faisceau  du  fibres,  meme  quand  on  utilise  une  matnee  d'aluminium  pur 
a  faible  resistance  mecamque  Par  centre,  les  resistances  mecaniques  sont  compatibles  avec  un  mecanisme 
de  rupture  comrole  par  la  croissance  des  fissures,  st  bien  que  la  resistance  est  gouvernec  par  la  resistance 
du  matenau  au  developpement  des  fissures  a  pariir  des  fibres  endommagees. 

Zusammenfassung — Die  mechamschen  Eigenschaften  von  Verbundwerkstoffen  mit  Al-Matrix.  die 
gerichlet  verstarkt  sind  mu  Al.  0,-Fasem.  werden  gemessen  und  m  longitudmalen  und  transversalen 
Zugversuchen  und  in  Scherung  charakierisiert.  Die  FlieBfestigkeil  in  transversalem  Zug  und  in  Scherung 
uberschreitet  die  der  Matrix,  wenn  auch  die  Duktihtat  geringer  isi.  Die  Hartung  ist  im  allgemeinen 
vertraglich  mit  der  Enlwicklung  von  plastischen  Zwangsvorgangen  in  der  Matnx  um  die  gut  gebundenen 
Fasem  herum.  die  den  von  unabhangigen  Messungen  her  bekannten  Eigenschaften  der  Matrix  unterwor- 
fen  sind  Die  Eigenschaften  bei  longitudinalem  Zug  umfassen  Weehselwirkungen  zwischen  den  Fasem  in 
der  Art.  daO  die  Festigkeit  von  Faserbtindeln  nicht  erreicht  wird.  auch  wenn  eine  Matrix,  wie  rcines  Al. 
mil  niedriger  Festigkeit  benuizt  wird,  Stattdessen  sind  die  Fesiigkeiten  vertraglich  mil  einem  dutch 
RiBwachstum  gesteuerten  Bruchmechanismus,  wobei  die  Festigkeit  vom  Widersiand  des  Materials 
gegeniiber  der  RiOausbreitung  von  gebrochenen  Fasem  aus  bestimmi  wtrd 


1.  INTRODUCTION 

A  basic  understanding  of  the  longitudinal,  transverse 
and  shear  properties  of  fiber-reinforced  metal  matrix 
composites  requires  that  these  properties  be  expressed 
in  terms  of  the  constituent  and  interface  properties 
Jl-7]  Such  relationships  are  the  basis  for  design¬ 
ing  and  producing  components  with  well-defined 
structural  characteristics.  A  central  issue  concerns 
the  fiber/matrix  interface,  which  may  be  classified 
as  either  “strong"  or  “weak”  [5],  The  former  is 
exemplified  by  Al  alloys  reinforced  with  Al.O,  [8, 9], 
while  the  latter  is  typified  by  Ti  alloys  reinforced 
with  coated  SiC  fibers  (7,  10-11],  The  present  study 
is  concerned  with  the  systems  having  "strong" 
interfaces. 


Investigation  of  Ti  matrix  com(.  sites  with 
coated  SiC  fibers  have  indicated  the  advantages 
and  disadvantiiges  of'iteak"  interfaces  [5.  7,  10-11), 
The  longitudinal  tensile  properties  approach  those 
expected  from  a  rule -of -mixtures.  Furthermore, 
the  strain  to  failure  is  essentially  the  failure  strain 
of  the  fibers  Such  behavior  arises  because 
debonding  and  sliding  at  the  interface  occurs  in 
response  to  fiber  fractures  which  eliminates  stress 
concentrations  in  neighboring  fibers.  However,  the 
transverse  tensile  properties  are  diminished  by 
having  a  "weak"  interface,  such  that  the  ultimate 
strength  is  appreciably  less  than  the  matnx  yield 
strength.  The  transverse  tensile  modulus  is  also 
reduced  at  stresses  above  that  at  which  the  interface 
separates. 
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Fig  1  SF.M  cross  sections  of  several  of  ihe  cotnpt'siies  processed  by  squeere  casting  ta)  Conventional 
casiing,  (h)  casting  into  a  fiber  perfonri  with  StC  particulates  on  the  fibers  revealing  supenor  fiber 


homogeneity 
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composue  lo  ihe  propcrtic'  of  Lhe  fibers,  the  mtitriv 
and  the  interlace  For  this  purpose  composites  con¬ 
sisting  of  Ai-O,  fibers  in  .Al  allot  matrix  hate  been 
produced  and  tested.  An  understanding  of  the  behav¬ 
ior  of  such  composites  is  dominated  b>  three  factors 
(i)  The  m  situ  flow  strength  of  the  matrix,  (iit  the 
in  situ  fiber  strength  and  liiil  the  strain  concentration 
transmitted  from  a  failed  fiber  to  the  neighboring 
fibers. 

2.  M.ATERIALS 

Appreciable  pnor  e.xpenence  with  Al  matrix 
composites  produced  by  squeeze  casting  has  been 
used  to  identify  systems  that  have  supposedly  well- 
characterized  matrix  and  fiber  properties  [fi.  14-16) 
A  solution  strengthened  matrix  of  Al  4  wt  "  o  Mg  has 
the  attributes  that  composites  can  be  produced  by 
squeeze  casting  without  extensive  Mg  segregation  to 
the  interface  [8].  Thi  leads  to  a  matrix  with  a 
relatively  well-defi’  w  strength  and  good  duct¬ 
ility,  To  provide  contrasts  in  matrix  properties,  pure 
Al  and  a  2124  alloy  were  also  used.  The  fibers  used 
were  FP-AbO,  provided  by  DuPont. 

Preliminary  composite  processing  studies  revealed 
that  squeeze  casting  resulted  in  an  inhomogeneous 
fiber  distribution  [Fig.  1(a)].  Superior  homogeneity 
was  achieved  by  first  drawing  the  fibers  through  a 
slurry  containing  fine  particulates  of  either  Al-O.  or 
SiC.  The  attached  particulates  inhibit  fiber  contact 
during  subsequent  processing  and  allow  materials  to 
be  processed  with  supenor  spatial  homogeneity  and 
having  fiber  volume  fractions  between  0.3  and  0.5 
[Fig.  l(b)].  Most  of  the  mechanical  property  investi¬ 
gations  have  been  on  materials  processed  in  this 
manner.  The  two  materials  subject  to  comprehensive 
testing  have  the  microstructural  and  constituent 
characteristics  summarized  in  Table  1. 

3.  TEST  PROCEDURES 

Mechanical  measurements  have  been  made  in  ten¬ 
sion.  flexure  and  shear.  Comprehensive  studies  were 
conducted  in  flexure  on  beams  with  faces  carefully- 
polished  to  minimize  surface  damage  from  machin¬ 
ing.  In  these  studies,  strain-gauges  were  bonded  to  the 
tensile  and  compressive  faces,  as  needed  to  measure 
both  the  longitudinal  and  transverse  strains.  The 
tension  tests  were  performed  on  specimens  with 
a  reduced  area  in  the  gauge  section  produced  by 
diamond  machining  followed  by  polishing.  A  strain 

_ _ Table  I  Propenies  of  comtituentb _ 


Ft/fers 

£)-340GPa 
m  ^  6.5 

.S,  =  1  7GPa  for  /.,.  =  ()0:5m 

Ma/ncfs 

AL4»/.  Mg 

TOGPa 

Al 

=  70GPa 

Al (21241 

£„=  70GPa 

P/2  P/2 


p/2  P/2 


At  alloy 


Fig  2.  Specimens  used  for  shear  lesling  (dimensions  are  in 
mm),  (al  A  notched  beam  under  asymmetric  a  poini  flexure, 
(b)  angles  used  to  define  fiber  onenlation  and  to  a  diffusion 
bonded  shear  specimen 

gauge  was  used  to  measure  the  strain  in  the  gauge 
section. 

The  shear  properties  of  the  composites  are  assessed 
by  using  a  notch  shear  specimen  adapted  from  the 
losipescu  test  [17.  18],  This  test  concentrates  the  shear 
deformaiion  in  the  reduced  section  between  the 
notches  and  allows  approximate  determination  of  the 
shear  flow  strength  from  the  load  and  the  cross 
section.  The  dimensions  of  the  specimen  and  loading 
configuration  are  given  in  Fig.  2(a).  A  strain  gauge 
(gauge  length.  0.6  mm)  was  attached  to  the  reduced 
section,  with  an  angle  of  45  to  the  loading  direction. 
Tests  have  been  conducted  with  fibers  aligned  both 
parallel  and  normal  to  the  notches,  herein  referred 
to  as  transverse  shear  (di  =  90  ,  fl  =  0  or  90  )  and 
longitudinal  shear  (0  =  0  .  d  =  90  ).  respectively,  as 
defined  in  Fig.  2(b), 

Information  regarding  the  shear  strength  of  the  Al 
mainx  has  been  obtained  by  devising  the  shear  test 
depicted  in  Fig.  2(c).  In  order  to  perform  thi.s  test, 
thin  stnps  of  the  alloy  used  to  prepare  the  composite 
matrix  were  solid-state  diffusion  bonded  between 
plates  of  high-puniy  sintered  Al-O,.  This  resulted  m 
a  body  consisting  of  a  thin  layer  of  matrix  (  ~  50  ;im) 
between  AI.O,.  similar  in  characteristics  to  the 
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Fig  3  Tensile  stress-sirair  curves  obiainevl  in  loncuudmal 
tension 


Fig  5  Lop.cuudinai  vircvv  sitain  curves  measured  ir.  lour 
poim  flexure  The  siressev  were  calcuialcd  from  elasiic  beam 
theorv 


matrix  between  the  fibers  in  the  composite  The 
bonded  system  was  tested  in  shear  with  the  shear 
displacement  monitored  using  a  displacement  gauge 
located  adjacent  to  the  bond  plane 

Observations  of  the  materials  have  been  made 
using  optical  and  scanning  electron  (SEM)  micro¬ 
scopes,  both  in  stfu  and  after  testing,  with  the  obiec- 
tive  of  identifying  the  damage  processes  and  the 
failure  sequence. 

4.  MEASUREMENT  AND  OBSERVATIONS 
4. 1.  Longitudinal  properties 

Typical  stress-strain  curves  obtained  in  longi¬ 
tudinal  tension  are  summarized  in  Fig.  3.  Trends  in 
longitudinal  elastic  modulus  with  fiber  volume  frac¬ 
tion  are  plotted  on  Fig.  4.  The  ultimate  strengths  are 
found  to  be  sensitive  to  flaws  introduced  during 
specimen  preparation.  Only  data  for  nominally  flaw- 
free  material  have  been  presented  in  Fig.  3.  There  are 
several  noteworthy  features  The  curves  exhibit  only 
slight  non-linearity  prior  to  failure.  Larger  strengths 
are  obtained  with  the  Al-4  Mg  alloy  matrix  com- 
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Velum*  Fraction  Of  R»inforc»m»nls.  Ii 

Fig  4  Trends  in  Young's  modulus  with  fiber  volume 
fraction.  Also  shown  are  predicted  lines  for  Ef  =  340  GPa 


pared  with  the  pure  Al  matrix  These  arc  significani 
efiects  of  liber  volume  fraction 

The  two  matrices  gave  very  different  characteristics 
in  flexure.  Materials  with  the  Al  4wt°o  Mg  matrix 
exhibited  slight  non-linearity  up  to  the  ultimate  load, 
with  failure  initiating  by  fracture  from  the  tensile 
face  of  the  specimen  (Fig.  5)  Conversely,  materials 
with  a  pure  Al  matrix  exhibited  extreme  non-lincar- 
ity.  with  extensive  matnx  deformation  occurring  by- 
shear  between  the  inner  and  outer  loading  points. 
No  attempt  was  made  to  interpret  the  information 
obtained  from  the  latter. 

The  dominant  influence  of  the  fibers  on  the  longi¬ 
tudinal  properties  suggests  that  it  would  be  insightful 
to  make  comparisons  with  the  stress  normalized  by 


EqiWTrTVfUl  I  PrKMwW 

n*ui>  I 
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Fiber  Volume  Fraction,  I, 

Fig  6  Normalized  ultimate  tensile  strength  as  a  function  of 
fiber  volume  fraction.  Also  shown  are  curves  predicted  using 
fracture  mechanics  model  (equation  11(b)] 


Poisson  s  Ratto 
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Axial  Strain  (%! 

Fig  “  Relationship  between  transverse  and  axial  strains 
(Poisson's  ratio)  measured  upon  tensile  testing  of  longitudi¬ 
nal  specimens 

the  fiber  volume  fraction,  /.  Accordingls,  the  normal¬ 
ized  strength  a^  f  is  found  to  be  insensitive  to  fiber 
volume  fraction  (Fig.  6),  but  appreciably  larger  for 
composites  with  AI-4  Mg  than  Al  matrices. 

Simultaneous  measurements  of  the  longitudinal 
r,,  and  transverse  f--  strains  subject  to  longitudi¬ 
nal  loading  revealed  that  the  Poisson's  ratio. 
V|,  =  —  varied  monotonically  from  an  initial 

value  V|: 0.25  to  a  final  value  at  the  ultimate 
strain,  v,;  =  0.4  (Fig.  7).  Such  characteristics  are 
in  accordance  with  the  trend  expected  when  there  is 
no  significant  dilatation  caused  by  reinforcement 
cracking. 

Observations  of  fracture  surfaces  indicate  planar 
regions  with  intervening  steps  (Fig.  8).  The  planar 
regions  appears  to  relate  to  fiber  bundles  having 
locally  high  fiber  concentration.  The  plastic  stretch 
of  the  intervening  matrix  (Fig.  9(a)]  is  about  equal 
to  the  intrabundle  fiber  spacing.  In  circumventing 
regions  nearly  devoid  of  fibers,  debonding  occurs 
at  the  bundle  perimeter,  leading  to  a  substantially 
larger  plastic  stretch  [Fig.  9(b)].  These  locations 
coincide  with  the  steps,  evident  in  Fig.  8,  manifest 
as  changes  in  the  level  of  the  fracture  plane  by 
several  fiber  diameters.  In  those  materials  pro¬ 
cessed  with  particulates,  plastic  failure  of  the  matrix 
involves  hole  nucleation  and  growth  from  the 
particulates  (Fig,  9(c)].  In  consequence,  the  plastic 
stretch  of  the  matrix  is  reduced  and,  on  average, 
is  about  half  that  for  the  materials  without 
paniculates. 

4.2.  Transverse  and  shear  properties 

The  transverse  properties  measured  in  tension  are 
summarized  in  Fig.  10,  Also  shown  for  reference 
are  the  properties  of  particulate  reinforced  Ai  and 
Al/4  Mg  matrices  (14-16],  Trends  in  transverse  elastic 


tSuch  behavior  contrasts  with  the  substantial  dilatation  that 
occurs  in  certain  Al  alloy  matnx  materials  with  discon¬ 
tinuous  reinforcements  (14. 15J. 
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Fig.  8  SEM  micrographs  showing  the  roughness  of  tensile 
fracture  surfaces  of  (A)  Al  4  Mg.  (  =  044,  (B)  AI4Mg. 

/■-0..T  (C)  Al,  /  =  0  .t 
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Stres-'  sinun  cur\,."i  obuiincU  on  nowhcj  shear 
Npt'LjmeriN  I  Fie.  I2i  iniiieale  ihc  same  ircn^i.*^  re\L’aFeu 
in  the  iranssersc  tt■n^lon  lest-.,  uiih  strength  increas¬ 
ing  in  the  oreic!  .At  Al  4  My  —  2124  There  ate 
siynuiean!  differences  bciueen  the  iwi'  liber  orien¬ 
tations.  v\uh  the  loneiiadinal  shear  e'neniations  henry 
the  sironyes;  On  iraciitre  surfaces  associated  with  the 
ioniinuduht!  sIulii  specimen,  fiber  spiitliny  and  bend¬ 
ing  (indicated  b\  arrows  in  FTy.  1,'i.AiI  occur  adtacem 
to  areas  hasiny  lovs  liber  ci'ntcnt.  Fsir  the  inin\iir\i 
M'li-cir  specimen,  failure  s'ceurs  b>  shear  localisation  in 
the  mains  between  libers  [F'ly  I.'iBi) 

•4..'.  ftiiiptrucs 

The  shear  tests  conducted  on  .specimens  diffusion 
bonded  with  .Al  [F'ic.  2(cl]  case  the  shear  stress 
strain  curve  indicated  on  Fiy  14.  The  non-lincar 


Fig  R(h) 


Fie  'll  cl 


Fig  9  SEM  views  of  the  fracture  surface  of  specimens  lested 
in  longitudinal  tension  (al  Materia!  wiihoui  panicuiates  in 
a  region  having  a  high-fiber  concern  ration  reu-almg  the 
plastic  stretch  of  the  matris  and  the  goiid  interlace  hi'nding 
(b)  Same  material  as  tal  but  m  a  region  with  iow  fiber 
concentration,  indicating  the  greater  plastic  stretch  of  the 
matrix  and  some  debonding  ici  Material  coniatniny  SiC' 
particulates  indicating  good  interlace  bonding  and  holes  m 
the  malri.x  cau,scd  b\  the  panicuiates  that  reduce  the  plastic 
stretch 


deformation  was  localized  to  the  thin  metal  lasers 
and  failure  occurred  b>  ductile  hole  nucicaiion  and 
growth  from  the  interfaces. 

Microhardness  tests  conducted  on  the  composites 
with  indentations  introduced  into  matrix  regions 
Jeroid  oi  fiben.  gave  Vickers  hardnesses,  //.  of 
760  ±  20.  5.70  +  .70  and  175  70  MPa  for  matrices 

of  the  2124  allov.  .Al  4  Mg  and  ,AI.  respectivciv 
Estimates  of  the  matrix  flow  strength,  rf  tat  a  strain 
of  ~7®o)  ma>  be  made  using,  b  ?''  tscc 
Fig.  16). 

.t.  SOME  RELATEI)  mechanics  AND 
STATISTICS 

5./.  TriuMcrsc  thm  sirfiiprii 

Continuum  plastieilv  calculations  provide  a  means 
of  simulating  the  plane  strain  tranu  i  r\<'  delormation 
of  unidirectional  composites  [12.  1?)  Such  calcu¬ 
lations  predict  a  substantial  influence  of  the  spatial 
arrangement  of  fibers  on  the  flow  strength  Results 
obtained  using  iwo  different  methods  are  summarized 
on  Fig  15(a).  where(n  the  strength,  bii  ).  is  normal¬ 
ized  b\  the  flow  strength  of  the  matrix  nii  )  al  ihc 


Fig  II  SEM  views  of  fraciurc  surface  associaicd  «uh 
transverse  tensile  testing  lAl  Low  paniculate  content 
(Bi  Htph  puriiculjie  content 

arc  predictions  based  on  selC-consisicnt  method  (21) 
Both  methods  appear  to  ytcid  similar  strengths.  Other 
fiber  arrangements  give  lower  strengthening  factors 
Comparisons  with  experimental  measurements, 
described  below,  provide  insight  about  the  spatial 
arrangement  having  the  most  practical  relevance 
To  raciliiuic  interpretation,  it  is  noted  that  for  the 
particulate  reinforced  composite  rflD  can  also  be 


Strain  /%) 

Fiu  1(1  (a,  b.c)  Transverse  tensile  stress  strain  curves  com¬ 
pared  vsiih  curves  for  the  same  matrices  reinforced  with 
U/<m  .SiC'  panicutales  Also  shown  arc  transverse  flow 
curves  calculaled  as  described  in  the  lest 


equivalent  strain  Corresponding  stress  strain  curves 
are  plotted  on  Fig.  15(b)  The  numerical  calculations 
have  been  conducted  with  periodic  boundurv  con- 
diiions  using  a  Ram  berg -Osgood  power  hardening 
constitutive  law  for  the  matrix  [20] 

I  ~  (I  E  +  0,.)"  (I  I 

where  n,,  is  yielded  strength,  i,,  is  the  yield  strain. 
n  IS  the  hardening  coefficient  and  i  %  7,  Also  show  n 


33,  j 


Fig  \2  Shciu  stress  strain  curves  {^blamed  using  notched 
specimens 
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Fig.  13.  SEM  views  of  fracture  surface  associated  with 
the  asymmetric  4-poim  flexure.  (A)  Longitudinal  shear 
(♦  =  0  ,  g  =90  ),  (B)  Transverse  shear  (<p  =  90  .  H  =  0  ). 
The  loading  direction  is  the  same  in  both  cases. 


approximately  expressed  in  Ramberc- Osgood  form 
(13] 

<■  =  (f  £' -i- (7^)'  (2) 

where  E  is  the  elastic  modulus  of  the  composite  and 
On  is  ibe  reference  strength,  which  depends  on  n.  f  ana 
spatial  arrangement. 

5.2.  Longitudinal  strengths 

For  composites  with  interfaces  that  resist  debond- 
ing  (typical  of  the  materials  tested  in  this  study),  the 
longitudinal  strength  is  dominated  by  the  behavior 
around  cracked  fibers.  When  the  fibers  arc  either 
relatively  closely  spaced  or  the  matrix  has  a  high  yield 
strength,  an  appreciable  stress  conecniration  for  a 
failed  fiber  is  transmitted  to  ils  neighbors  (3)  This 
leads  to  coordinated  fiber  fracture  and  an  ultimate 
strength  controlled  by  crack  extension  Conversely, 
when  either  the  fiber  spacing  is  large  or  the  mairi.x 
yield  strength  is  low.  such  that  the  stress  concen¬ 
tration  is  dissipated  by  matrix  slip,  the  fibers  may 
be  treated  as  statistically  independent  entities.  leading 
to  an  ultimate  strength  governed  by  probabilistic 
considerations  (1-6). 


tThe  slip  length,  is  given  by  I  -  KiS,  2x).  where  S,  is  the 
stress  on  the  fibers  at  the  composite  ultimate  strength  (6j. 
For  this  composite.  /  is  found  to  be  ^  1 00 pm.  which  is 
small  compared  with  the  gauge  length  (L,  ?  6  mm). 


Fig.  14  Shear  stress  strain  curse  obtained  on  an  Al 
diffusion  bonded  specimen 


For  conditions  wherein  the  stochastic  model 
applies,  multiple  cracking  of  the  fibers  is  possible 
whcneier  the  slip  length  /+  is  small  compared  with  the 
specimen  gauge  length  L,.  because  shear  load  transfer 
occurs  from  the  matrix  around  fiber  fracture  sites  [6] 
The  associated  shear  resistance  t  is  governed  by  the 
matrix  shear  strength,  x  =  c„  ^  3.  For  this  case, 
the  ultimate  strength  can  be  related  to  the  fiber 
strength  S^.  as  dictated  by  the  underlying  statistical 
properties  of  the  fibers,  in  accordance  with 

<^o  +  () -/rlon  (3) 


la) 


Volume  !, 


ib) 


Fig  15  (a)  Calculated  transverse  flow  strengths  as  a  func¬ 
tion  of  fiber  volume  fraction,  (b)  Calculated  transverse 
stress-strain  curves  (normalized  by  the  matnx  yield  stress 
and  strain). 
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with  .V  are  gucn  b>  |6J 

S  =  5, 

where  S',,  and  L.  are  scale  parameters  and  m  is  the 
shape  parameter  associated  with  the  fiber  strength 
distribution  (Tabic  1)  and  R  is  the  fiber  radius  Note 
that,  in  this  limit.  ,V  is  independent  of  gauge  length. 

When  fiber  fracture  involves  stress  concentration 
effects  from  neighboring  failed  fibers,  analysis  of  the 
ultimate  strength  requires  a  stress  concentration 
model,  as  well  as  a  composite  fracture  criterion.  Such 
analyses  have  previously  used  a  numerical  simulation 
to  evaluate  the  fiber  failure  probabilities  [3).  Their 
general  implication  is  that  a  transition  in  ultimate 
strength  occurs,  such  that  fracture  mechanics  con¬ 
siderations  become  increasingly  important  at  larger 
values  of  r  and  /.  Consequently,  an  approach  based 
on  fracture  mechanics,  suggested  by  a  companion 
study  [22].  is  used  to  provide  useful  insight  when 
composite  failure  involves  the  coplanar  failure  of 
fibers  (Fig.  8).  The  crack  growth  resistance  Ar  of  the 
material  for  relatively  small  crack  extensions.  Z..  is 
given  by  [22] 

ARaA„-F2  /-r<r„(l -/f)VA  (5) 

v 


2:1, 


/?S„(m  --  2) 


('^1 


(4) 


where  x  is  a  constraint  factor  (of  order  2.5)  and  Ao  is 
the_fracture  resistance  of  the  fibers,  (Aotfe3MPa 
m).  The  stress  intensity  factor.  A,  for  a  circular 
crack  large  compared  with  the  fiber  diameter  is 

A  =  -4=eV“  (6) 

v" 

when  a  is  the  crack  radius  and  <r  is  the  imposed  stress. 
For  a  small  crack  uir/iin  a  single  fiber,  the  elevation 
of  the  stress  caused  by  the  high  modulus  of  the  fiber 
is  important,  such  that 


A=:~ff^'a(£r/£).  (7) 

Vtt 

For  a  crack  growing  out  of  a  single  fiber,  radius  A, 
interpolation  between  equations  (6)  and  (7)  gives 


A  =  — (vi +A -f  (8) 

where  a  =  L  +  A  and  /.  is  a  coefficient  that  reflects 
stress  elevation  effects  given  by, 

;.  =  (£r  -  £)/£■■ 


Equating  A  to  for  crack  growth  gives 


where 


^  vn;2  +  v^IoV^/ 
.y'T  +  /  +  y. 


(9) 


I  =  o v'^/Ae,  To  =  -/t)'^o 


and  /  =  /.  A  The  fracture  instability  is  given  by  the 
criterion 


dAj(  dA 

'dT  "  dl 


(10) 


subject  to  Ar  =  A  Dift'creniiaiing  equations  (5)  and 
(8)  and  equating  [with  S  given  by  equation  (9)1  leads 
to  a  solution  for  the  ultimate  strength,  which  occurs 
at  a  crack  extension 


L.  ^  B-  AC 

T  '  A 


(11a) 


where 

A  =  ;,-(i  -/.-)i--^(i  -^/'i 
8—  (■, 


The  ultimate  strength  is  then  given  by  substituting  /» 
into  equation  (9) 

o,  =  ~l(U)  (lib) 

V  A 

6.  PROPERTY  ANALYSIS 
6.1.  £lastic  properties 

The  expected  longitudinal  elastic  properties  of 
the  composite.  £  =/,£,  +  (!  -/()£„.  based  on  the 
reported  properties  of  the  fibers  and  the  matrix 
(Table  1)  do  not  agree  with  the  present  experimental 
measurements.  The  most  feasible  interpretation  of 
the  discrepancy  is  that  the  fibers  have  a  lower 
modulus  than  expected.  The  inferred  fiber  modulus 
is  £,  =  340GPa  (Fig.  4).  Using  this  value  for  £,. 
the  transr'‘’rs<’  elastic  modulus,  is  predicted 
using  (23) 


and  y  is  a  parameter  dependent  on  the  geometry  and 
spatial  arrangement  of  the  reinforcements.  Agree¬ 
ment  between  measurements  and  predictions  (Fig.  4) 
requires  that  C  %  2:  the  value  associated  with  a  square 
array  of  continuous  fibers  [23].  A  similar  conclusion 
regarding  the  relevant  spatial  arrangement  of  fibers 
is  reached  when  the  transverse  flow  properties  are 
addressed,  as  elaborated  below. 

6.2.  Transverse  and  shear  properties 

The  transverse  and  shear  stress-strain  curves  for 
the  three  different  matrices,  as  well  as  the  curves  for 
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the  pariieulaie  reinforced  maierials.,  are  qualitatively 
consistent  «nh  the  continuum  calculations.  \oiabl>. 
the  composite  strength  increases  as  both  the  matrix 
strength  and  the  reinforcement  \olumc  fraction 
increase  .AdditionalK.  the  transverse  and  shear  prop¬ 
erties  are  consistently  related  to  each  other  by  a 
factor.  3.  in  good  accordance  with  the  Mises 
criterion  However,  more  detailed  analysis  reveals 
discrepancies  For  rational  assessment  of  these  dis¬ 
crepancies.  further  diagnosis  of  the  material  proper¬ 
ties  reflects  the  concern  that  the  matrix  properties  in 
ihf  composne  often  differ  from  those  associated 
within  the  monolithic  matrix.  Consistency  is  thus 
sought  between  the  properties  of  the  composites 
1  paniculate  and  fiber-reinforced),  and  the  in  .uiu 
matrix  properties  assessed  from  the  hardness 

For  the  Al  and  Al  4  Ms  systems,  the  experimental 
curves  for  the  paniculate  composites  [15.  16]  are  first 
fitted  to  equation  (2)  to  evaluate  the  hardening 
exponent,  n.  and  the  composne  reference  strength  . 
Then.  Oy,  is  used  to  determine  the  matrix  reference 
strength,  o-,,.  using  a  procedure  described  elsewhere 
[13],  leading  to  the  calculated  matrix  strengths  plotted 
on  Fig.  1 6.+  (Note  that  the  Al  matrices  exhibit  the 
largest  work  hardening  but  the  lowiest  yield  strength.) 
Thereafter,  the  matnx  properties  (determined  in  this 
manner)  are  used  to  predict  the  transverse  properties 
of  the  fiber  composites,  using  the  maximum  strength¬ 
ening  ratio  predicted  from  either  finite  element  or 
self-consistent  calculations  (Fig,  15), 

Inspection  of  the  results  (Figs  10  and  16)  estab¬ 
lishes  the  following  factors  for  the  three  respective 
matrices,  (i)  The  Al  matrix  composites  exhibit  com¬ 
plete  consistency  between  the  flow  properties  of  the 
two  composites  as  well  as  the  matrix  properties 
determined  either  by  hardness  measurements  or  by- 
shear  tests.  However,  the  matrix  flow  strength  is  larger 
than  that  usually  attributed  to  bulk  Al  [Fig.  16(a)]. 

(ii)  For  Al;4  Mg  matrix  composites,  the  matrix  flow 
properties  ascertained  from  the  particulate  composite 
and  from  hardness  measurements  are  similar  to  the 
properties  of  the  bulk  alloy  (Fig.  16).  However,  the 
transverse  properties  measured  on  the  fiber  com¬ 
posites  are  appreciably  larger  than  the  predictions. 

(iii)  Materials  with  2124  matrices  exhibit  consistency 
between  hardness  measurements  and  the  bulk  matrix 
properties,  as  well  as  the  calculated  transverse  flow 
strength. 

Two  principal  discrepancies  emerge  from  the  above 
analysis  (i)  The  matrix  in  the  Al  alloy  composite 
is  anomalously  strong,  (ii)  The  transverse  strength 
of  the  Al  Mg  composite  is  anomalously  high.  These 


+For  the  2124  matrix  composites,  since  particulate  com¬ 
posite  data  were  not  available,  the  flow  strength  of  the 
monolithic  matrix  was  used  to  calculate  the  composite 
transverse  strength. 

^Contrary  to  some  previous  assertions,  residual  stress  effects 
caused  by  thermal  expansion  mismatch  cannot  account 
for  the  observed  behavior  because  such  effects  are  elim¬ 
inated  al  strains.  <  a  3~5<o  (24). 


Fig.  16.  Comparison  of  measured  and  calculated  matrix 
stress-strain  curves.  Also  shown  are  stress  strain  curves  for 
the  bulk  malnces  as  well  as  the  matnx  flow  strength  inferred 
from  hardness  measurements 

discrepancies  may  be  addressed  through  the  follow¬ 
ing  considerations.  Composite  matrices  can  be 
strengthened  in  two  ways.J  Firstly,  reaction  with  the 
reinforcements  plus  contamination  may  lead  to  either 
solute  or  precipitation  hardening.  Secondly,  gram 
and  dislocation  cell  evolution  during  processing  may 
involve  interactions  with  the  reinforcements,  result¬ 
ing  in  Hall-Petch  strengthening.  Related  studies  [25] 
suggest  the  latter. 

It  is  concluded  that  the  spatial  distributions  of 
fibers  giving  the  highest  transverse  and  shear  strength¬ 
ening  levels  appear  to  be  most  applicable  to  these 
composites,  as  also  found  above,  for  the  transverse 
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cUi'tK-  properties  The  absence  of  preferred  shear 
planes  that  mieht  cause  diminished  levels  of  sirencth- 
enme  [12)  is  interred,  even  though  transverse  failure 
involves  shear  localization.  A  further  implication  is 
that  cell  calculations  based  on  regular  arrangements 
of  tibers  provide  a  reasonable  simulation  of  the 
behavior  found  in  actual  composites. 

o..'.  l.cinviUHliitiil  iirensili 

One  of  the  difticulties  in  the  analvsis  of  the  longi¬ 
tudinal  properties  concerns  the  in  siiii  strength  of 
the  fibers.  Fracture  mirror  measurements  (which 
can  he  u.sed  for  this  purpose  (26))  have  not  been 
successful  for  FP-AFO-,  fibers.  ConsequentK.  litera¬ 
ture  data  (2^)  are  used  to  estimate  the  fiber  proper- 
ites  iTable  1).  On  this  basis,  the  prohahili.'iiiL  failure 
mode!  for  non-inieracting  fibers  (equation  t?)] 
predicts  ultimate  strengths  fT„/ it  2-2,5.  appreci- 
ablv  in  e.vcess  of  measured  values  (Fig.  6)  The 
invalidity  of  the  model  ts  consistent  with  the  co¬ 
ordinated  nature  of  the  fiber  failures  as  manifest  in 
the  relaiivelv  planar  intrabundle  failure  (Fig.  8). 
.Accordingly,  the  predictions  based  on  a  crack 
extension  mechanisni  (equation  (11)]  obtained  by 
assuming  that  a  single  fiber  acts  as  the  initial  flaw 
(Fig,  61.  arc  appreciably  closer  to  the  measured 
values.  However,  the  corresponding  extent  of  crack 
growth  prior  to  failure  is  only,  L,  t  0.5R.  A  more 
complete  attempt  at  predicting  the  longitudinal 
strength,  using  more  information  about  intra- 
bundle  fiber  spacing,  is  made  in  a  companion 
paper  (22).  However,  a  rigorous  model  may  require 
statistical  consideration  of  the  cracking  of  the 
nearest  neighbor  fibers,  including  the  explicit  of 
matrix  deformation  around  a  failed  fiber. 


7.  CONCLUDING  REMARKS 

The  results  of  the  preceding  study  have  provided  a 
comprehensive  comparison  between  expenmenl  and 
theory  on  the  mechanical  properties  of  unidirectional 
metal  matrix  composites  with  well-bonded  fibers.  In 
general,  the  transverse  and  shear  properties  are  in 
good  accordance  with  elastic  and  elastic  plastic 
strengthening  levels  predicted  from  cell  calculations, 
provided  that  consistent  values  of  the  in  situ  proper¬ 
ties  of  the  matrix  and  fibers  are  used.  In  some  cases, 
the  III  situ  properties  dififer  from  those  of  the  constitu¬ 
ent  materials  ex  situ,  because  of  various  effects  that 
occur  during  processing.  Consequently,  the  use  of 
ex  siru  properties  typically  lead  to  erroneous  con¬ 
clusions  about  the  comparisons  between  theory  and 
experiment. 

The  ultimate  strengths  and  ductilities  in  transverse 
tension  have  not  been  explicitly  addressed.  The  obser¬ 
vations  have  revealed  that  fracture  occurs  by  duc¬ 
tile  mechanisms  operating  in  the  matrix,  with  voids 
being  nucleated  at  both  of  the  fiber  interface  and  at 
particulates  in  the  matrix,  A  strength  and  ductility 


model  would  involve  an.ilvsi-  ol  the  nuelt-.iiion  .mo 
coalescence  of  thc^c  void-  vviihii;  the  rcLiiive!'.  L.re, 
hydrostatic  tcn:>ilc  lick;  th.it  develop-  iis  the  m.i'.riv 
and.  indeed  cause-  the  Iraiisver-e  -trc/iglhcninc  [l.'-i 
•Analvsis  of  the  iongitiidina!  propcrtie-  h.i- 
esiablished  that  fiber  intcractiop.s  arc  involved  ir 
the  failure  process.  Ie.idinc  to  an  uliiiii.ile  strcngtii 
governed  by  flaw  pr<ipag.iIion  within  tibci  buiKiics 
Consequently,  the  strengths  are  sensitive  to  tiber 
damage  that  occurs  during  processing  .md  macliin 
ing.  Effects  of  fiber  volume  traction  and  mains  flt'vv 
strength  are  broadly  consistent  with  simpiiiicj 
model  based  on  the  crack  extension  iiistahiiiiy 
Some  general  results  applicable  ti'  metal  mains 
composites  with  a  relatively  large  volume  tractum  of 
well-bonded  fibers  emerge  from  the  preceding  discus¬ 
sion  Well-bonded  fibers  in  ductile  matrix  composites 
lead  to  high  sliflness  and  fion  sirength.  relative  to  the 
matrix,  in  longitudinal  and  transverse  tension,  as  well 
as  in  shear  The  longnuciouil  lailtire  properties  im  oh  c 
flaw  propagation  within  fiber  bundles,  leading  to 
relatively  low  failure  strains,  which  are  also  sensitive 
to  processing  and  machining  damage  Tranoeix^ 
failure  involves  ductile  fracture  in  the  mains,  hut 
also  occurs  at  relatively  low  strains  because  of  high 
hydrostatic  stress  in  the  matrix  coupled  with  void 
nucleation  at  the  fiber  matrix  interface 
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THE  MODE  I  FRACTURE  RESISTANCE  OF 
UNIDIRECTIONAL  FIBER-REINFORCED  ALUMINUM 
MATRIX  COMPOSITES 

H.  C.  CAO.  J.  VANG  and  A.  G.  EVANS 

Materials  Department.  College  of  Engineering.  Lnisersii>  ol  California. 

Santa  Barbara.  C.A  9?l06-5050.  U.S-.A 

(ReceneJ  16  Decemhtr  1991} 

Abstract— The  mode  I  fracture  resistance  has  been  measured  for  .Al  and  .Al  4  Mg  matrix  composites, 
unidirectionallv  reinforced  with  ceramic  fibers,  prepared  using  a  squeeze  casting  technique.  Effects  of  SiC 
particle  additions  have  also  been  investigated  The  .Al  4  Mg  system  had  ^  high  toughness,  whereas  the  Al 
matrix  system  had  a  relatively  low  fracture  resistance  In  all  cases,  the  addition  of  pariiculales  slightly 
decreased  the  resistance  to  crack  growth  The  fracture  resistance  was  simulated  b>  a  ductile  bridging  model 
with  plastic  dissipation  occurring  within  a  zone  governed  by  the  fiber  spacing  The  tensile  strength  of  these 
composites  has  been  estimated,  based  on  the  resistance  behavior  and  microstructure 

Resume — La  resistance  a  la  rupture  du  mode  I  a  ele  mesuree  pour  des  composites  a  malrice  d'alumimum 
et  a  matrice  d‘a!umin!um-4'’/ii  magnesium,  renforc^  dans  une  direction  avec  des  fibres  ceramiques  et 
elabores  a  partir  d  une  technique  de  coulee  sous  pression.  On  a  etudie  egalemeni  I'effet  d  addilions  de 
particules  de  SiC.  Le  systeme  AI  A  Mg  presente  une  resistance  elevee.  alors  que  Ic  systeme  a  malnce  Al 
prcscnle  une  resistance  a  la  rupture  relativement  faible  Dans  tous  Ics  cas.  faddiiion  de  particules  abaisse 
un  peu  la  resistance  a  la  croissance  des  fissures  On  a  simule  la  resistance  a  la  rupture  a  l  aide  d  un  modcle 
de  pont  ductile  avec  dissipation  plastique,  actif  a  rinterieur  d’une  zone  regie  par  I'espacemenl  des  fibres 
On  a  estime  la  resistance  a  la  traction  de  ces  composites  en  se  basanl  sur  la  resistance  a  la  rupture  et  sur 
la  microstructure. 

Zustmmenfassung — Der  Widerstand  fiir  Mode-l-Brucb  wird  an  Verbundwerksioffen  mil  Matrix  Al  oder 
Al  4  Mg.  genchtet  verslarkt  mit  keramischen  Fasem  und  hergestelU  mil  dem  Quetsch-GuB-Verfahren. 
gemessen  AuOerdem  wird  der  EinfluB  von  SiC-Zugaben  unlersuchi.  Das  System  mit  Al  4  Mg  wies  eine 
hohe  Harle  auf.  dagegen  halle  das  System  mit  AI-Matrix  einen  vergleichsweise  genngen  Bruchwiderstand. 
In  samllichen  Fallen  verringerle  die  Zugabe  von  Teifchen  ein  wenig  den  RiCausbreilungswidersland.  Der 
Bruchwiderstand  wird  simuliert  mit  einem  duktilen  Oberbruckungsmodell.  bei  dem  innerhalb  einer  vom 
Faserabstand  bestimmten  Zone  plastische  Dissipation  auftntt.  Die  Zugfestigkeit  dieser  Verbundwerkstoffe 
wird  abgeschatzt  auf  der  Grundlage  des  Widerstandsverhaliens  und  der  Mikrosiruklur. 


I.  INTRODUCTION 

The  fracture  resistance  of  composites  that  consist  of 
one  brittle  and  one  ductile  constituent  has  been  the 
subject  of  extensive  recent  research  [1-61.  The  systems 
investigated  include  ceramics  and  intermetallics  re¬ 
inforced  with  metals  and  alloys  [1-5].  as  well  as 
layered  materials  [5-7]  and  metal  matrix  composites 
[8.  9],  Various  cracking  behaviors  have  been  ident¬ 
ified  [10].  The  present  article  provides  a  contribution 
to  this  topic  by  investigating  the  mode  I  fracture 
resistance  of  metal  matrix  composites  (MMC)  con¬ 
sisting  of  Al  alloy  matrices  reinforced  with  continu¬ 
ous  ALO,  fibers  [11,12].  This  system  typifies  an 
MMC  with  a  well-bonded  interface  (10,  13). 

The  mode  1  fracture  behavior  of  materials  with 
one  brittle  and  one  ductile  constituent  is  seemingly 
insensitive  to  the  morphology  of  the  constituents.  The 
interpretation  and  prediction  of  the  fracture  resist¬ 
ance  is  essentially  the  same  for  brittle  matrices  re¬ 
inforced  with  metals  [1-5],  layered  materials  [5-7]  and 
metal  matnces  reinforced  with  brittle  fibers.  Notably, 


the  fracture  resistance  in  excess  of  that  for  the  brittle 
constituent  derives  almost  entirely  from  plastic  dissi¬ 
pation  in  the  metal.  The  dissipation  is  found  to  be 
reflected  in  the  magnitude  of  a  parameter, 

(1.2.  14]:  where  tr^  is  the  flow  strength  of  the  metal, 
/„  its  volume  fraction  and  u  the  plastic  stretch 
between  the  crack  faces.  The  plastic  stretch  is,  in  turn, 
strongly  influenced  by  the  ductility  of  the  metal,  as 
well  as  debonding  tendencies  at  the  interface  [2,6]. 
For  systems  involving  combinations  of  Al  with 
ALO,.  which  c.xhibil  gOcU  bond.r.g  sr.i  metal 
ductility  [11. 13].  it  has  been  found  that  the  stretch 
may  be  adequately  related  to  the  stress  on  the  metal 
ligaments  by  a  linear  softening  law  [14] 

a  a;  0,(1  -  u/u,)  (1) 

where  u,  is  the  rupture  stretch  and  o,  is  the  con¬ 
strained  flow  strength  of  the  metal.  In  turn,  c,  is  a 
multiple  X  of  the  uniaxial  flow  strengh,  [1,2, 14) 

=  (2) 
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Kor  a  bonded  intcrl'ace.  /  depends  on  ihc  work 
hardening  coetticient  for  the  mclal.  .V  (for  A1  alUns 
with  V  %  5.  /  '  2,5i  [1,2]  Subject  to  equations  (I  I 
and  (2).  calculations  of  the  plastic  dis.sipation  upon 
crack  extension  Au  [14]  predict  that  the  crack  growth 
resistance,  increases  as  the  crack  extends  in 

accordance  with  the  non-dimensional  relation+ 

/<7„i<.  4  =  1.6/  -  0  09/-  -  0.53/' 

=  ,e(/)  (3) 

where  I  =  Aa  L^,  with  being  the  crack  length  at 
which  steadv-state  toughening  commences,  defined  as 
[14] 

4  =  0.37£i/^  (I  -  (4) 

where  E  is  the  longitudinal  Young's  modulus  of  the 
composite. 

The  increase  in  resistance  superposes  on  an 
iniiiaiion  resistance  The  magnitude  of  is 
also  known  to  reflect  plastic  dissipation,  through 
crack  tip  blunting,  and  may  be  appreciably  larger 
than  the  intrinsic  fracture  energy  of  the  brittle 
material.  r„  (7).  The  full  fracture  resistance  of  the 
composite  is 

s  A'k.  £  (5) 

where  K  is  the  stress  intensity  factor. 

The  application  of  the  above  concepts  to  MMCs  is 
addressed  in  this  article.  It  involves  measurements  of 
the  resistance  Kf{Aa  I.  the  critical  stretch  u,.  the  metal 
volume  fraction,  4,  and  the  in  siiu  flow  strength  of 
the  matrix  o...  This  information  is  obtained  for  a 
combination  of  tests  described  both  in  the  present 
article  and  in  a  companion  study  [12], 

2.  .MATERIALS 

All  materials  examined  in  this  study  have  been 
processed  using  a  squeeze  casting  approach  [11.  12]. 
Two  matrices  have  been  used:  a  high  purity  Al.  as 
well  as  an  ,M  Ato  Mg  alloy  having  the  characteristics 
described  elsewhere  [12j.  The  reinforcements  are 
FP  .Al.O,  fibers.  Two  approaches  have  been  used 
to  produce  the  fiber-reinforced  materials.  In  one 
ca.se.  the  fiber  strands  were  drawn  through  a  slurry 


rThis  polynomial  form  has  been  obtained  by  titling  to  the 
numerical  result  from  Bao  and  Hui  |I4| 
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Relative  Distance  From  Fiber  Cluster  Center, 

Fig.  I  (a)  Digital  image  of  a  cross  seclionai  SEM  mc»  of 
a  .\l  4 Mg  FP  fiber  composite  |I2)  i  /.  =0  47|  (bi  Volume 
fraction  of  ceramic  fiber  as  a  function  of  the  area  measured 
from  a  cluster  center 

of  particles  of  either  Al.-O,  or  SiC.  causing  the 
particles  to  adhere  to  the  fibers.  The  particles  separate 
the  fibers  and  maintain  fiber  separation  during  the 
squeeze  casting  operation.  These  composites  have  a 
fiber  volume  fraction  in  the  range  f,  =  0.3-0.45.  The 
resultant  composite  contains  SiC  particulates  with 
volume  fraction  4  in  the  range.  0.03-0.15.  Com¬ 
posites  produced  without  such  particles  have  fibers 
configured  within  bundles  having  high  local  volume 
fraction  [12],  /  0.7-0.8  and  a  similar  overall  fiber 

fraction,  /r  0.3 ' 0.5.  A  summary  of  the  materials 
produced  and  of  the  associated  reinforcement  charac- 
tenstics  is  presented  in  Table  1. 

In  both  materials,  some  clustering  is  evident, 
with  an  average  cluster  diameter  of  ■'-500/im  The 
fiber  volume  fraction  is  highest  at  the  center  of 
the  cluster  and  lowest  at  a  cluster  junction  The  fiber 
spatial  distribution,  taking  the  center  of  a  cluster 
as  the  origin,  can  be  approximately  represented  by 
(Fig  1) 

A  V  \  )  =  f,.  +  ^  e.xpl  -  ( V  A  )'']  16) 

where  /"is  the  mean  fiber  volume  fraciion  wiihin  an 
area  of  radius  .v.  x;  is  the  cluster  dimension  and  A  and 
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/>  >irc  tilling  parameiers  haMng  lypical  xaiucs  incli- 
catod  c'n  Table  2  -Xi  ihe  ecnlcr  at  each  cluster,  the 
liber-,  are  nearle  close  packed 

.V  PRF-LIMIWKY  OBSERN  .ATIONS  .\ND 
TEST  PROCEDl  RES 

Observations  of  the  mode  I  crack  extension  process 
base  indicate'd  the  existence  ol'a  fracture  process  zone 
(ETg.  2),  Within  this  7one.  the  ceramic  reinforcemcnis 
arc  cracked.  The  cracks  are  esseniialK  coplanar. 
although  multiple  cracking  is  apparent  in  some  cases. 
The  intcrxening  matrix  is  intact  within  a  bridging 
zone  and  subject  to  plastic  stretching.  The  leading 
edge  of  the  bridging  zone  is  deUnett  as  /he  crack  tip 
[1.5,9]  This  conxeniion  is  useful  lor  relating  the 
re,suliant  fracture  resistance  tt'  microstructure,  but 
p'uces  an  onus  on  the  techniques  needed  to  observe 
and  monitor  the  crack  tip.+ 

The  selection  of  test  specimens  to  measure  the 
fracture  resistance  reflects  the  influence  of  the 
bridging  zone  [15]  and  also  addresses  plane  strain 
requirements  Preliminary  tests  were  conducted  using 
single  cage  notched  beams  subject  to  three  point 
flexure.  From  these  tests,  an  intial  estimate  of  the 
initiation  fracture  resistance  was  obtained  as, 
Aj,  =  iri-T5  MPa.j  m  Based  on  this  estimate  and  on 
the  matrix  flow  strength. J  the  size  requirement  (crack 
length  and  specimen  width)  for  valid  plane  strain 
toughness  testing  according  to  ASTM  E399  is  70  mm 
for  Al  and  17  mm  for  Al-4Mg  matrix  materials. 
These  values  should  be  considered  as  an  upper  bound 
because  the  yield  strengths  of  the  associated  com¬ 
posites  are  significantly  raised  by  the  incorporation  of 
the  ceramic  fibers.  More  precise  estimates  of  the  slip 
zone  size  (Appendix  A)  give  specimen  size  require¬ 
ments  of  24  and  6  mm  for  Al  and  A!  4  Mg  matrix 
composites,  respectively.  Consequently,  compact 
tension  specimens  were  chosen  for  most  tests,  with  a 
width  11  =  25  4  mm  and  thickness  h  5  mm.  For 
such  .specimens,  stable  crack  growth  could  be 
achieved  using  a  servo-controlled  testing  machine. 
Prceracks  were  noi  essential  because  fiber  fractures 
occurred  readily  at  the  notch  root  to  create  a  sharp 
crack. 

All  compact  tension  measurements  were  made  with 
extensometers  attached  to  the  specimens  to  allow 
control  of  the  crack  opening  displacements  experi¬ 
enced  by  the  specimen.  Crack  length  measurements 


T  (ir  this  reason,  previous  work  on  resistance  behavior  has 
often  liclined  the  crack  up  as  being  located  at  ihe  trailing 
edge  ol  Ihe  bridging  zone 

In  -  wiMPii  for  Al  matrix  malerials  and  120  MPa  for 
/\l  4  Mg  matrix  materials  [12] 


were  made  a;  ^itn.  on  Ihe  surlaLc  bi  u.iiie  .m  op!is.;l 
telescope  and  by  polishiiie  ilie  side  'url.uc-.  poo:  k> 
testing  Partial  unloading  alter  each  ci.uk  iiicrenieiu 
provided  a  check  on  the  cr.uk  lengih.  rellccie.;  h\ 
compliance  changes 

In  a  few  cases,  iransxerse  seciioris  were  prepared  .il 
xaruius  stages  ill  crack  extension  lo  esi.ibiidi  Ui.ii  ihe 
cracking  features  in  the  spe'Cimen  inlerio:  were  eom- 
parable  to  measurements  perlormej  on  ihe  sufLue 
In  other  cases,  crack  exiciision  was  moniloreo  n:  ';.i, 
in  the  scanning  electron  micn.'scopc  [t'j 

4.  EXPERIMENTAL  RESl T.TS 

4.1.  Fracture  rcstswmc  mcasurcmcni'' 

A  typical  load  displaccmeni  i/doi  curve  obtained 
for  a  compact  tension  specimen  is  presented  in  Fig  5 
A  summary  of  fracture  resistance  turves  is  presented 
in  Figs  4  and  5.  The  maior  characterisiies  of  the-e 
curves  arc  as  follows  The  imiiaiion  resistaiiee  A 
appears  lo  be  relatively  insensitive  to  the  matrix 
characteristics  within  the  range  encompassed  by  the 
present  group  of  materials  (Fig  4i  However,  there 
are  appreciable  variations  in  the  subsequent  propa¬ 
gation  resistance  A„  >  A  ,  Also,  large-scale  bridging 
effects  (15)  occur  in  some  cases,  as  indicated  on  the 
figures  (labelled  LSB)  The  steady -state  fracture 
resistance  Aj,  is  substantially  larger  for  composites 
having  an  Al  4”ti  Mg  matrix  than  for  those  with  a 
pure  Al  matrix  [Fig.  5(a)].  Furthermore,  particles  in 
the  matrix  tend  to  reduce  A',,  for  otherwise  compar¬ 
able  materials,  but  cause  a  slightly  steeper  rise  in  the 
initial  resistance  [Fig.  5(b)]  There  are  relatively  minor 
effects  of  notch  depth  [Fig.  5(c)|  In  materials  w  ith  an 
Ai  matrix,  crack  path  instability  is  observed  in  some 
specimens,  wherein  a  crack  deflects  onto  planes  par¬ 
allel  lo  the  fiber  orientation  Consequently,  the  results 
arc  not  regarded  as  sinctly  valid  and,  in  the  analysts 
that  follows,  the  more  reliable  results  obtained  on 
AI.4.Mg  matrix  composites  are  emphasized 

4.2.  Observalions  and  measurernen/.s 

In  51/u  observations  such  as  that  presented  m  Fig  2 
have  established  the  following  sequence  of  events 
during  fracture  (Fig  6).  (i)  Crack  extension  initiates 
when  the  tip  communicates  a  brittle  crack  into  the 
next  reinforcing  clement,  accompanied  by  the  for¬ 
mation  of  a  crack  tip  plastic  zone  (it)  When  the  crack 
grows,  intact  matrix  remains  in  a  bridging  zone  and 
expenenccs  appreciable  plastic  deformation,  tin)  The 
matrix  fails  by  ductile  rupture  at  the  trailing  edge  of 
the  bridging  zone,  when  the  cracs  attains  steady- 
stale  Fracture  surface  observations  provide  further 
information  (Fig.  7).  Systems  wi/houi  particulates 
exhibit  ductile  matrix  rupture  by  necking  to  a  ndge 
between  the  fibers  [Fig  7(a)l  The  plastic  stretch  of 
the  matrix  is  found  to  increase  with  increase  in  the 
fiber  spacing,  but  on  average  is.  u  lOjim.  In 
materials  containing  particulates  u.'cd  to  separate  the 
fibers,  the  panicles  act  as  void  nuclei  and  limit  the 
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plastic  stretch  of  the  matrix  ligaments  |Fie  '(bij  to 
K,  it  6  ttm. 

5,  IMtRPRF.TATION 
5,  /.  Fracture  rcsisiancc 

An  approach  for  interpreting  the  separate  contri¬ 
butions  to  the  fracture  resistance  from  initiation  and 
growth  recognizes  the  superior  understanding  associ¬ 
ated  with  the  latter.  ConsequentK.  b\  using  the 
material  parameters  listed  in  Table  I  (assuming  that 
•/  =  2,5.  as  appropriate  to  a  bonded  intcrf'acei.  the 
resistance  is  predicted  from  equations  (.T)  and  (4i  b> 
regarding  A'„  as  an  unknown 

The  comparison  with  experimental  results  is  good 
(Fig.  8)  and  infers  that  A',,  5;  I.T  MPa,,  m  The  rising 
resistance  thus  appears  to  be  rigor,iusl\  predicted  by 
ductile  ligament  bridging  concepts,  previously  used  to 
interpret  fracture  in  brittle  matrix  composites  con¬ 
taining  ductile  reinforcements  [1.  2.6.  14)  The  most 
significant  variable  influencing  the  resistance  is  the 


Dimensiomess  Displacement.  6  (E 

Fig  .1  A  load  IPi.  doplaccmenl  (<'i  curve  ohlaincd  on  .i 
compaci  tcnsior  vpcciincn  im.ilcrul-.-Vi  Alv('  shown  is  a 
predicted  curve  for  vnull-scalc  bridging.  SSB 


matrix  yield  strength,  n  provuied  thai  ihc  m.ilrix 
remains  duciilc  Soiahiy.  a  soft  m,iiriv  ihc 

fracture  resistance  This  heh.ivior  .irises  hcc.iusc  ihc 
width  of  the  plastic  dissipation  /one  in  ihc  bridging 
region  IS  governed  by  ihc  fiber  spacing  (1.21  .itid 
consequently,  the  plastic  dissipation  diminishes  as  r. 
decreases  Such  behavior  is  opposite  to  ihai  usually 
associated  with  the  uttrcmU’rccii  matrix  Howexer,  ii 
IS  important  to  emphasize  ihai  any  changes  m  matrix 
microstruclure  used  to  increase  strength  that  nuehi 
iilsii  dmtmtsh  Juctitin  would  cause  the  composite 
fracture  resistance  to  decrease  through  a  redua-d 
plastic  stretch,  u. . 

The  initiation  resistance  has  noi  been  as  exicnsixely 
investigated.  One  fracture  hypothesis,  analogous  to 
the  RKR  cnienon  for  carbide  cracking  in  steels  (I'). 
IS  presented  in  Appendix  A.  This  .vfr« v  -hmi  J entenvm 
predicts.  A'„  %  I.T  MPa.,,  m.  While  this  prediction  is 
similar  lo  the  value  inferred  from  htiing  the  exper¬ 
imental  results.  It  IS  not  felt  that  such  reasonable 
agreemen'  validates  the  RKR  criterion,  because  of 
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Fig,  5  Effects  of  separate  material  and  specimen  vanables 
on  the  fracture  resistance  curves  (shown  together  is  Fig.  4): 

(a)  matrix  yield  strength  ia^iw  =  0.3, =  0/f  =  0.3  ~  0.47): 

(b)  particulate  content  (AI.’Mg  matnx,  a„/M  =  0,3 /r  =  0.3 
0  47);  (cl  notch  depth  (Al/4Mg  matnx, /,  =  0  47 0). 

considerable  uncertainty  in  the  material  parameters 
that  govern  A'„.  This  is  an  area  that  merits  appreci¬ 
able  further  study. 

Finally,  the  crack  bridging  formulae  [equations 
(1H4))  may  be  used  to  predict  the  load /displacement 
curve  P(d].  A  preliminary  attempt  is  reported  for 
small-scale  bridging  (Appendix  B).  A  predicted  P(^l 
curve  IS  superimposed  onto  that  detennined  exper¬ 
imentally  (Fig.  3).  The  correlation  is  good  for  the 
initial  portion  of  crack  propagation.  The  discrepancy 
at  larger  crack  extension  is  associated  with  large-scale 
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bridging  (LSBl  A  nunicrical  ptuLvdurc  would  be 
needed  to  cMciid  the  .lnaKsl^  into  the  LSB  range 

5.J  I.imviUi/inal  h'tmif  sUi-nyih 

Upon  obtaining  the  eompleie  fraeiure  resistance 
curve.  It  IS  possible  to  prediei  the  I'raciurc  strength  of 
the  composite,  based  on  independent  information 
concerning  the  flaw  population  Failure  begins  with 
the  breakage  of  individu.il  fibers  basing  the  losscst 
fracture  strain  Hossescr.  subsequent  events  depend 
largely  on  the  matrix  duetilits  and  the  interface 
'ropierties  betsvecn  the  matrix  and  the  fibers  When 
the  interface  is  strong,  as  in  the  present  compostte.  if 
the  matrix  has  a  relatixels  high  flow  strength  and  the 


Fig  7  Scanning  electron  micrographs  of  fracture  surface  of 
the  reinforced  materials  la  I  Necking  to  a  ridge  in  materials 
without  partieulaies.  Ihl  matrix  rupture  bs  hole  nucicaiion 
and  growth  from  particulates 
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Fig.  8  Predicted  resistance  curves  compared  with  the  SSB 
data  bands  obtained  from  Fig  4  lal!  and  u  «  i  for  bv'lh 
the  A)  4  Mg  and  Al  mutris  composites 

fibers  are  closely  packed,  the  iniiialh  failed  fibers 
communicate  with  the  neighboring  material  and 
elevate  the  stress  in  the  surrounding  fibers.  The 
subsequent  interactions  lead  to  the  formation  of 
a  macroscopic  crack,  which  causes  final  rupture 
of  the  composite.  The  present  observations  suggest 
that  the  localized  fiber  clusters  (Fig.  1)  are  the 
failure  initiating  entities.  A  tensile  strength  is 
thus  predicted  by  assuming  the  presence  of  flaws 
having  size  comparable  to  the  cluster  dimension 
in  the  composite  and  then  using  a  fracture  mech- 
anics  approach,  incorporating  the  fracture  resistance 
curve. 

For  a  composite  with  nonuniform  fiber  distri¬ 
bution,  given  by  equation  (6).  the  resistance  curve  can 
be  obtained  from  equation  (3}  as 

=  3^0  +  [I  (7) 

where  a  is  the  crack  length  and /is  given  by  equation 
(6)  with  X  =a.  The  driving  force  for  a  penny-shaped 
flaw  subject  to  stress  a  is  given  by  [12] 

=4<r-a„(/.  -F  yjaianfinE  (8) 

where  is  the  initial  crack  length  and  /  =  E^IE  is  the 
Young's  modulus  ratio  of  the  fiber  to  that  of  the 
composite.  Equating  equations  (7)  and  (8).  the  non- 
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Fig  9.  Non-dimensional  crack  extension  stress  as  a  function 
of  crack  length  for  different  initial  flaw  size  lAl  4  Mg 
composite)  obtained  using  the  parameiers  from  Tables  I 
and  2. 
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Fig  to  Dependence  of  predicivd  tr.iciure  sirer.gih  Irom  Fig 
d  on  initial  flaw  size  and  cnmparivoi!  uiih  ihe  evpenmema. 
mejsuremenis  [12]  I.A!  4  Mg  malnv  compoMiesi 

dimensional  stress  c  sustained  b\  the  composite  as 
the  crack  extends  can  be  derived  as 

a  s  2(i(a,.  r  4„£  1  ■ 
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This  non-dimensional  stress  (Fig  9i  exhibits  a  maxi¬ 
mum  that  represents  the  fracture  strength.  Cy .  This 
strength  shows  a  weak  dependence  on  initial  flaw  size 
(Fig.  10),  provided  that  u,,  is  smaller  than  the  cluster 
size  Agreement  with  the  experimentally  measured 
strengths  |12)  is  quite  good  for  Al  4  Mg  matrix 
composites  (Fig  10).  Similar  comparisons  for  the  .Al 
matrix  composites  have  not  been  attempted,  because 
of  the  uncertainties  concerning  the  resistance  curve, 
noted  above. 

The  preceding  analysis  implicitly  assumes  small- 
scale  bridging  dominance.  When  the  crack  extension 
before  the  final  failure  is  appreciably  greater  than  the 
initial  flaw  size,  large-scale  bridging  would  have  to  be 
taken  into  account. 

6.  CONCLLSIONS 

The  fracture  resistances  of  ceramic  fiber  reinforced 
Al  alloy  matnx  composites  have  been  measured.  The 
initial  fracture  resistance  at  zero  crack  extension 
has  been  shown  to  be  insensitive  to  matnx  character¬ 
istics.  Conversely,  the  subsequent  crack  growth 
resistance  is  strongly  influenced  by  matrix  properties 
The  crack  growth  resistance  has  been  attributed 
to  plastic  dissipation  through  ductile  bridging, 
modelled  using  a  softening  traction  law.  The  dis¬ 
sipation  IS  limited  to  a  material  volume  that  scales 
with  the  fiber  spacing.  Consequently,  high  toughness 
IS  encouraged  by  a  high  yield  strength  matrix  and 
large  diameter  fibers  Occasional  debonding  at 
concentrated  metal  phases  expands  the  plastic  zone 
and  further  enhances  the  local  crack  growth  resist¬ 
ance.  The  addition  of  a  particulate  phase  tends 
to  reduce  the  steady-state  toughness,  but  leads  to 
an  enhanced  tearing  modulus  an  important  property 
when  the  flaw  size  in  the  material  is  small 
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Tl'.v  loiii;iiuiiin,il  IcnMlc  -nciiiiUi  h.!-  been  pie- 
dieied  UMfie  the  re^l^^.!IKe  eur\e  aiui  .1  t!.i«  M/e 
e^llmJle  (  .iilure  miiKiuon  is  eimsidercd  10  beein  wiih 
random  lailure  of  indnidu.  l  hhers  elosel'  paeked 
within  a  elu'ier.  whieh  then  coalesce  into  a  macro¬ 
scopic  crack  Thi’'  prediction  correlates  well  with 
experimental  results  for  Al  -J  Me  matrix  ntaierials 
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APPENDIX  A 

Esiiinalitni  td  the  /nilialttm  Reststartee 

In  order  to  estimate  A,  .  a  criterion  for  crack  groxxth  is 
needed  One  crilcrion.  analogous  to  that  used  to  predict 
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result,  the  relexani  m.igniiiKie-  ,'i  ihe  liber  xirengih  .1  and 
spacing  it  need  u-  be  deduceo  ht.ind.jid  xxeakesi  link 
xijiixlicx  dici.iie  iha:  tiu  leiex.ii  ■  l;be:  -ireneih  s  ha-  ilie 
lorn:  |  iNj 

S  .S  1.  I  I  A2i 

XX  here  S  e-  the  hbi-r  -Irene!;:  .1;  .'he  reletence  CMuee  iengih 
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APPENDIX  B 

Esiiniuiwn  III  RiC]  in  Small-Stult  Brtdcme 

For  a  linear  elastic  material.  Ihe  crack  mouih  opening 
displacement  <\  is  related  lo  the  applied  load  P  and  the  crack 
si/c.  a.  through 

d,  =  tP  £6)1  It;  "  )  IBI ) 

xihere  £=£  I  -v'.  h  is  the  specimen  thickness,  xx  the 
specimen  xsidth  and  I  is  a  function  given  bx  Tada  |20)  For 
elastic  plastic  materials,  the  crack  opening  displacemeni 
consists  of  an  elastic  contribution,  given  b\  equation  (Bl). 
and  a  plastic  conlribuiton  1'^  For  materials  obeying  poxxcr 
law  hardening  with  yield  strain  and  strain  hardening  index 
n(n  =  1  .V  ).d^  is  given  bx 

-  (3  7)tP  P.)' Hta  It. nir^a  (B2| 

XV  here  P.,  is  the  limil  load,  given  bx 

P.,  :=  l  .455rj(u  -0)0^ 

with 

[^\  M  —a/  \n  -u/  J  I^M  J 

and  //  IS  a  numcnca)  funciicn.  tabulaicd  b>  Shih  [21]  for 
differcni  values  of  if  and  a  n  Furihcrmorc.  ihe  fracture 
resistance  is  related  lo  ihe  applied  load  h> 

A  =  b*'  ‘  ‘  iTlii  n  1  (B?) 

uhcrc  7  IS  a  numerical  funchon  given  b>  Tada  [20j 
Equaling  A  to  Ar.  the  /*(('>!  relation  can  be  obiaincd 
alter  eliminating  a  Ar  is  ascertained  from  equations  { 1 
with  A  =  13  MPd^  m.«  =  10  wm.  /  =  0  44,  /  =  2  5, 

n  =  120  MPa.  m  -  2^  4  mm  and  an  initial  crack  length, 
u,.  =  b  mm 
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Abstract — The  tensile  strength  of  ceramic  and  metal  matnx  composites  is  subject  to  an  important  role 
of  the  fiber  matrix  interface  The  mechanical  properties  of  this  interface  dictate  the  stress  concentration 
that  develops  in  fibers  that  surround  a  failed  fiber  An  analysis  of  this  phenomenon  is  used  to  illustrate 
interface  conditions  that  sufficiently  diminish  the  stress  concentration  that  a  global  load  sharing  criterion 
may  be  used  to  prescribe  the  contribution  of  the  fibers  to  the  composite  strength  This,  m  turn,  leads  to 
a  criterion  for  the  transition  to  failure  by  local  load  sharing. 


1.  INTRODUCTION 

Continuous  fiber-reinforced  composites  exhibit 
tensile  properties  sensitive  to  a  major  mechanism 
transition  between  global  and  local  load  sharing. 
The  existence  of  this  transition  has  been  identified  for 
ceramic-matrix  (CMC)  and  metal-matrix  (MMC) 
composites  [1-9].  The  transition,  when  it  occurs, 
leads  to  a  substantial  tensile  strength  discontinuity, 
involving  a  major  decrease  in  ultimate  strength 
when  local  load  sharing  conditions  arise  (3, 4, 6],  For 
constituent  characteristics  that  provide  global  load 
sharing,  fiber  fractures  that  occur  prior  to  composite 
failure  (for  statistical  reasons)  do  not  lead  to  a 
significant  stress  concentration  on  the  intact  nearest 
neighbor  libers  (S,  10, 1 1).  Instead,  the  load  is  borne, 
almost  equally,  by  all  the  intact  fibers.  In  this  case, 
whenever  the  gauge  length,  L,  exceeds  the  load 
transfer  length,  d^,  multiple  fiber  failures  are  expected 
within  the  gauge,  L,  prior  to  composite  failure. 
The  load  transfer  length  thus  becomes  an  important 
composite  characteristic.  It  is  defined  as  the  length 
over  which  the  fiber  displaces,  relative  to  the  matrix, 
upon  failure  of  a  fiber  (5, 1 1]  (Fig.  1).  For  simplicity, 
it  is  generally  assumed  that  sliding  occurs  in  accord¬ 
ance  with  a  constant  shear  stress,  t.  interface  sliding 
law  [12-I4J.  This  shear  resistance  is  related  either  to 
debonding  and  frictional  sliding  of  the  fiber  coating, 
or  to  shear  yielding  of  the  matrix.  For  this  case,  is 
given  by  (5J 

5,=^a,Rllx  (1) 

where  <r,  is  the  remote  stress  on  the  fiber  and  R  the 
fiber  radius  (Fig.  1).  More  complex  sliding  laws  can 
be  used,  as  appropriate  [14], 

For  CMCs.  composite  failure  subject  to  global 
load  sharing  is  preceded  by  multiple  matrix  cracks  (S). 
Hence,  the  matrix  does  not  contribute  directly  to 
composite  failure.  However,  there  is  a  vitally 
important  indirect  influence,  associated  with  the  load 


transfer  along  the  fiber,  via  the  interface  sliding 
stress,  r  (5J,  The  e.ssential  phenomenon  concerns  the 
influence  of  load  transfer  on  the  stochastics  of  fiber 
failure,  whereby  the  nominal  fiber  gauge  length 
becomes  dependent  on  6^.  The  consequence  is  a  gauge 
length  independent  tensile  strength  (when  d^stL), 
given  by  (5] 

=yiSol2/(m  +  2)]"-^  "[(m  -r  l)/(m  -t-  2))  (2) 

where  f,  is  the  volume  fraction  of  fibers  along  the 
loading  axis:  m  is  the  shape  parameter  (Weibul! 
modulus)  and  So  the  scale  parameter  representing  the 
fiber  strength:  Z.,  is  a  normalizing  length  (usually 
taken  to  be  I  m).  For  shorter  gauge  lengths  (Z.  < 
the  tensile  strength  exceeds  (7. 11), 

For  MMCs  subject  to  global  load  sharing,  the 
contribution  of  the  fibers  to  the  tensile  strength  is  still 
given  by  equation  (1).  with  the  appropriate,  r  [7, 8). 
However,  in  this  case,  the  matnx  also  carries  some 
load,  governed  by  its  yield  strength,  a,,.  Conse¬ 
quently,  the  tensile  strength  (when  d^^  L)  becomes 

o„  =  S,+f„Oo  (3) 

where /„  is  the  volume  fraction  of  matrix.  This  result 
IS  independent  of  both  the  misfit  strain  (residual 
stress)  and  the  gauge  length  [7]. 

When  a  transition  to  local  load  shanng  occurs, 
composite  failure  involves  the  progressive  evolution 
of  a  dominant  (mode  1)  crack,  from  a  region  contain¬ 
ing  failed  fibers  (4,6).  In  this  case,  two  composite 
characteristics  have  major  importance,  (i)  The  local¬ 
ized  spatial  distributions  of  fibers,  which  influence  the 
stress  concentration  transmitted  to  nearest  neighbor 
fibers  (1. 2).  (ii)  The  short  crack  crack-growth  resist¬ 
ance  of  the  composite,  which  dictates  crack  evolution 
within  local  regions  (5,  6).  It  is  not  the  intention  of 
this  article  to  derive  failure  models  when  local  load 
sharing  conditions  obtain  (1,2, 4).  Rather,  derivation 
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Fig  1.  Schematic  indicating  the  fiber  arrangements  and  the 
interface  characteristics  used  in  the  analysis 


of  a  phystcally-based  criterion  for  the  avoidance  of 
local  load  shanni;  is  addressed. 

The  basic  mechanics  underlying  the  transition 
from  global  to  local  load  sharing  has  the  follow¬ 
ing  features.  When  a  fiber  fails  and  sliding  occurs 
along  the  interface  (Fig.  1).  stress  concentrations 
<T„  develop  in  the  nearest  and  next-nearest  fibers. 
It  is  expected  that  the  magnitude  of  the  stress 
concentration  be  sensitive  to  three  principal  vari¬ 
ables;  the  interface  sliding  stress,  t.  the  fiber  volume 
fraction  and  the  fiber/matrix  stiffness  ratio.  Calcu¬ 
lation  of  the  stress  distributions  around  a  failed  fiber, 
subject  to  the  above  variables,  thus  provides  essential 
background. 

The  stress  information  must  be  combined  with 
stochastics  to  provide  a  transition  criterion.  The 
approach  adopted  here  involves  companson  of  the 
survival  probabilities  <P^  of  successive  fiber  “annuli" 
within  the  array  depicted  in  Fig.  1:  nearest  neighbors, 
next-nearest  neighbors,  etc.  A  conservative  condition 
for  cnsunng  global  load  sharing  is  used  to  provide 
preliminary  results,  based  on  4>,  for  the  nearest 
neighbor  and  next-nearest  neighbor  fibers. 

2.  GEOMETRIC  AND  STOCHASTIC 
CONSIDERATIONS 

Statistical  considerations  dictate  that  some  fibers 
in  the  composite  fail  at  moderate  loads.  Such  failures 
induce  a  stress  concentration  in  the  neighbonng  fibers. 
The  magnitude  of  the  stress  depends  on  the  material 
variables  noted  above,  as  well  as  the  geometric 
arrangement  of  the  fibers.  In  turn,  the  stress  at  the 


neighboring  (iber-.  gmerriN  the  piolwbilif.  of  sui- 
vi\ai.  through  the  ^niliMtca!  proptriii  K  ot  the  fibers 
In  this  section,  sonic  ol  the  undcrUing  gconietru 
and  statistical  phenomena  arc  presented  with  the 
objectne  of  specifying  leseK  ol  stress  concentration 
relecant  to  global  and  local  load  sharing  Then,  the 
mechanics  that  relate  the  stress  concentration  to 
material  properties  are  presented  in  the  following 
section 

The  close-packed  arrangement  ol  fibers  shown  in 
Fig  1  IS  used,  since  this  is  the  preferred  fiber  geometry 
for  the  avoidance  of  fiber  damage  during  processing 
Each  fiber  has  6  nearest  neighbors  located  at  r  =  Is 
Then,  there  are  6  12  next-nearest  neighbors  located 
between  r  =  2^  and  4(  For  the  composites  of 
pnmars  imeresl,  the  interface  sliding  stress  t  is  small 
compared  with  the  bundle  strength  of  the  fiber.  S- 
The  load  Iransh'r  length  is  ihus  large  relaiii  e  to  the 
fiber  spacing.  Furthermore,  gradients  in  stress  along 
the  fiber  axis.  r.  arc  small  compared  with  those 
in-plane  (r  =  0).  Consequently,  the  <t.  stresses  along 
r.  at  r  =  0,  are  most  relevant  to  the  evolution  of  fiber 
failures  in  the  composite. 

A  preliminary  assessment  of  composite  behavior 
may  be  obtained  by  evaluating  the  relative  survival 
probabilities  of  the  nearest  d>,'‘  and  next-nearest. 

neighbor  fibers,  subject  to  the  stress  c,.(r|. 
The  development  of  a  well-defined  crack  from  an 
initial  fiber  failure  cannot  occur,  whenever  <  ♦J’. 
because  there  is  no  mechanism  lor  systematically 
concentrating  the  a.Ar)  .stress  at  the  periphery  of 
the  damage  zone  of  failed  fibers.  Consequently,  this 
inequality  ensures  that  the  composite  will  exhibit 
global  load  sharing. 

The  survival  probability  of  a  row  of  .V  fibers  that 
fracture  in  accordance  with  a  two-parameter  Weibull 
distribution,  subject  to  a  uniform  stress  a.,  over  a 
length  5^.  is  given  by  [5.  II] 

-  In  4>,  =  N [(7..  /SoH^.  L„ )  (4) 

Consequently,  for  d^i>s  (Fig.  1).  the  condition  for 
GLS  depends  on  the  stress  ratio 


and  is  given  as 

<(A”'^'A’^)''".  (5) 

The  stress  ratio  /.  in  the  nearest  and  next-nearest 
neighbor  fiber  "annuli"  thus  provides  a  preliminary 
measure  of  the  importance  of  the  stress  concen¬ 
tration  for  the  operative  load  sharing  mechanism. 
The  locations  of  neighboring  fibers  is  related  to  the 
fiber  radius.  K.  through  the  fiber  volume  fraction  /. 
in  acordance  with 

/i=2it/[v  3(lv  /?)-].  (6) 

Consequently,  for  some  typical  values.  A'^  =  6. 
Af^''  =  9  and  m  =  10,  a  coefFicienl.  /  ^  1.04  appears 
to  be  required  for  GLS  to  be  assured  However. 
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Fig.  2,  The  stress  concentration  along  the  crack  plane  Aff... 
for  an  elastically  isotropic  system  with  r  =  x. 

larger  values  of  /.  may  still  allow  GLS,  especially 
w'hen  m  is  small.  These  results  provide  a  perspective 
for  assessing  the  mechanics. 

3.  mechanics  solltions 

The  mechanics  problem  represented  by  Fig.  1  is 
addressed  at  three  levels,  (i)  Some  basic  analytical 
solutions  for  elastically  homogeneous  materials  are 
used  both  to  provide  perspective  and  to  establish 
various  bounds,  (ii)  Numerical  results  are  derived 
for  elastically  homogeneous  material,  in  order  to 
establish  a  detailed  understanding  of  the  rote  of 
the  interface  sliding  stress,  t.  (iii)  Numerical  results 
with  different  stiffness  ratios  are  derived  in  order  to 
examine  the  influence  of  matrix  properties. 

3.1.  Basic  analytical  results 

Two  analytical  results  provide  important  insight, 
(i)  The  field  around  a  penny-shaped  crack,  which 
provides  the  soultion  for  an  elastically  homogeneous 
system,  as  t  -*00.  (ii)  The  stress  ahead  of  a  crack 
subject  to  slip  on  a  plane  normal  to  the  crack, 
occurring  at  constant  sliding  stress,  r. 

The  full-field  solution  for  a  penny  crack  in  an 
isotropic  elastic  solid  (Fig.  2).  yields  information 
about  the  local  stress  elevation  Ao,.  caused  by  the 
crack 

=  ff.j(x)  -  <T.  (7) 

Features  relevant  to  load  sharing  are  based  on 
the  stresses  that  arise  at  nearest  and  next-nearest 
neighbor  fiber  locations.  The  stresses  in  the  nearest 
neighbor  fibers  are  non-uniform.  However,  based  on 
maximum  values  in  the  fibers,  the  stress  ratio 
(Fig.  3)  exceeds  the  levels  required  for  GLS,  at  fiber 
volume  fractions  f  ^  0.4. 

The  solution  for  the  semi-infinite  crack  with  a 
constant  r  sliding  plane  at  the  tip  (Fig.  4)  indicates 
two  key  influences  of  sliding  [IS],  (i)  Sliding  causes 
the  o-:  stress  ahead  of  the  crack  to  increase  when  the 
sliding  distance  6^  is  small,  (ii)  The  stress  concen¬ 
tration  decreases  toward  zero  as  t  -♦0.  The  transition 


c  c*  c-  a  c« 


Fibe^  vo*yme  Fr^ctior..  ♦ 

Fig  i.  The  stress  ralio.  /..  fo.  ;  -  x .  as  a  function  of  fiber 
volume  fraction 

to  the  latter  stress  reduction  regime  is  governed  by  a 
non-dimensional  parameter 

0  =  .r(TA:i-  (8) 

where  K  is  the  mode  1  stress  intensity  factor.  Notably. 
reduced  o..  stresses  caused  by  sliding  ansc  when 

ft  $  0.02.  (9) 

Connection  to  the  present  problem  is  made  by  noting 
that  K,  for  a  failed  fiber  i^  an  ejastically  homo¬ 
geneous  system  is:  K  (2/’v'»t)<iiy' /?.  Consequently 

ft  =  (n/4)(x/R)(t/(r,)\  (10) 

By  equating  x  to  r  and  relating  siR  to  /  by  equa¬ 
tion  (6).  the  slip  calculations  (Fig.  4)  establish  that 
reductions  in  the  stresses  on  neighboring  fibers  caused 
by  interface  sliding  are  only  expected  (for  typical  /) 
when  T  is  small,  of  order.  t/<j(  $  0.1.  Furthermore,  the 
requirement  for  small  values  of  t  /Of  is  most  important 
when  the  failure  probability  of  the  nearest  neighbor 
fibers  approaches  unity.  This  occurs  when  a,  —  S^, 
the  fiber  bundle  strength.  This  perspective  facilitates 
the  choices  of  x  suitable  for  the  numerical  calculations 
performed  in  the  following  section. 

3.2.  Numerical  results 

The  variables  in  the  analysis  are  the  interface 
sliding  stress,  the  applied  stress,  thv  fiber  volume 


Drstanc^  from  Crack,  a  - 

Fig.  4.  The  effects  of  a  sliding  plane  on  the  crack  up  field 
for  a  semi-infinite  crack  The  sliding  length  d  is  given  by: 
i  =•  0.05  (K/xY:  X  is  the  distance  from  the  crack  tip. 
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Fig.  5.  A  finite  element  mesh  in  the  vicinits  of  the  failed  fiber. 


fraction  and  the  Young's  modulus  of  the  fiber  and 
matrix.  £,  and  E„.  respeclively+.  The  matrix  is  con¬ 
sidered  to  remain  elastic.  A  finite  element  method  is 
used  for  the  calculations.  The  calculations  are  con¬ 
ducted  with  the  load  transfer  length  prescribed  by 
equation  <  I )  and  by  using  sliding  elements  introduced 
at  the  interface  that  satisfy  a,,  =  t.  when  c  The 
calculations  are  axisymmetric,  with  the  mesh  shown 
in  Fig.  5,  Emphasis  is  given  to  the  it.,. (.t)  stress  on  the 
crack  plane,  c  =  0.  However.  <t,.  is  also  calculated  at 
the  interface  of  nearest  neighbor  fibers  and  compared 
with  I.  This  comparison  addresses  the  incidence  of 
sliding  at  those  interfaces.  In  some  cases.  <r_..(r)  is 
calculated  at  nearest  neighbor  fiber  locations. 

For  elastically  homogeneous  systems,  the  calcu¬ 
lations  explicitly  refer  to  the  hexagonal  fiber  arrange¬ 
ment  shown  in  Fig.  1.  These  results  are  presented 
first  However,  when  E^.  the  annular  con¬ 
figuration  depicted  in  Fig.  6  is  used.  The  nearest  and 
next-nearest  neighbor  fibers  arc  considered  to  be 
located  within  annuli  having  the  fiber  modulus  for 
that  location.  Outside  the  second  annulus,  the 
matenal  is  considered  to  be  homogeneous  and  have 
the  actual  composite  modulus 


rPoisNon's  ratio  is  assumed  to  be  the  same  for  both 


The  salient  trends  in  tt..  for  the  clastica/iv  homo¬ 
geneous  system  are  summarized  in  Figs  7-11.  The 
Act.;  stress  concentration  on  the  crack  plane  dimin¬ 
ishes  as  T/cTf  decreases  (Fig.  7).  such  that  the  largest 


0  0  0.000 


Fig  6  The  coTifiguraiian  of  annuli  used  for  numerical 
analysis,  wiih  L.  > 


Stress  Concentration,  AO„  /  0| 
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Aff..  (which  occurs  at  .v  =  0)  is  only  1.03rr.  when 
T  Of  =  0.01.  This  stress  concentration  is  below  the 
level  at  which  local  load  sharing  mechanisms  arc 
expected  to  operate.  Consequently,  smaller  values 
of  r  o,  are  not  considered.  The  effects  of  r  on  the 
^o,.  stress  at  the  mid-point  of  the  nearest  neighbor 
fibers  (Fig.  8)  indicate  the  same  characteristics  found 
in  the  asymptotic  solutions  (Figs  2. 4):  (i)  Arr..  ->  0 
as  T  -►  0.  (ii)  a  peak  in  Act.,-  occurs  in  the  range 
T.Of  =  0.1-0.2  for  typical  /.  (iii)  at  large  sliding 
stresses.  Act...  asymptotically  approaches  the  penny¬ 
shaped  crack  solution. 

Evaluation  of  c,,  at  the  interface  of  the  nearest 
neighbor  fibers  indicates  that,  in  all  cases  (Fig.  9) 
within  the  range.  0.01  <r;err<  1.  <t,,  is  smaller  than 
t.  Sliding  of  these  interfaces  can  thus  bt  neglected 
for  the  sliding  law  assumed  in  this  study.  A  typical 
variation  in  Act.,  along  a  nearest  neighbor  fiber 
(Fig.  10)  indicates  an  essentially  linear  decrease. 


r  =0. 


Fig.  8.  Variation  in  the  stress  concentration  at  the  nearest  neighbor  fibers  with  sliding  stress  for  typical 
fiber  volume  fractions,  at  several  stiffness  ratios:  (a)  maximum  stress  in  the  fiber,  (b)  average  stress  in  the 

fiber. 


Fig.  9.  Interface  shear  stress,  in  nearest  neighbor  fibers,  (a)  t/o,  =  0.03./  *  0.5.  (b)  xSa,  =  0.2,/  =  0.5. 
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between  the  maximum  value  at  the  crack  plane 
(c  =  0)  and  zero  at  c  ::  4  • 

A  comparison  of  the  stress  concentrations  in  the 
nearest  and  next-nearest  fibers  (Figs  1  and  12)  as  a 
function  of  volume  fracture  gives  an  indication  of 
how  reduction  in /influences  the  stress  concentration 
ratio,  as  well  as  the  pronounced  effect  of  xia,  for 
values  4  0.05. 

Calculations  conducted  with  elastic  mismatch 
(£f/£„  >  1 ),  summarized  in  Figs  8, 1 1  and  1 2  demon¬ 
strate  that  a  reduced  matrix  stiffness  invariably 
increases  the  stress  concentration  in  neighboring 
fibers.  The  effects  are  substantial,  even  at  small 
mismatches  (£,/£„«  3),  indicating  the  importance 
of  matrix  stiffness  loss  on  the  GLS  -*  LLS  tran¬ 
sition.  Such  stiffness  loss  may  arise  either  because 
of  macrocracking  in  CMCs  (16, 17]  or  plasticity  in 
MMCs  (6, 8].  However,  even  when  £f/£„  =  10, 
and  /=  0.5,  the  average  stress  [Fig.  8(b)J  docs 
not  achieve  the  level  expected  when  all  of  the  load 
from  the  failed  fiber  is  transferred  onto  its  nearest 
neighbor,  =  0.16. 

One  calculation  is  conducted  with  plasticity 
allowed  in  the  matrix.  The  calculations  are  for  a 


(a) 


Fib«f  VohitTM  Fraction  1 

Fig,  11.  The  nearest  and  next-nearest  neighbor  fiber 

(a)  xia,  =  0.05, 


non-hardening  matrix,  with  a  Mises  yield  criterion, 
subject  to  the  uniaxial  yield  strength.  a„.  and 
isotropic  elastic  properties.  The  results  (Fig  13) 
indicate  that  yielding  increases  the  stress  concen¬ 
tration  on  neighboring  fibers,  consistent  with  the 
influence  of  a  reduced  matrix  modulus.  Further  cal¬ 
culations  with  plasticity  would  be  needed  to  explore 
these  effects  in  detail 

4.  THE  MECHANISM  TRAlS'SmO.N 

The  preceding  mechanics  motivate  estimates  of 
survival  probabilities  that  relate  to  the  GLS  -*  LLS 
mechanism  transition.  A  recent  bundle  model  [7] 
has  introduced  some  physically  attractive  concepts, 
especially  the  number  of  fibers.  A,,  that  participate  in 
the  composite  failure  process,  when  GLS  is  violated. 
However,  for  this  concept  to  be  used,  a  “uniformly- 
stressed”  zone,  around  a  failed  fiber,  that  embraces  A'l 
fibers  needs  to  be  identified.  Such  a  zone  is  not  yet 
evident  from  the  present  solutions.  Consequently,  the 
approach  suggested  earlier,  based  on  the  sequential 
failure  of  fiber  rows,  is  further  explored  in  order  to 
provide  additional  perspective. 


(b) 


stress  concentrations  as  a  function  of  volume  fraction 
,  (b)  I/O, «  001. 


HE  e/  ai .  THE  ULTIMATE  TENSILE  STRENGTH  OF  COMPOSITES  87“^ 

(ai 


Fi{>er  Volume  Fraction  .  f 


(b) 


Fiber  Volume  Fraction  , ) 

Fig.  12.  Stress  ratio  in  nearest  and  next  nearest  neighbor  fibers  as  a  function  of  volume  fraction, 
(a)  maximum  stress,  (b)  average  stress. 


The  concept  is  as  follows.  If  the  failure  probabilUy 
of  the  nearest  reighbor  fibers  adjacent  to  the  crack 
plane  is  high  relative  to  that  of  the  fibers  elsewhere 
in  the  composite,  then  a  scif-organtzed  criticality 
would  be  anticipated,  whereby  "coplanar”  crack 
would  evolve  out  of  a  single  failed  fiber.  Then, 
a  local  load  sharing  mechanism  of  composite 
failure  would  obtain,  perhaps  characterized  by  a 
resistance  curve  [6].  Conversely,  if  the  survival  prob¬ 
ability  of  the  nearest  neighbors  exceeds  that  of  a 
surrounding  zone  of  significant  size,  a  criticality  is 
unlikely  and  a  global  load  sharing  failure  mechanism 
would  apply. 

In  order  to  apply  this  concept,  two  length  scales 
must  be  considered:  (i)  the  dimension  normal  to  the 
crack  (r  axis)  wherein  the  stress  within  the  nearest 
neighbor  fiber  exceeds  the  applied  stress,  tr,.  (ii)  The 
radius  of  the  radial  zone  that  experiences  a  significant 
stress  concentration,  designated  The  hypothesis 
used  here  is  that,  at  the  small  levels  of  t  tox  relevant 
to  the  mechanism  transition,  since  i>  s.  stress  gradi¬ 
ents  in  r  are  smallt  (Fig.  10),  Consequently,  the  stress 
on  the  crack  plane  (r  =  0)  is  used  for  analysis  of  the 

tHcnce.  the  mechanism  transition  is  not  explicitly  affected 
by 


relative  survival  probabilities  of  fiber  rows  within  d* . 
The  definition  of  is  critical.  The  following  ration¬ 
alization  is  used;  with  reference  to  Fig.  6.  If  the  outer 
"annulus”  of  next-nearest  neighbor  fibers,  width 
exhibits  a  higher  failure  probability  than  the  inner 
annulus  of  nearest  neighbor  fibers,  width  Zs,  then 
a  well-defined  crack-like  criticality  cannot  develop. 


0  02  04  OS  00  1 


Relative  Far  Fwid  Mamx  Stress  .  On.  /  O, 

Fig-  13.  Effect  of  matnx  yielding  on  the  stress  concen¬ 
tration  in  the  nearest  neighbor  fibers  (£f('£„  =  3.  /  =  0  5, 
t  la,  =  0  2):  Oo  « the  uniaxial  yield  strength  of  the  matnx  and 
is  the  far  field  stress  on  the  matnx. 
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Inslead,  fiber  failures  are  more  likely  to  occur  in  other 
regions  of  the  composite  in  which  long  lengths  of 
fiber  are  subject  to  a  uniform  stress,  a,.  For  this  case, 
composite  failure  is  likely  to  proceed  by  global  load 
sharing  Consequenth .  the  stress  concentrations  from 
Fig.  1 1  mas  be  inserted  into  equation  (5)  to  provide 
an  assessment  of  the  interface,  fiber  and  matrix 
properties  needed  to  assure  GLS. 

5,  CONCLUSIONS 

An  analysis  of  the  effect  of  interface  sliding  on 
the  stress  concentration  around  failed  fibers  within 
a  composite  has  been  conducted.  The  analysts  is  used 
to  compare  the  stress  ratio.  /..  in  nearest  and  next- 
nearest  fiber  "annuli"  as  a  function  of  the  ratio  of 
the  improsed  stress  a,  to  the  interface  sliding  stress, 
T,  the  fiber  volume  fraction,  /,  and  the  fiberimatrix 
stiffness  ratio.  A  preliminary  stochastic  criterion  has 
been  used  to  demonstrate  global  load  shanng  (GLS) 
when  /  is  smaller  than  a  “critical”  value  that  depends 
on  the  shape  parameter,  m.  that  characterizes  the 
fiber  strength  distribution.  The  results  highlight  the 
importance  of  the  ratio  tja,.  Notably,  this  ratio  needs 
to  be  small  (<0.I)  to  assure  GLS  at  typical  fiber 
volume  fraction.  Furthermore,  there  is  an  appreciable 
effect  of  the  matrix  stiffness  on  the  stress  concen¬ 
tration.  The  trend  is  to  cause  an  increase  in  stress 
when  the  matrix  stiffness  decreases.  Low  matrix 
stiffnesses  arise  when  a  low  modulus  matrix  is  used 
and  when  either  matrix  microcracking  or  yielding 
occur.  In  this  case,  correspondingly  smaller  values  of 
the  interface  sliding  stress,  z/a,,  are  needed  to  citsure 
that  GLS  obtains  in  the  composite.  Further  analysis 


of  low  stiffness  matrices  caused  bs  non-lincariiics  is 
in  progress. 
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ABSTRACT 


Investigations  of  cracking  in  multilayered  ceramic/metal  composites  are 
presented.  Two  aspects  are  considered;  crack  renucleation  across  intact  single  metal 
layers  and  subsequent  crack  extension.  Crack  renucleation  criteria  are  determined  and 
compared  with  predictions.  High-resolution  strain-mapping  techniques  are  employed 
to  determine  the  surface  strain  fields  surrounding  cracks.  Good  agreement  is  found 
between  these  experimental  measurements  and  the  predictions  of  a  small-scale  yielding 
model.  Subsequent  crack  progression  occurs  either  by  the  extension  of  a  dominant, 
nearly  planar  crack  or  by  the  formation  of  a  zone  of  periodically  spaced  cracks.  Both 
patterns  are  analyzed.  The  dominant  cracking  behavior  is  found  to  depend  on  the 
volume  fraction  and  yield  strength  of  the  metal. 
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1.  INTRODUCTION 


The  macroscopic  mechanical  properties  of  layered  metal /ceramic  composites  are 
governed  by  the  mechanisms  of  deformation  and  damage  that  occur  upon  loading. 
Especially  important  is  the  manner  in  which  cracks  that  first  form  in  a  brittle  layer 
communicate  further  damage  to  the  neighboring  layers.  Two  limiting  responses  have 
been  identified;  global  and  local  load  sharing.^  When  global  load  sharing  applies,  the 
stress  redistribution  caused  by  a  crack  results  in  a  uniformly  inaeased  stress  in  all  of  the 
remaining  uncracked  layers.  Consequently,  a  straightforward  stochastic  approach  can 
be  used  to  characterize  the  mechanical  properties,  leading  to  a  damage  mechanics 
representation.  Conversely,  local  load  sharing  results  in  a  stress  concentration  around 
an  initial  crack  formed  within  one  layer,  which  causes  damage  to  progress  laterally, 
often  as  a  dominant  mode  I  crack.  In  this  case,  large-scale  bridging  mechanics  is 
appropriate.  As  yet,  there  is  no  fundamental  understanding  of  the  properties  of  the 
layers  and  of  the  interfaces  that  govern  the  occurrence  of  these  extreme  behaviors  (or  of 
intermediate  mechanisms).  The  present  article  addresses  the  criterion  that  governs  this 
fracture  mechanism  transition. 

A  previous  study  provided  some  understanding  of  the  stress  fields  around  a  crack 
within  a  ductile-brittle  layered  composite.2  For  a  crack  located  in  a  brittle  layer  with  its 
tip  incident  upon  a  ductile  layer  (as  illustrated  in  Fig.  1),  two  limits  were  identified;  i)  a 
small-scale  yielding  (SSY)  limit,  wherein  the  plastic  zone  in  the  ductile  layer  is  small 
compared  with  the  size  of  the  crack  in  the  brittle  layer  and  ii)  a  large-scale  yielding 
(LSY),  or  shear  lag  (SL)  limit,  characterized  by  a  relatively  large  plastic  zone.  The  SSY 
limit  exhibits  relatively  large  stress  concentrations  and  is  expected  to  result  in  local  load 
sharing.  The  LSY  limit  is  typified  by  much  smaller  stress  concentrations  and  may  allow 
global  load  sharing.  Therefore,  investigation  of  these  stress  fields  (including  their 
relationship  with  the  cracking  sequence)  might  provide  insight  into  the  transition  in 
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n\echanism.  The  present  study  describes  experimental  approaches  for  measuring  the 
stress  and  displacement  fields  around  such  cracks,  and  compares  the  results  with 
calculated  stress  fields. 


2.  EXPERIMENTAL 

2.1  Materials 

Metal/ ceramic  multilayers  were  produced  by  vacuum  diffusion  bonding 
precleaned  metal  and  ceramic  sheets.  Bonding  was  conducted  at  homologous 
temperatures  for  the  metal,  T/Tj,^  ~  0.9,  for  -24h,  with  an  applied  compression 
~  2  MPa,  in  a  vacuum  -  10'^  Torr.  The  composites  were  repared  from  two  grades  of 
aluminum  oxide,*  one  of  higher  strength  than  the  other,  bonded  to  high  purity 
aluminum  or  copper.  These  systems  have  strongly  bonded  interfaces.^  The  properties  of 
the  constituents  are  summarized  in  Table  I.  The  thicknesses  of  the  layers,  as  well  as  the 
ratios  of  the  metal  thickness,  hj^,  to  the  ceramic  thickness,  h^.,  were  varied,  but  in  all 
cases,  a  total  multilayer  thickness  of  4-8  mm  was  used.  The  range  of  systems  and 
diffusion  bonding  conditions  are  summarized  in  Table  II.  Some  specimens  with 
relatively  thick  (2  mm)  AI2O3  outer  layers  were  used  in  order  to  establish  a  well- 
developed  aack  prior  to  testing  (Fig.  2(a)). 

2.2  Measurements 

In  situ  observations  of  crack  growth  in  the  multilayered  composites  were  obtained 
on  beam  specimens  with  notches  cut  to  a  depth  of  -  50%  of  the  thickness  of  the  outer 
ceramic  layer  with  a  diamond  saw.  The  specimens  were  polished  optically  flat  on  one 
face  to  allow  observations  of  crack  growth.  Cracks  were  initiated  from  the  root  of  the 

*  Coors  ADS-995,  which  is  relatively  pure  and  has  high  flexural  strength,  and  Coors  ADS-96,  which  is 
less  pure  and  has  lower  strength. 
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notch  and  then  extended  stably  to  the  interface  using  a  loading  fixture  attached  to  the 
stage  of  an  optical  microscope  (Fig.  2(a)).  Most  tests  were  done  in  ambient  air.  However, 
to  examine  environmental  susceptibility,  a  few  tests  on  the  AJ2O3/AI  materials  were 
done  in  dry  N2.  High  magnification  micrographs  were  obtained  from  the  crack  tip 
region  during  loading.  In  all  cases,  cracks  were  oriented  w'ith  the  crack  plane 
perpendicular  to  the  layers  (Figs.  1, 2)  and  the  loads  were  applied  in  four-point  flexure. 
Typical  specimen  dimensions  were  1  x  8  x  30  mm,  with  the  inner  and  outer  loading 
point  separations  being  10  and  25  mm,  respectively.  The  nominal  mode  I  stress  intensity 
factors  Kj  were  evaluated  from  the  measured  loads,  crack  lengths  and  specimen 
dimensions  by  using  the  calibration  for  an  elastically  homogeneous  beam  (Section  3.1).^ 
Optical  micrographs  of  the  crack  tip  region  were  analyzed  to  determine  the 
opening  displacement,  60,  of  the  cracked  ceramic  layer  adjacent  to  the  metal,  the  strain, 
8yy,  in  the  neighboring  ceramic  layer,  and  the  plastic  zone  size,  Up  (Fig.  1).  This  was 
achieved  by  measuring  differential  displacements  of  corresponding  image  features  in 
pairs  of  micrographs:  one  taken  at  zero  load  (the  reference)  and  the  other  obtained 
under  load.  Two  image  analysis  techniques  were  used:  stereo  viewing  of  pairs  of 
micrographs^  and  a  computerized  image  comparison  procedure^  (HASMAP-High 
Accuracy  Strain  MAPing).  The  latter  technique  determines  full-field  maps  of  in-plane 
displacements,  which  can  be  differentiated  to  produce  the  in-plane  strain  fields.  Since 
both  methods  measure  differential  displacements,  their  sensitivity  is  much  greater  than 
the  point-to-point  resolution  of  the  micrographs.t 

Strain  distributions  were  also  measured  using  high-resolution  moire 
interferometry.  The  procedure  involved  depositing  a  diffraction  grating  on  the 
specimen  surface  and  forming  a  moir4  interference  pattern  between  the  specimen 
grating  and  a  fixed  reference  grating  during  loading  of  the  specimen. ^0'^^  The  moir6 

^  Displacement  resolution  of  10  nm  is  achieved  from  optical  nucrographs. 


image  consists  of  fringes  which  define  contours  of  constant  displacement,  with  the 
increment  between  fringes  being  equal  to  one-half  of  the  grating  period.  A  fringe 
multiplication  technique  was  used^^  to  increase  the  differential  displacement  resolution 
to  36  nm/fringe.  Interferographs  were  obtained  in  two  orthogonal  directions,  x  or  y 
(Fig.  1),  by  using  two  interpenetrating  diffraction  gratings  oriented  at  90°.  The  Eyy 
strains  were  deternuned  by  measuring  fringe  spadngs  in  the  y  direction,  along  a  line 
within  the  ceramic  layer,  5  Jim  from  the  interface.  The  Oyy  (y)  stress  was  then  estimated 
by  using  the  plane  stress  relation,^2 

(l-v')ayy(y)  =  E[eyy(y)  +  ve„(y)]  (1) 

where  V  is  Poisson's  ratio  and  E  is  Young’s  modulus  of  the  AI2O3.  For  the  present 
estimate,  it  was  assumed  that  Exx  (y)  =  0- 

In  materials  with  relatively  thick  AI2O3  layers  (>  480  |im),  average  strains,  Eyy, 
were  measured  with  strain  gauges,  over  an  area  «  0.6  x  0.25  mm. 

The  strength  distribution  of  the  higher  strength  alumina  was  measured  using  four- 
point  flexural  loading  of  specimens  cut  from  as-received  plates  (680  pm  thick)  and  from 
plates  that  had  been  surface-ground  to  reduce  their  thickness  to  450  pm.  The  strength 
distribution  of  the  lower  strength  alumina  was  also  measured  using  four-point  flexural 
loading  of  specimens  cut  from  as-received  plates  (2  mm  thick).  The  cumulative 
probability  of  failure,  <I)(S),  was  determined  (using  order  statistics)  as  a  function  of  the 
nominal  strength,  S,  for  both  types  of  cilumina,  by  using  the  volume  flaw  solution  (see 
Section  3),^3 


-^n[l-0(S)]  =  (S/Sj"(Lhw/V„)(m-t-2)/4(m  +  lf 


(2) 
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where  L  is  the  test  span,  w  the  specimen  width  and  h  the  plate  thickness,  with  being 
a  reference  volume  (taken  to  be  1  m^)  and  S©  and  m  the  reference  strength  and  shape 
parameters,  respectively. 


3.  RESULTS 
3.1  Crack  Growth 

In  multilayered  composites  with  low  volume  fractions  of  metal  (/m  <  0.3),  a  single 
crack  formed  in  each  ceramic  layer  ahead  of  the  notch  during  fracture  of  precracked 
beams  (Fig.  2(b)).  No  interfadal  debonding  occurred  in  any  of  the  composites,  during 
either  crack  renucleation  or  subsequent  fracture,  despite  extensive  plastic  stretching  of 
the  metal  layers  (Fig.  3).  Furthermore,  the  cracks  renucleated  sequentially  in  adjoining 
layers  on  nearly  the  same  plane  as  the  precrack.  The  damage  is  thus  viewed  as  a 
dominant  mode  I  crack,  with  the  crack  tip  taken  to  be  the  edge  of  the  cracked  ceramic 
layer  furthest  from  the  precrack.  A  nominal  stress  intensity  factor  Ki  can  then  be  defined 
as  the  loading  parameter. 

The  growth  of  mode  I  cracks  in  systems  containing  ceramic  layers  of  thickness 
(he  =  450-680  p.m)  greater  than  that  of  the  metal  layers  (hm  =  8  -  250  jim)  may  be 
represented  by  resistance  curves  (Fig.  4).  Two  values  of  the  stress  intensity  factor 
characterize  crack  growth:  (i)  that  needed  for  initial  crack  renucleation  across  intact 
metal  layers,  Kn,  and  (ii)  that  needed  for  subsequent  crack  growth,  Kr.  Initial  crack 
growth  is  controlled  by  crack  renucleation  in  the  ceramic  layer  ahead  of  the  crack  tip, 
w'hereas  Kr  increases  during  subsequent  crack  growth  because  of  the  bridging  effect  of 
intact  metal  layers  in  the  crack  wake.  For  a  given  material  combination  and 
environment  (Fig.  5),  the  renucleation  resistance  increased  with  the  thickness  of  the 
metal  layers.  The  values  of  Kj^  ranged  between  5  and  17  MPa  VriT,  in  all  cases,  higher 
than  the  fracture  toughness  of  alumina^^  (K©  ~  3.5  to  4  MPa  VnT)  (Fig.  5(a)).  The  values 
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of  Kj^  were  also  systematically  higher  in  CU/AI2O3  composites  containing  the  higher 
strength  AI2O3  th£in  in  equivalent  composites  with  the  lower  strength  AI2O3  (Fig.  5(b)). 
Testing  of  the  Al/ AI2O3  composites  in  air  resulted  in  lower  values  of  K^t  than  testing  in 
dry  N2/  implying  a  sensitivity  of  crack  renucleation  to  moisture  (Fig.  5(c)). 

Finally,  the  locations  at  which  the  cracks  renucleated  were  usually  offset  from  the 
crack  plane  in  the  last  cracked  AI2O3  layer.  The  offset  distances,  A,  measured  for 
composites  with  metal  layers  of  various  thicknesses  are  shown  in  Fig.  6  as  a  single 
probability  distribution,  plotted  as  a  function  of  A  normalized  by  the  thickness,  hm,  of 
the  metal  layers.  The  results  indicate  that  A  scales  with  hm- 

3.2  Crack  Tip  Opening  Displacements 

The  stationary  crack  tip  opening  displacements,  Sq,  were  determined  by 
stereoscopy  from  in  situ  optical  miaographs  obtained  before  cracks  renucleated  in  the 
ceramic  layer  ahead  of  the  precrack.  For  each  specimen,  60  was  found  to  increase  with 
increasing  Ki,  following  the  proportionality,  5o  ^  Kf  (Fig.  7(a)>.  This  proportionality 
suggests  that  the  data  may  be  compared  with  the  solution  for  a  homogeneous  metal  in 
the  small-scale  yielding  limit,  given  by,15,16 


5o  ^ 


HK? 


(3) 


where  and  Gq  are  the  Young's  modulus  and  uniaxial  yield  strength  of  the  metal  and 
H  is  a  non-dimensional  parameter.  For  homogeneous  metals,  H  depends  only  on  the 
work  hardening  coefficient,  and  typically  has  values  of  0.48  for  aluminum  and  0.18  for 
copper.^^'l^  It  is  apparent  from  Fig.  7(b)  that  smaller  values  of  H  obtain  for  all  of  the 
layered  materials.  Moreover,  the  magnitude  of  H  deaeases  with  deaeasing  metal  layer 
thickness  (Fig,  7(b))  and,  at  given  layer  thickness,  is  lower  for  the  multilayers  containing 
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copper  than  for  those  containing  aluminum,  consistent  with  the  trend  in  H  for  the 
homogeneous  metals. 

3.3  Strain  Measurements 

The  average  strains,  £yy,  measured  using  strain  gauges  in  the  AI2O3  layers  directly 
opposite  the  precrack  increased  with  increasing  Ki  (Fig.  8).  Both  the  magnitude  of  the 
strain  and  the  rate  of  increase  in  strain,  at  given  Ki,  increased  with  decreasing  metal 
layer  thickness. 

A  moir6  interference  micrograph  showing  fringes  of  constant  displacement  in  the 
vertical  (y)  direction,  obtained  from  the  region  surrounding  a  crack  tip  in  a  multilayered 
CU/AI2O3  composite,  is  shown  in  Fig.  9.  The  stresses,  dyy,  along  the  edge  of  the  AI2O3 
layer  ahead  of  the  crack  tip,  evaluated  from  the  micrographs  (by  using  Eqn.  (1) )  are 
plotted  in  Fig.  10,  along  with  theoretical  predictions  to  be  discussed  in  the  following 
section.  The  data  obtained  at  each  of  three  values  of  the  applied  stress  intensity  factor 
indicate  that  local  stress  concentrations  exist  ahead  of  the  crack  tip,  with  peaks  offset 
symmetrically  by  approximately  50  |J.m  from  the  crack  plane.  The  magnitude  of  the 
peak  stress  increases  linearly  with  Ki-  The  strains,  Eyy,  in  the  metal  layer  displayed  a 
similar  distribution  as  those  in  the  intact  ceramic  layer,  but  were  much  larger  in 
magnitude  with  a  plastic  zone  that  extended  beyond  the  field  of  view  (±  350  |lm). 

The  distribution  of  shear  strains  (as  determined  by  HASMAP)  around  a  crack  in 
another  CU/AI2O3  multilayered  composite  with  thicker  copper  layers  (130  }lm)  is 
shown  in  Fig.  11.  A  zone  of  localized  plastic  strain  within  the  copper  layer  ahead  of  the 
crack  tip  is  evident.  The  zone  extends  to  the  side  of  the  crack  to  a  distance 
approximately  7  times  the  metal  layer  thickness  (£p  =»  1  mm). 
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3.4  Multiple  Cracking 


In  composites  with  larger  volume  fractions  of  metal  (/m  >  0.7),  multiple  cracks 
formed  within  the  AI2O3  layers  (Figs.  2(c),  2(d))  after  initial  renucleation  from  the 
precrack.  Furthermore,  in  multilayers  with  the  highest  metal  volume  fraction 
(/m  =  0.85,  Fig.  2(d)),  lateral  spreading  of  multiple  cracks  within  the  same  brittle  layer 
often  occurred  in  preference  to  forward  progression  of  the  main  crack.  In  all  cases,  the 
cracking  eventually  saturated  within  a  damage  zone  ~  2  mm  in  total  width 
(approximately  twice  the  width  of  the  region  of  the  specimen  containing  the  thin 
ceramic  layers.  Fig.  2(a)),  with  the  distribution,  O  nv  of  crack  spadngs  shown  in  Fig.  12. 
It  is  evident  that  the  median  crack  spacing  at  saturation,  ft  s/  increases  as  the  alumina 
layer  thickness  increases. 

3.5  Alumina  Strengths 

The  strength  distributions  measured  on  the  as-sintered  and  surface-ground 
specimens  of  the  higher  strength  AI2O3  were  indistinguishable  (Fig.  13(a)),  suggesting 
that  the  strength  is  controlled  by  volvime  flaws.t  The  data  from  both  types  of  specimens 
were  combined,  and  the  magnitudes  of  the  shape  parameter,  m,  and  the  reference 
strength,  Sq,  were  ascertained  by  fitting  Eqn.  (2)  to  the  data,  giving 
So  (Vo)  =  37  MPa  m  3/'”.  The  corresponding  median  strength  is,  Sm  =  460  MPa. 
For  the  lower  strength  AI2O3  (as-sintered).  So  (Vq)!/"'  =  20  MPa-m  3/m  and  the  median 
strength  is,  Sm  =  380  MPa  (Fig.  13(b)). 


t  Although  it  is  possible  that  the  surface  flaw  distributions  were  the  same  within  the  measurement 
accuracy,  it  is  considered  unlikely. 
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4.  COMPARISON  WITH  MODELS 
4.1  Crack  Tip  Stresses 

Two  limiting  solutions  have  been  identified  for  the  stresses,  Gyy  (x,  y),  within 
intact  brittle  layers  ahead  of  the  crack  tip  in  layered  metal/ceramic  composites.  In  the 
small-scale  yielding  (SSY)  limit,  the  stresses  along  the  crack  plane  closely  approximate 
the  elastic  solution,^ 


-  K,/./2ix 


(xShJ  «) 


where  Ki  is  computed  for  an  elastically  homogeneous  medium.  This  result  holds  even 
when  the  plastic  zone  extends  both  through  the  metal  layer  and  laterally  up  to  a 
distance  several  times  the  metal  layer  thickness.  The  corresponding  stresses  in  the  intact 
ceramic  layer  alongside  the  thv?  metal/ceramic  interface  (x  =  h^)  are  given  by,^® 


a 


yy 


JSl- 

^|2kT 


m 


(5) 


where  r  and  0  are  the  radial  and  angular  coordinates  from  the  crack  tip  (Fig.  1), 


r 

0 


arctan 


kKj 


(6) 


An  estimate  of  the  size  of  the  slip  zone,  obtained  by  equating  Oxy  lo  the  shear  yield 
strength  of  the  metal  (with  Ki  =  0*  in  Eqn.  (5) ),  is,  ^ 
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/p/a,  =  0.6l(a./  a,/ 


(7) 


where  (7oo  is  the  applied  tensile  stress  and  ao  is  the  length  of  the  precrack.  For  larger  slip 
lengths,  corresponding  to  large-scale  yielding  (LSY),  a  finite  element  analysis  has  been 
used  to  evaluate  the  stresses.^  The  peak  stress  in  the  ceramic  layer  is,2 


Cfyy(hin.O) 


1  +  — 


'^.8 


tr  ,/h„) 


(8) 


The  distribution  of  Oyy  stresses  in  the  intact  ceramic  layer  for  0.05  >  (y/  i  p)  >  1  is,2 


Oyy(h„,y)  » 


o- 


UJ  /n{yh„) 


(9) 


where  Q  is  a  dimensionless  parameter  and  w  is  the  specimen  width.2  The 
corresponding  slip  length  is. 


/p/a,  =  V3a./a, 


(10) 


The  predicted  stresses,  given  by  Eqns.  (5)  and  (9),  are  compared  with  the  moire 
interferometry  data  in  Fig.  10.  The  SSY  predictions  agree  reasonably  well  with  the 
experimental  results,  including  the  locations  of  the  peak  stress  which  are  offset  from  the 
crack  plane.  Conversely,  the  LSY  solution  substantially  underestimates  the  magnitudes 
of  the  stresses  and  fails  to  predict  the  location  of  maximum  stress.  Additionally,  the  SSY 
predictions  are  compared  with  the  strain  gauge  measurements,  made  over  a  range  of 
loads  (Fig.  8;  Appendix  A).  Again,  the  SSY  predictions  agree  reasonably  well  with  the 
data. 
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The  stress  distributions  at  x  =  hm  in  the  ceramic  layer  ahead  of  the  crack  tip  can  be 
used  in  conjunction  with  the  measured  strength  of  the  ceramic  to  predict  failure  of  the 
ceramic  layer  and  thus,  the  renucleation  stress  intensity  factor,  K^.  A  simple  estimate  is 
obtained  by  equating  the  stress  (at  x  =  hj^,  y  =  0)  from  Eqn.  (5)  to  the  median  strength, 
Snv  of  the  AI2O3  layers.t  For  small-scale  yielding,  this  gives, 

Kn  =  S„  (11) 

The  prediction  of  Eqn.  (11),  with  Sm  =  460  MPa  (from  Fig.  13),  agrees  reasonably  well 
with  measured  values  of  Kj.^  for  materials  with  metal  layers  of  various  thicknesses 
(Fig.  5(a)).  Furthermore,  the  decrease  in  in  multilayers  fabricated  from  the  lower 
strength  alumina  (Fig.  5(b))  also  is  consistent  with  the  predicted  decrease  in  Kjg 
resulting  from  a  lower  Sm-  These  correlations  with  the  SSY  predictions  apply  even 
though  the  normalized  plastic  zone  size  extends  up  to  Ip/a^  *  2  (Fig.  11). 
Consequently,  the  SSY  stresses  seemingly  apply  over  a  wider  range  of  plastic  zone  sizes 
than  had  been  expected,^  although  these  findings  are  consistent  with  recent 
calculations. 

4.2  Multiple  Cracking 

4.2.1  Transition  From  Single  to  Multiple  Cracking 

The  criterion  for  the  transition  from  single  to  multiple  cracking  is  a  key  design 
parameter  for  this  class  of  multilayered  composites.  Since  the  present  experiments 
indicate  that  SSY  conditions  dominate,  this  transition  does  not  appear  to  be  related  to 
the  onset  of  LSY  conditions.  Instead,  it  is  suggested  that  the  transition  occurs  when  new 


^  A  more  rigorous  analysis  would  entail  statistical  analysis  of  fracture,  using  the  measured  strength 
distribution  of  the  AI2O3  layers  and  the  nonuniform  stress  field  of  Eqn.  (5).  Preliminary  calculations 
indicate  that  the  present  simplification  does  not  result  in  significant  error. 
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cracks  are  formed  in  the  AI2O3  layers  in  the  crack  wake.  For  wake  cracking  to  occur 
preferentially,  the  local  stresses  in  the  wake  must  exceed  those  ahead  of  the  crack,  as 
well  as  reach  the  fracture  strength  of  the  ceramic  layer.  These  stresses  are  influenced  by 
two  contributions:  the  K-field  of  the  main  crack  tip  and  the  bridging  tractions  exerted  by 
the  intact,  but  plastically  stretched,  metal  layers.  The  stresses  associated  with  the  K-field 
are  always  smaller  in  the  wake  than  ahead  of  the  crack  tip.  However,  the  contribution 
from  the  bridging  tractions  can  be  sufficient  to  make  the  wake  stress  larger  than  the  tip 
stress.  This  contribution  depends  on  the  magnitude  of  the  bridging  tractions,  T,  the 
relative  area  over  which  the  tractions  are  applied  (the  volume  fraction  of  the  metal)  and 
the  absolute  thicknesses  of  the  individual  layers.  The  magnitude  of  T  is  known  to 
depend  on  the  metal  yield  strength  and  the  local  crack  opening.20,21 

A  simple  model  for  wake  cracking,  involving  a  primary  crack  traversing  three 
ceramic  layers  and  partially  bridged  by  two  intact  metal  layers,  is  analyzed  in 
Appendix  B  (Fig.  Bl).  Approximate  analytical  solutions  for  the  wake  stresses  as  a 
function  of  distance  from  the  aack  plane,  for  this  partictilar  geometry  (Fig.  B2),  indicate 
that  the  stress  increases  from  zero  at  the  crack  faces  to  a  maximum  at  a  characteristic 
distance  from  the  crack  plane,  and  then  decreases.  The  characteristic  distance  could 
dictate  the  crack  spacing  within  the  zone  of  multiple  cracking.  The  analysis  reveals  that 
as  the  volume  fraction  of  metal  increases,  the  location  of  the  larger  peak  stress  changes 
from  the  brittle  layer  ahead  of  the  crack  tip  to  the  crack  wake,  provided  that  the  metal 
flow  strength  is  sufficiently  high  (Fig.  B2).  This  trend  is  qualitatively  consistent  with  the 
observations  in  Section  3. 

4.2.2  Multiple  Crack  Density 

An  important  measure  of  the  extent  of  crack  damage  relevant  to  a  damage 
mechanics  formulation  is  the  crack  density,  p.  No  attempt  is  made  here  to  understand 
the  evolution  of  p.  However,  some  appreciation  for  the  applicability  of  damage 
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mechanics  may  be  gained  by  comparing  the  measured  crack  spacings  with  values 
predicted  by  fragment  length  analysis.^  Stochastic  analysis  of  multiple  cracking  in 
bimaterial  systems  with  sliding  interfaces^  indicates  that  the  crack  density  saturates  and 
that  the  saturation  density,  Ps,  is  related  to  the  interfacial  shear  stress,  T,  as  well  as  a 
characteristic  ceramic  layer  strength.  Sc,  through  the  relationship, 

Ps  =  Mm)T/(h,Sj  (12) 

where  X  is  a  dimensionless  coefficient  of  order  unity,^  and,  for  a  well-bonded  interface, 
T  is  the  shear  flow  strength  of  the  metal  (I  =  ).  The  characteristic  strength.  Sc 

(Appendix  C),  is,^ 

S.  =  (XtV„S”/h^w)^-‘’  (13) 


Therefore,  Eqn.  (12)  can  be  written. 


P. 


'rt" 


VoS: 


(14) 


With  the  releyant  parameters  for  the  AI2O3/AI  system  (SoVo^''”'  =  37  MPa  m^/"^, 
T  =  30  MPa,  A.  (m  =  8)  »  1.6),  the  saturation  crack  spacings  for  multilayered 
specimens  with  45  Jim  and  125  pm  thickness  alumina  layers  are  predicted  from 
Eqn.  (14)  to  be  ~  0.7  mm  and  ~  1.6  mm,  respectively.  Although  these  are  larger  than  the 
measured  spacings,  they  are  in  the  same  range  and  they  scale  correctly  (Fig.  12).  A 
damage  approach  based  on  the  stochastics  of  the  brittle  layers,  coupled  with  interfadal 
slip,  thus  appears  to  be  a  potentially  viable  procedure  for  characterizing  the  properties 
associated  with  multiple  cracking. 
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5.  CONCLUSIONS 


Crack  growth  and  damage  accumulation  in  strongly  bonded  ceramic/metal 
multilayers  have  been  investigated,  with  particular  emphasis  on  the  criterion  for  crack 
advance,  as  well  as  on  crack  extension  patterns.  Crack  renucleation  beyond  intervening 
metal  layers  is  found  to  be  governed  by  the  small-scale  yielding  stress  field.  Plastic  flow 
within  the  metal  layers  exerts  a  minimal  influence,  despite  clear  evidence  of  plasticity  in 
the  metal  layers  prior  to  crack  renucleation.  The  metal  layers  therefore  act  simply  to 
separate  the  intact  ceramic  layer  from  the  crack  tip  by  a  distance  corresponding  to  the 
metal  layer  thickness.  This  behavior  leads  to  a  simple  inverse-square  root  dependence 
of  the  crack  renucleation  resistance,  on  the  metal  layer  thickness,  hm.  These 
conclusions  establish  that  crack  renucleation  results  from  a  significant  stress 
concentration  associated  with  aacks  in  adjacent  brittle  layers. 

Damage  develops  either  as  a  dominant  crack,  or  as  periodic  cracks,  depending  on 
the  volume  fraction,  layer  thickness  and  yield  strength  of  the  metal.  As  the  volume 
fraction  of  metal  increases,  at  constant  ceramic  layer  thickness,  the  stresses  in  the  crack 
wake  increase,  whereas  the  stresses  in  the  intact  layer  ahead  of  the  crack  tip  decrease. 
This  trend  in  stress  leads  to  a  transition  in  cracking  mechanism  with  increasing  volume 
fraction  of  metal,  whenever  the  metal  layers  have  sufficiently  high  yield  strength. 
Specifically,  for  low  metal  volume  fractions,  mode  I  extension  of  a  primary  crack  occurs, 
whereas  for  high  metal  volume  fractions,  periodic  multiple  cracking  occurs. 

When  multiple  cracking  dominates,  a  damage  mechanics  approach  for 
characterizing  properties  appears  to  be  viable.  To  assess  the  validity  of  such  an 
approach,  a  simple  model  has  been  used  to  relate  the  saturation  aack  density,  Ps,  to  the 
intrinsic  flow  pro|>erties  of  the  metal,  the  strength  characteristics  of  the  brittle  layers  and 
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the  geometry  of  the  multilayers.  The  predictions  of  the  model  are  qualitatively 
consistent  with  the  measured  trends. 
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TABLE  I 


Properties  of  Constituents 


Constituent 

Thermal  Expansion 
Coefficient 

a  (xio-^c-i) 

Young's 

Modulus 

E  (GPa) 

Uniaxial  Yield 
Strength 

Oo  (MPa) 

Work  Hardening 
Coefficient 

n 

AI2O3 

8 

380 

— 

A1 

25 

70 

50 

0.2 

Cu 

17 

120 

70 

0.3 
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TABLE  II 


Summary  of  Diffusion  Bonding  Conditions 


Multilayer 

Bonding 

Temperature 

(°C) 

Bonding 

Pressure 

(MPa) 

Bonding 

Time 

(h) 

AI2O3 

Thickness 

()Im) 

Metal 

Thickness 

(|lm) 

AI/AI2O3 

620 

1.5 

20 

45 

250 

680 

8, 25, 50, 100, 250 

655 

Z6 

20 

125 

250 

680 

8, 25, 100, 250 

940 

1 

24 

480 

25, 130 
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APPENDIX  A 


Comparison  of  Predicted  Stresses  with  Strain  Gauge  Measurements 


The  strain  gauge  data  provide  a  measure  of  the  average  stress,  Oyy,  within  the 
region  bounded  by  the  strain  gauge,  i.e.,  hn^  <  x  <  h^  +  d,  where  d  is  the  width  of  the 
strain  gauge.  For  the  stress  field  given  by  the  small-scale  yielding  limit,2 


!_  K 

d  1/2 jcx 


dx. 


(Al) 


Integration  gives, 


K 

d 


K 


where 


d  = 


d 


|2 


(A2) 


(A3) 


Equation  (A2)  is  compared  with  measurements  for  materials  with  aluminum  layers  of 
different  thickness  in  Fig.  8. 
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APPENDIX  B 


Multiple  Cracking  Analysis 


The  mode  of  damage  evolution  (single  or  multiple  cracking)  depends  on  the 
relative  magnitudes  of  the  stresses  in  the  ceramic  layers  ahead  of  and  behind  the  crack 
tip.  These  depend,  in  turn,  on  the  thicknesses  of  the  metal  and  ceramic  layers,  the  crack 
length,  the  strength  distribution  of  the  ceramic,  and  the  flow  properties  of  the  metal.  To 
assess  the  effect  of  changing  the  volume  fraction  of  metal,  these  stresses  are  estimated 
for  the  specific  composite  geometry  shown  in  Fig.  Bl. 

The  stresses  were  estimated  by  regarding  the  effect  of  the  intact  metal  bridging 
ligaments  as  aack  dosvire  tractions,  T,  acting  on  the  crack  faces  (Fig.  Bl).  In  general,  the 
magmtude  of  T  depends  on  the  local  aack  opening,  the  flow  properties  of  the  metal  and 
interfacial  debonding.  However,  for  the  purpose  of  illustrating  the  transition  in 
behavior,  T  is  taken  to  be  a  constant  (T  =  1.5  Oa,)  in  the  present  analysis.  Assuming  that 
the  stress  concentration  due  to  the  aack  tip  is  given  by  a  K  field,  and  assuming  elastic 
homogeneity,  the  aack  tip  stresses  are,18 


'tip 


K.p 


m 


(Bl) 


where  K^p  is  the  local  stress  intensity  factor  given  by,20 


.  [T  p(q.-T(X))dX 


(B2) 
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where  X  =  1  +  x/a  (Fig.  Bl).  The  stresses  in  the  crack  wake  along  the  line, 
X  =  -  (hm  + 1^)/  given  by  the  superposition  of  two  components,  one  due  to  the  crack 
tip  stress  concentration,  Eqn.  (Bl),  and  the  other  due  to  the  traction  T:18,22 


+  g(/„.y/h„,e,T)  (B3) 

■sjZ'JtT 

where  /(G)  is  given  by  Eqn.  (5)  and  the  function  g(/nv  y/bnv  6/  T)  accounts  for  the  wake 
stresses  arising  from  the  crack  bridging  tractions  applied  to  the  surface  of  an  elastic  half 
space  over  the  intervals,  -  2(hc  +  hm)  <  x  <  -  (2h<;  +  hm),  and  -  (he  +  hm)  <  x  <  -  hc,22 

Sifm>  r,  0,  T)  =  T(a,  +02+  sina,  +  sinaj)/^  (B4) 


with. 


^2 


fh  ^ 

arctan  — s- 

I  y 


fh„+h,l 

fh  ) 

arctan 

-  arctan 

I  y  J 

[yj 

with  hm,  he,  and  y  defined  in  Fig.  1. 

The  stresses  in  the  ceramic  layers  ahead  of  the  crack  tip  (Ga)  and  in  the  crack  wake 
(Ob)  are  plotted  as  a  function  of  distance  from  the  aack  plane  in  Fig.  B2  for  various 
values  of  /m-  The  stress  distributions  at  both  locations  pass  through  a  maximum  at  a 
distance  from  the  crack  plane  of  several  times  he-  At  small  values  of  /m,  the  maximum 
stress  is  larger  ahead  of  the  crack  than  in  the  wake,  thus  favoring  growth  of  a  single 
crack.  Conversely,  at  large  /m,  the  maximum  stress  is  larger  in  the  wake,  leading  to 
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multiple  cracking.  The  transition  occurs  at  /m  *  0.6,  for  the  particular  value  of  T  and 
the  crack  and  layer  geometries  chosen  here,  for  illustrative  purposes. 
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APPENDIX  C 


Characteristic  Ceramic  Layer  Strength 


For  a  power  law  strength  distribution  in  the  brittle  layers,  the  fraction,  P,  of  flaws 
that  can  cause  failure  at  stress  S  in  a  volume  V  is  given  by. 


P(v,s)  =  ^{s/sX 


(Cl) 


At  the  poinr  of  aack  saturation,^  S  =  Sc, 
P(V„S.)  =  =  1 


(C2) 


where  Vj  is  the  volume  of  material  between  the  cracks.  Using  Eqn.  (12),  Vj  can  be  re¬ 
expressed  as. 


hcS,w 

Xt 


Combining  Eqns.  (C2)  and  C3)  yields. 


Sc 


"XTV.sr 


y 


(C3) 


(C4) 
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FIGURE  CAPTIONS 


Fig.  1.  Schematic  illustrating  the  crack  geometry  and  the  parameters  measured  in  the 
experiments. 

Fig.  2.  a)  Schematic  illustrating  the  typical  specimen  and  loading  geometry,  b),  c)  and 
d)  Cracking  patterns  determined  by  optical  microscopy:  b)  single  crack  in  a 
system  with  Al/480  jim  AI2O3,  c)  multiple  cracking  in  composites  with 
Al/125  |J.m  AI2O3  and  d)Al/45llm  AI2O3.  Arrows  indicate  the  crack 
locations.  All  three  composites  contained  250  Jim  thick  A1  layers. 

Fig.  3.  Scanning  electron  micrographs  of  fracture  surfaces  of  AI/AI2O3  multilayers, 
showing  a  single  aluminum  layer  sandwiched  between  two  alumina  layers. 

Fig.  4.  Measured  crack  growth  resistance,  Kj^,  as  a  function  of  crack  extension,  Aa,  for 
several  multilayered  composites. 

Fig.  5.  a)  Crack  renucleation  stress  intensity  factor,  Kn,  as  a  fimction  of  metal  layer 
thickness,  hnv  for  a)  composites  fabricated  from  the  higher  strength  alumina 
and  tested  in  an  air  environment.  Also  shown  is  the  SSY  prediction  for  a 
median  ceramic  strength,  Sm  =  460  MPa.  b)  for  copper/ alumina 
composites  fabricated  from  either  the  higher  strength  or  lower  strength 
alumina  and  tested  in  an  air  environment.  Also  shown  are  the  SSY  predictions 
for  %  for  median  ceramic  strengths  of,  Sm  =  460  MPa  and  Sm  =  380  MPa. 
c)  Kjvj  for  aluminum/alumina  multilayers  fabricated  from  the  higher  strength 
alumina  tested  in  air  and  dry  nitrogen. 

Fig.  6.  Cumulative  distribution,  Od,  of  the  offset.  A,  in  crack  renucleation  location 
normalized  by  the  metal  layer  thickness,  h^„,  for  multilayers  with  a  range  of 
metal  layer  thicknesses. 

Fig.  7.  a)  Crack  tip  opening  displacements,  as  a  function  of  the  square  of  the 
applied  stress  intensity  factor,  Kf,  for  several  multilayer  systems.  Also  shown 
is  the  prediction  (Eqn.  3)  b).  The  non-dimensional  parameter, 
H  =  5q  Ep^CJo/Kf  as  a  function  of  inverse  metal  layer  thickness  for  several 
different  multilayer  systems. 
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Fig.  8.  Average  stresses,  0^,  in  ceramic  layers  directly  opposite  the  crack  determined 
with  a  strain  gauge,  for  several  multilayers.  Also  shown  are  the  predictions  for 
Oyy  from  Eqn.  ( A2). 

Fig.  9.  High-resolution  moir6  interferograph  of  the  crack  tip  region  in  a  CU/AI2O3 
multilayer  when  subjected  to  an  applied  stress  intensity  factor  of 
Ki  =  7.7  MPaViir.  Each  fringe  represents  a  contour  of  constant  differential 
displacement  of  36  nm  in  the  vertical  direction  (y-direction). 

Fig.  10.  Stress  distributions,  Oyy  (y),  obtained  by  moir6  interferometry  at  three  loads 
(Ki  =  5.1, 6.4  and  7.7  MPaVrrT ).  Comparisons  with  SSY  and  LSY  predictions 
are  also  shown. 

Fig.  11.  Contour  map  of  the  in-plane  shear  strain  distribution,  exy  ,  measured  by 
HASMAP  just  before  crack  renudeation  in  a  copper/ alumina  multilayer.  The 
contour  intervals  represent  a  strain  of  6  x  lO'*. 

Fig.  12.  Distribution,  <!>„»/  of  crack  spacings,  at  saturation,  from  several  multiply 
cracked  aluminum /alumina  spedmens  containing  45  Jim  and  125  Jim  thick 
alumina  layers  with  250  ixm  thick  aluminum  layers. 

Fig.  13.  Cumulative  failure  probabilities  a)  for  plates  of  the  higher  strength  AI2O3  in 
the  as-received  and  machined  conditions,  and  b)  plates  of  the  lower  strength 
aliunina  in  the  as-received  condition. 

Fig.  Bl.  Schematic  of  the  aack  configuration  analyzed  in  Appendix  B. 

Fig.  B2.  Approximate  analytical  solutions  for  crack  tip  and  crack  wake  stresses  for  the 
crack  geometry  shown  in  Fig.  Bl  with  various  volume  fractions  of  metal,  /m, 
and  with  bridging  tractions  taken  to  be  T  =  1.5  Goo. 


KJS11/11W! 


28 


I 


Shaw>0OE'ft/8Mfnk<02M71  -1 


Renucleation  Stress  Intensity  Factor, 


Metal  Thickness,  hr„(|im) 


Fig.  5(a) 


ShM.OOEMOW-irTk.oaMTM 


Renucleation  Stress  Intensity  Factor, 
Kn  (MPa  Vrn) 


Metal  Thickness,  (}im) 

Fig.  5(b) 


Sxm.QCX-  Wrt7l-7 


Renucleation  Stress  Intensity  Factor, 
KN(MPaVm) 


Metal  Thickness  h^(jim) 

Fig.  5(c) 


Sn*M.Ey(ni.OOE-a«r>wnpOlM11.« 


Non-Dimensional  Crack  Opening: 


Snaw  00E-1iy«Kt>>*-02«71-4 


mil 


Average  Stress, 


25  Copper  Layer 


Predictions 

Experiments 

Kj  {MPa  Vm) 

—  S.S.Y 

■  5.1 

•  6.4 

—  S.L. 

A  7.7 

A  ^yy  (MPa) 


Large  Scale 

Yielding  Small  Scale 
Eq.  [9]  Yielding 
Eq.  [5] 


initial 

Crack 

Plane 

(y=0) 


Position,  y  (jim) 


Fig. 10 


Sn«w  E»w.00€''a«'«nl<-0lW3l.4e 


Cumulative  Probability,  <I>| 


1 

- 1 - r 

•  hg  =  45  fim 

- '  i*  'o 

•  ^  O 

0.8 

-  O  hg  =  125  }Am 

J  o° 

i  O 

0.6 

0.4 

/  o“ 

0.2 

J _ 

0 

^  o 

0 

-  J _ 1 _ 1 _ 

0  100  200  300  400  500  600 


Crack  Spacing  ,  H  (pm) 

Fig.  12 


Sn«>.E«m.IXIE-aiTtcS«».02(73S-3 


Cumulative  Probability  :  fi.n[-fl.n(1-<I>)]  Cumulative  Probability  :  5in[-l^n(1- 


e 


Strength  (MPa) 


Fig.  13 


THE  MECHANICS  OF  CRACK  GROWTH  IN 
LAYERED  MATERIALS 


by 


M.Y.  He,  F.E.  Heredia,  DJ.  Wissuchek,  M.C.  Shaw  and  A.G.  Evans 

Materials  Department 
College  of  Engineering 
University  of  California 
Scinta  Barbara,  California  93106-5050 


June  1992 


Submitted  to  Acta  Mctallurgica  et  Materialia 


ABSTRACT 


La\  ered  materials  comprised  of  one  brittle  and  one  ductile  constituent  exhibit  crcivik 
growth  characteristics  that  depend  on  the  sequential  renucleation  or  tracks  m  each 
brittle  layer.  An  analysis  of  the  problem  is  presented  with  two  dirferent  interrace 
responses.  One  for  a  well-bonded,  slipping  interface  and  the  other  for  an  interlace  that 
debonds.  It  is  shovv-m  that  either  slip  or  debonding  enhance  the  fracture  resistance,  with 
debonding  being  the  more  effective.  The  analysis  is  compared  with  experimental  results 
for  several  layered  systems. 
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1.  INTRODUCTION 


Xanoscale  and  microscaie  layered  material?  can  exhibit  unprecedented  mecr.ar.ica. 
property  protiles:  stiffness,  tensile  strength,  notch  strength,  creep  strengtn.  latiuur 
resistance,  etc.  Furthermore,  possibilities  tor  spatial  tailoring  exist,  especialh  when  tite 
materials  are  produced  hv  vapor  deposition.  Alternating  lavers  ot  brittle  and  ductile 
materials  have  parricular  interest,  because  the  disparate  properties  ot  the  constituents 
provide  the  ideal  opportunity  for  achieving  novel  propertv  profiles.  Among  this  group 
are  metal/ceramic  and  metal/intermetallic  systems.  Such  materials  provide  a  locus  for 
the  present  article. 

A  substantial  theoretical  and  experimental  background  relevant  to  lavered  svstems 
of  this  type  exists  in  the  following  fields  i)  pearlite,^  ii)  ceramic  fiber-reinforced 
metals,-'^  iii)  metal-toughened  ceramics'*-^  and  intermetallics.*^®  However,  some  unique 
crack  growth  features  expected  in  layered  systems  are  emphasized  in  this  studv  The 
objective  is  to  provide  a  mechanics  framework  for  predicting  the  crack  growth  resistance 
of  ductile/brittle  layered  materials,  in  terms  of  constituent  material  properties 
(including  the  interfaces),  as  well  as  the  layer  thicknesses.  Two  predominant  interface 
responses  are  considered,  a)  A  well-bonded  interface  subject  to  slip  by  plastic  flow  m 
the  metal,  b)  An  interface  that  debonds  and  splits  in  a  controlled  manner. 


2.  EXPERIMENTAL  BACKGROUND 

Experimental  results  on  crack  growth  have  been  presented  for  lavered 
metal /ceramic  and  metal  intermetallic  systems  produced  using  a  variety  of  processing 
techniques:  diffusion  bonding  (DB),^0,11  directional  solidification  (DS),^~  thermal 
processing  (TP)^3  and  physical  vapor  deposition  (PVT)).^-^  However,  different  length 
scales  are  involved.  Diffusion  bonded  svstems  have  layer  thickness,  h  >  20  (im.  DS 
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rr.atenals  have  h  =  1  jim,  TF  rriaterials  have  h  =  0  1  um  an^:  r\'D  rr.a;i;r;::;>  haw 
h  =  0.01  -  1  ji.m.  Experimental  studies  conducted  on  these  svstems  ha\'e  tder.;:::ed  ‘.he 
evistence  of  a  major  fracture  mechanism,  transition.  The  two  tracture  mecham^m.v  are  '■ 
hi  Class  I  behavior  dominated  bv  a  single  crack,  li)  Class  11  beha\  ior  :nvoi\  ir.i:  muharlc 
microcracking.  The  conditions  that  dictate  the  transition  between  these  mechanisms 
have  not  yet  been  explicitly  delineated.  Nevertheless,  it  is  apparent  from  the 
experiments  that  Class  I  behavior  is  most  likely  when  both  the  metal  content  is 
relatively  low  and  the  layers  are  relatively  thick. This  behavior  is  em.phasized  m  the 
present  article  (Fig.  1). 

When  the  metal  layers  retain  good  ductility  through  processing,  plastic  stretch  of  the 
metal  layers  accompanies  crack  growth,  resulting  in  a  fracture  surface  morphology 
having  the  characteristics  depicted  in  Fig.  2.  Notably,  the  metal  layers  rupture  along  a 
ridge When  this  occurs,  without  interface  debonding,  crack  growth  is  subject  to  a 
resistance  curve  having  the  characteristics  indicated  on  Fig.  3;  i)  An  initiation  resistance, 
K^^•,  exceeding  that  of  the  brittle  layer,  Kb,  followed  by  a  rising  resistance,  ii)  When  the 
metal  layers  are  thin  (hm  <  1  M-m,  w’here  hm  is  the  metal  layer  thickness),  a  stcady-<tatc 
fracture  resistance,  Kj,  is  reached,  iii)  Thicker  metal  layers  (hm  >10  |im)  may  result  in  a 
continuously  rising  resistance  caused  by  large-scale  bridging  (LSB).^^*''"  Generally,  both 
K^^•  and  Kg  increase  as  hm  increases  (Fig.  4)d0  also  increases  as  the  metal  yield 
strength  Oo  ^nd  the  metal  volume  fraction,  /nv  increase. 

Interface  debonding  and/or  misaligned  layers  result  in  resistance  curves  having  the 
.same  qualitative  features,  but  subject  to  quantitative  differences.  Usually,  interface 
dccohcswn  elevates  both  and  K^,  but  the  fracture  morphology  is  more  intricate^ - 
(Fig.  5).  Misalignment  introduces  an  additional  level  of  complexity  though  effects  on 
crack  path,  on  crack  trapping,  ligament  formation,  etc.^^d8,l9  (pjg  5)  Notably,  a  crack 
may  extend  along  a  low  fracture  energy  plane,  within  a  colony,  having  layers  oriented 
normal  to  the  loading  axis.  It  then  encounters  a  colony  with  obliquely  oriented  layer 
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planes.  At  this  encounter,  the  crack  is  arrested  and  induces  a  series  of  decohesjor.  and 
deformation  events  that  dictate  the  subsequent  behavior.  d- 

3.  THE  MECHANICS  OF  LAYERED  MATERIALS 

Some  basic,  analytical  results  for  cracks  normal  to  the  interfaces  in  elastically 
homogeneous  bodies  are  reviewed,  before  presenting  numerical  results  that  address 
specific  issues.  Asymptotic  solutions  for  semi-infinite  cracks  arrested  at  an  interface 
provide  the  information  summarized  in  Fig.  7.-0  The  normal  stresses,  cr‘,  in  the  brittle 
layers  ahead  of  the  crack  front  are  important,  since  these  layers  are  susceptible  to  the 
events  that  result  in  macroscopic  crack  growth.  The  calculations  show  that  yielding  in 
the  metal  layer  at  the  crack  front  has  minimcd  effect  on  O  *,  except  for  very  low  values  of 
yield  strength,  Cq  (Fig.  7a).  The  essential  non-dimensional  parameter  is 

n  =  h„(c,/Kf  (1) 

where  K  is  the  stress  intensity  factor.  Notably,  reduced  values  of  O’  only  arise  when 
Q  <  0.02;  moreover,  when  is  small,  the  following  limit  must  obtain:  O*  -♦  0  as  Oq  — >  0. 

When  the  interfaces  decohere,  the  normal  stress,  O’  ahead  of  the  crack  can  be 
dramatically  reduced'^^  (Fig.  7b).  In  particular,  there  is  a  strong  influence  of  the 
decohesion  length  L  on  a*,  when  L/hm  exceeds  -  3.  Indeed,  w'hen  L/hm  =  10,  O*  is 
about  half  the  value  that  obtains  without  splitting.  Furthermore,  a*  0  when  L/h  — »  “o, 
and  is  negligibly  small,  (<  0.01)  when  L/hm  >  30.  Consequently,  splitting  has  a 
considerably  larger  effect  on  O*  than  slip. 

To  address  effects  of  crack  size  on  crack  growth,  numerical  results  for  both  splitting 
and  slip  have  been  obtained  using  finite  element  procedures  with  elastic  homogeneity 
assumed.  The  finite  element  mesh  is  depicted  in  Fig.  8.  For  calculations  with  splitting, 
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ti'ie  split  length  L  is  prescribed.  When  slip  occurs,  the  shear  or.  rite  ;n;er!ace  > 

not  allowed  to  e.xceed  the  shear  strength,  T  =  Go/\3  This  modei  anprovimato  tr.e 
ertect  ot  yielding  in  the  metal  layers.  The  numerical  results  obtained  tor  born 
m.echanism.s  (Fig,  9)  reyeal  appreciable  etiects  oi  crack  size.  The  trend  is  tor  G'  to 
increase  as  the  crack  size  decreases. 

In  some  cases,  the  crack  does  not  extend.  Instead,  splitting  occurs  ahca.i  c'  c'-ack 
(Fig.  6),  resulting  in  ligament  formation.  This  process  is  goyerned  by  the  Gxx  stress 
Variations  in  this  stress  uhth  distance  from  the  crack  front  (Fig,  10)  indicate  a  maximum 
This  maximum  occurs  at  a  distance  ahead  of  the  crack  =  2L. 


4.  CRACK  GROWTH  PREDICTION 

The  preceding  mechanics  must  be  coupled  vsith  a  crack  growth  criterion  in  order  to 
predict  the  crack  growth  resistance.  It  has  been  proposed  that  the  RKR  criterion'^  is 
m.ost  appropriate  when  layer  cracking  is  the  operative  mechanism.  This  criterion  states 
that  fracture  proceeds  when  O*  attains  the  fracture  strength  S  of  the  brittle  layers.^  The 
magnitude  of  the  tensile  stress  at  which  cracking  occurs  in  the  brittle  layer  is  subject  to  a 
mechanism  transition.  When  the  layers  are  sufficiently  thick  that  the  fracture  flaw’s  are 
smaller  than  the  layer  thickness,  the  layer  strength,  5,  is  flaiv  controlled. In  this  case,  S  is 
related  to  the  tensile  strength  of  the  material  (as  qualified  by  statistical  issues  associated 
with  the  stress  gradient  amd  the  layer  thickness).  When  the  layers  are  tin.,,  relatiye  to  the 
flaw  size,  the  layer  strength  is  controlled  by  tunnel  cracking.^-  For  this  cracking  mode, 
the  fracture  toughness  and  the  layer  thickness  have  a  dominant  influence  on  S  (Fig.  11). 
The  strength  controlled  by  tunnel  cracking  is  given  by. 


^  Consistent  with  the  behaviors  found  for  Fe/FejC  materials.’  '’ 
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where  ht>  is  the  thickness  ot  the  brittle  material  and  Z  i?  a  non-dimensionai  parameter  e: 
order  unit\'  that  depends  in  the  extent  of  debonding  and  sliding 


5.  COMPARISON  WITH  EXPERIMENTS 

The  preceding  calculations  can  be  compared  with  experiments  in  which  explicit 
measurements  have  been  made  of  the  toughness  of  the  brittle  constituents  and  the 
initiation  toughness  of  the  layered  system.  Such  results  exist  for  the  three  systems 
summarized  in  Table  I,  as  illustrated  in  Fig.  3.  In  other  layered  materials,  inelastic- 
behavior  in  the  more  brittle  constituent  (e.g.,  twinning  in  TiAD^^'-"*  invalidates  direct 
comparison  with  the  present  calculations. 

Inspection  of  the  results  reveals  that  the  initiation  toughness  is  relatively  larger 
for  systems  that  exhibit  interface  splitting  (NiAl  and  TiAl),  in  qualitative  accordance 
with  the  calculations.  Furthermore,  explicit  comparisons  can  be  made  for  each  material, 
i)  In  AI2O3/AI  and  AhOs/Cu,  there  is  no  interface  debondinglO---'’  (Fig.  2).  Moreover, 
for  the  systems  tested,  the  AiiOa  layers  are  relatively  thick  and  have  fracture  properties 
in  the  flaw  controlled  regime.  Using  independently  measured  value  of  the  ceramic 
tensile  strength,10  $,  and  metal  yield  strength,  Oo,  a  comparison  of  the  predicted  and 
measured  values  of  initiation  toughness  is  shown  in  Fig.  4,  lor  a  range  of  metal 
thicknesses  and  volume  fractions. ^0  The  good  correlation  validates  the  strength-based 
(RKR)  approach, 21  at  least  when  the  interface  is  strongly  bonded,  ii)  The  NiAl/Cr{Mo) 
svstem  exhibits  profuse  interface  splitting  (Fig.  5). 12  However,  not  all  interfaces  are 
susceptible  to  splitting.  When  splitting  occurs,  the  split  lengths  are  appreciably  larger 
than  the  layer  thickness  (L/h  =  10).  Moreover,  the  thin  intermetallic  layer  thickness 
dictates  that  fracture  proceed  by  tunnel  cracking,  such  that  (Eqn.  2)  applies.  Predictions 


are  made  both  with  ar.d  without  splitr.ng,  as  indicated  or.  Fig  -2.  Tne  correianon 
experiment  is  indicative  of  a  predominant  role  of  split  interlaces  sid  For  the  T;A'.  Nr 
svstem,  the  TiAl  is  relati\'ely  thick  and  is  expected  to  be  in  the  flavc  controlled 
rogim.eA-'“  Interface  splitting  is  aiso  evident  in  this  svstem  (L/h  =  2'..  ilowewr 
independent  measurements  of  tensile  strength  for  TiAl  are  not  available. 

The  calculations  assist  in  the  interpretation  of  a  splitting  phenomenon  found  in 
TiAl/Ti3Al  with  a  lamellar  or  layered  colonv  microstructureN'dSJ*^  (Pig  (^)  jn  this 
material,  periodic  splits  occur  where  the  crack  encounters  a  colonv  with  the  iavers 
oriented  normal  to  the  crack  plane.  There  is  no  coplanar  cracking  of  the  TiAl  Iavers  Tiie 
splitting  is  attributed  to  the  O^x  stress  and  indeed,  occurs  where  this  stress  has  a 
maximum,  at  x/L  =  2  (Fig,  10).  However,  a  criterion  for  predicting  the  onset  of  penodic 
split  cracking  would  require  an  in-plane  strength  property  for  the  TiAl  Iavers  (or  the 
TiAl/Ti3Al  interface),  yet  to  be  identified. 


6.  IMPLICATIONS 

The  above  connections  between  experimental  results  and  the  analvsis  allow  some 
implications  to  be  made  about  crack  growth  in  lavered  materials.  The  first  important 
result  is  that  materials  with  thin  layers  and  urll-bonded  interfaces  have  an  initiation 
toughness  exceeding  that  of  the  brittle  constituent,  but  only  by,  \  2k  fm  /(I  -  /m) 
Substantially  higher  values  of  initiation  toughness  require  either  thicker  layers  or 
interfaces  that  exhibit  extensive  debonding  and/or  sliding.  Control  of  the  interface  has 
greater  appeal,  because  the  advantages  of  thick  layers  are  only  manifest  at  thicknesses 
in  the  10-100  Jim  range.  Interface  debonding  is  not  yet  predictable  from  fundamental 
principles,  but  some  empirical  guidelines  exist  that  provide  useful  insight. 

While  interface  slip  is  not  as  effective  as  debonding  in  enhancing  toughness  (Fig.  7), 
slip  may  still  be  more  attractive,  when  reasonable  transverse  properties  are  required.  An 
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intere.-;:nc  option  in  thi.^  regard  is  suggested  bv  an  exrerimiental  t'n'er\-.r.ior,  ir.at  a 


uctile  interface  laver  can  lead  to  hiqh  toughness  Notablv,  a  thin  with 


loiL'  -jicLi  strength  should  provide  high  initiation  toughness,  bv  enabling  the  slip  length  to 
become  large  compared  with  the  laver  thickness.  Such  a  thin  layer  should  not  degrade 
the  propagation  toughness  associated  with  ductile  phase  bridging 


7.  CONCLUSION 

An  analysis  has  been  presented  that  predicts  the  initiation  toughness  for  layered 
materials  with  one  brittle  constituent.  The  analysis  appears  to  be  consistent  with 
experimental  results  for  several  ceramic/me  al  and  intermetallic/metal  systems 
produced  by  either  diffusion  bonding  or  directional  solidification.  Two  important 
implications  have  been  addressed,  i)  Thin  layer  bimaterial  systems  with  well-bonded 
interfaces  are  not  conducive  to  substantial  toughening,  ii)  Higher  initiation  toughness 
can  be  achieved  with  thick  layers.  But,  a  more  attractive  approach  is  to  introduce  thin 
interface  layers  that  allow  extensive  (but  controlled)  inelastic  deformation,  either  by  slip 
or  debonding.  Among  these  two  options,  slipping  interfaces  are  preferred  (where 
possible),  because  they  provide  superior  transverse  cracking  resistance.  These  layers  can 
be  produced  either  by  reaction  between  the  bimaterial  constituents  or  by  using  physical 
vapor  deposition  to  produce  the  multilayers. 

The  analysis  may  also  be  used  to  rationalize  behaviors  found  in  lamellar 
microstructures,  such  as  periodic  splitting.  These  splitting  effects  are,  in  turn, 
fundamental  to  the  high  toughness  exhibited  by  these  materials.  Further  study  of  such 
phenomena  may  lead  to  a  fundamental  understanding  of  the  fracture  properties  of 
lamellar  systems. 

Finally,  it  is  recognized  that  new  effects  mav  emerge  in  nanoscale  systems,  wherein 
the  deformation  of  the  metal  layers  is  governed  by  the  threading  of  individual 
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dislocations  However,  the  expectation  i'  that  the  a.-SvViaied  enhancert'.enr  in  t.ne 
resistance  to  plastic  now  would  lead  to  lower  le\'e!s  o:  initiation  touchness  than  tho'ie 
addressed  by  the  present  analysis. 
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TABLE  I 


Material  Systems  Investigated 


SYSTEM 

LAYER  THICKNESS  (^im) 

KB(MPa\m  ) 

BRITTLE 

DUCTILE 

AI2O3/AI 

45-680 

S-250 

3.5 

NiAl/Cr(Mo) 

0.75 

0.35 

5 

TiAl/Nb 

100-200 

50 

0-8 
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FIGURE  CAPTIONS 


Fig.  1.  A  schematic  of  crack  growth  m  a  layered  material  with  associated  resistance 
curv’e. 

Fig.  2.  A  scarming  electron  fractograph  of  a  diffusion-bonded  AI2O3/AI  material 
indicating  plastic  stretch  of  the  AI  to  a  ridge. 

Fig.  3.  Resistance  curves  for  three  layered  materials  a)  AI2O3/AI  with  hm  =  100  pm, 
b)  NiAl/Cr(Mo)  with  hm  =  1  pm,  c)  TiAl/Nb  with  hm  =  50  pm. 

Fig.  4.  Measurem.ents  of  as  a  function  of  metal  layer  thickness  for  the  AI2O3/AI 
and  AI2O3/CU  systems.  The  predictions  are  also  shovxm. 

Fig.  5.  The  fracture  surface  for  a  N'iAl/Cr(Mo)  layered  material  indicating  splitting, 
as  well  as  plastic  distortion. 

Fig.  6.  A  crack  within  a  layered,  colony  structure  exhibited  by  the  system, 
TiAl/TisAl. 

Fig.  7.  AsvTnptotic  solutions  for  the  effects  of  slip  and  splitting  on  the  stress.  O'. 

a)  The  normal  stress  ahead  of  the  aack  as  a  function  of  relative  distance  from 
the  aack  with  a  slip. 

b)  The  normal  stress  ahead  of  the  crack  as  a  function  of  the  relative  slip  or 
splitting  length. 

Fig.  8.  Finite  element  mesh  used  to  evaluate  effects  of  slip  and  splitting. 

Fig.  9.  Effect  of  crack  size  on  the  stress  ahead  of  a  crack  subject  to  a)  splitting  or 
h'i  slip. 

Fig.  10.  The  in-plane,  Gxx  stress  ahead  of  a  crack  with  a  split. 

Fig.  11.  A  schematic  of  the  trend  in  strength  with  brittle  layer  thickness. 

Fig.  12.  Predictions  of  initiation  toughness  for  weakly  bonded  layered  systems  with 
and  without  splitting  and  comparison  with  results  for  N’iAl/Cr(Mo). 
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ABSTRACT 

By  using  the  elastic  singular  field  as  a  prescribed  loading  condition,  small  scale 
yielding  solutions  are  obtained  for  a  crack  normal  to  the  interface  between  a  brittle  and 
a  ductile  material.  Results  for  both  a  crack  in  the  brittle  material  and  one  in  the  ductile 
material  are  obtained  by  finite  element  analysis.  The  crack  tip  fields  obtained  by  the 
finite  element  analysis  are  compared  with  the  asymptotic  solutions.  It  is  found  that  near 
the  tip  the  stress  fields  approach  the  asymptotic  solutions.  If  the  crack  is  in  the  brittle 
material,  the  high  triaxial  stresses  are  developed  near  the  interface  ahead  of  the  crack 
tip. 


1.  INTRODUCTION 

Thin  films  of  metals,  ceramics  and  polymers  bonded  to  substrates  are  typically 
subject  to  appreciable  residual  stress,  which  can  cause  cracking  of  the  films.  Many 
analytical,  numerical  and  experimental  investigations  have  been  conducted  recently. 
However,  comprehensive  elastic-plastic  analyses  for  cracks  in  films  are  not  available. 
One  purpose  of  our  study  is  to  provide  one  specific  solution.  The  problem  analyzed  in 
this  paper  is  shown  in  Figure  1.  A  perpendicular  crack  meets  an  interface  between  two 
dissimilar  materials.  Loads  are  applied  which  tend  to  open  the  aack  (mode  I  loading). 
The  tip  is  at  the  interface.  One  material  is  purely  elastic  and  the  other  is  elastic-perfectly 
plastic.  By  using  the  elastic  singular  field  as  a  prescribed  boundary  condition,  small 
scale  yielding  solutions  are  obtained  by  finite  element  analysis  and  compared  with  the 
asymptotic  fields. 


2.  ASYMPTOTIC  FIELDS 

The  plane  strain  asymptotic  stress  fields  for  a  crack  normal  to  the  interface 
between  an  elastic  and  an  elastic-perfectly  plastic  material  when  the  crack  tip  is  at  the 
interface  have  been  given  by  [1].  The  results  are  quoted  here  as  follows: 

Problem  A:  If  the  crack  is  in  the  yielded  material  as  in  Figure  la,  the  asymptotic 
solutions  for  the  stresses  in  the  perfectly  plastic  material  are  given  in  polar  coordinates 
by  [2] 


a,  =  k^l  +  ^-2ej 
o,  =  k^l  +  ^-2ej. 
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and 


Og  =  k{l  +  cos20) 

0,  =  k(l-cos20)i  —  <0<n  (2) 

4 

=  -ksin20 

The  asymptotic  solutions  for  stresses  in  the  elastic  material  are  given  bv 

4kcos0r  J.  r  0  Q  •  ol  ■  Jo 

Og  - - COS0  log— +  —  -0sin6  +  1  +  —  ksin  0 

\  2  J 

-2  sin^  0  log  —  +  cos^  0-0  sin  26  +|^l  +  ^jk  cos^  6 

0^=-—  sin 20  log— +  —  +6cos26  -fl +  — Vsin6cos6 
^  v2y 

where  r,,  is  an  undetermined  constant  which  has  been  determined  by  the  finite  element 
analysis  [1]. 

Problem  B,  If  the  crack  is  in  the  elastic  material,  consistent  with  Figure  lb,  the 
expressions  for  the  asymptotic  stress  fields  in  the  perfectly  plastic  region  are  given  by: 

0^8  =  T  +  ^  +  kcos26 
2 

^  kn  , 

0  =T  + - kcos29 

2 

=  ksin  26 


Fig.  1  Crack  geometry 
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and 


o,  =  T-2k[e-|] 
o,  =  T-2k[0-^]- 

The  solution  in  the  elastic  region  is 

Og  =  ^(l-cos28)  +  -^(3  +  cos20)-k6  +  -^sin20 
o,  =  ■^{l  +  cos20)  +  ^(3-cos20)-k0-^sin20  ■ 
o^  =  ~(cos20-l)-i[T-|kjsin20 


(5) 


(6) 


3.  FINITE  ELEMENT  ANALYSIS 

The  displacements  of  the  singular  elastic  solution  (1,2),  are  used  as  boundary 
conditions  on  the  outer  perimeter  of  a  finite  element  mesh  used  to  calculate  plane  strain 
small  scale  yielding  solutions.  A  general  purpose  finite  element  code,  ABAQUS  was 
used.  A  typical  finite  element  mesh  contains  720  eight  node  isoparametric  elements  and 
2358  nodes. 

In  order  to  deal  with  most  materials  combinations,  we  took  different  values  of  a 
within  the  range  -0.5  <  a  50.75  for  P=a/4,  where  a  and  P  are  the  Dundurs  parameters  (4] 

a  =  (n,(l  -  Vj)  -  Pzd  -  V, ))  /  (n,(l  -  Vj)  +  4j(l  -  V, ))  (7) 

p  =  (p,(l  -  2vj )  -  pj(l  -  2v, })  /  -  Vj)  +  pj(l  -  V, ))  (8) 


p  and  V  are  shear  modulus  and  Poisson's  ratio  of  the  material  respectively  and  the 
subscripts  i=l  and  2  correspond  to  the  arrangement  shown  in  Fig.l. 

Problem  A:  The  crack  is  in  the  elastic-perfectly  plastic  material  and  the  other  material  is 
elastic.  The  small  scale  yielding  solutions  obtained  by  the  finite  element  analysis  shows 
that  near  the  aack  tip  the  stress  fields  are  quite  similar  to  the  asymptotic  fields  given  by 
(l)-(3).  The  stress  fields  shift  toward  the  asymptotic  angular  distribution  in  the  near  tip 
region.  As  an  example  the  angular  distributions  of  the  stresses  at  a  fixed  relative 
distance  are  shown  in  Figure  2,  for  a=0.5  and  r=65,  where  6,  is  the  crack  tip  opening 
displacement  and  Oy  is  the  yield  stress  in  tension  of  the  plastic  material.  The  stresses 
along  the  interface  in  the  elastic  perfectly  plastic  material,  (0=7i/2'*')  are  plotted  as 
functions  of  normalized  radial  distance  from  the  crack  tip  for  a=0.25  in  Figure  3a.  The 
counterparts  for  stresses  along  the  interface  in  the  elastic  material,  (6=n/2‘)  are  plotted 
in  Figure  3b.  The  plots  indicate  that  the  size  of  the  domain  dominated  by  the 


586 


asymptotic  field  is  very  small  compared  to  the  size  of  the  plastic  zone. 

Problem  B:  The  crack  is  in  the  elastic  material  and  the  other  material  is  elastic-perfectly 
plastic.  The  angular  distributions  of  the  stresses  at  a  fixed  relative  distance  arc  shown  in 
Figure  4,  for  a=-0.5,  and  r=6-3l5.  The  results  obtained  by  the  finite  element  analysis  are 
shown  by  solid  lines.  The  asymptotic  solutions  given  by  (6)  in  the  elastic  side  and  t4) 
and  (5)  in  the  plastic  side  are  also  included  in  the  Figures  as  dashed  lines.  It  is  clear  from 


Fig.  2  6-variation  of  stresses  very  near  the  crack  tip  for  problem  A:  The  crack  is  in  the 
elastic-perfectly  plastic  material  and  the  other  material  is  elastic,  a  =  0.5,f  =  68 


Fig.  3  Stresses  along  the  interface  as  a  function  of  normalized  radial  distance  from  the 
crack  tip  for  problem  A  and  a=0.25  (a)  Stresses  in  the  elastic  perfectly  plastic  material. 

(b)  Stresses  in  the  elastic  material. 


Stresses  atread  of  the  Curve 


Fig.  4  6-variation  of  stresses  very  near  the  crack  tip  for  problem  B:  the  crack  is  in  the 
elastic  material  and  the  other  matericil  is  perfectly  plastic,  a  =  -0.5,r  =  6.316 


Normalized  Distance  trom  the  Crad<  Tip  \  f  fK/G,)’'* 


Fig.  5  Stresses  ahead  of  the  crack  as  a 
function  of  normalized  distance  for  problem 
B  .  The  dashed  lines  are  the  asymptotic 
limits.and  a=0.25. 


Fig.  6  Hydrostatic  stress  S  and  stress  T 
ahead  of  the  crack  tip  as  a  function  of  a 
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A  B 

Fig.  7  Location  of  elastic/plasdc  boundary  for  problem  A  and  problem  B. 

these  plots  that  the  fields  obtained  by  the  finite  element  analysis  are  quite  similar  to  the 
asymptotic  fields.  The  stress  fields  shift  toward  the  asymptotic  angular  distribution  as 
the  radial  distance  approaches  to  zero.  The  angular  distribution  of  the  stresses 
determined  by  the  finite  element  calculation  at  a  very  small  radial  distance  are  in  very 
good  agreement  with  the  asymptotic  solution.  The  stresses  ahead  of  the  crack  are 
plotted  as  functions  of  normalized  distance  for  a=-0.5  in  Figure  5.  These  plots  indicate 
the  size  of  the  domain  dominated  by  the  asymptotic  field  are  very  small  compared  with 
the  size  of  the  plastic  zone.  As  a  function  of  a.  Fig.  6  gives  T  deduced  from  the  finite 
element  analysis.  The  plot  for  the  asymptotic  values  of  the  hydrostatic  stress 
S={o^)/l  ahead  of  the  aack  in  the  plastic  material  is  also  included  in  Figure  6,  which 

shows  both  T  and  S  increases  very  rapidly  with  a.  The  results  show  that  high  triaxial 
stresses  are  developed  near  the  interface  ^ead  of  the  crack  tip.  For  example,  even  for 
a=0  (i.  e.  one  brittle  and  one  ductile  material,  with  the  same  elastic  modulus  and 
Poisson's  ratio,  are  bonded  together),  the  triaxial  tensile  stress  S  ahead  of  the  crack  in  the 
ductile  material  will  be  33%  higher  than  in  the  homogeneous  case.  The  presence  of 
large  hydrostatic  stresses  ahead  of  a  crack  is  clearly  important  for  the  promotion  of 
ductile  fracture  mechanisms  involving  the  growth  and  coalescence  of  voids.  Figures  7 
show  the  location  of  the  elastic/plastic  boundary  for  problem  A  and  B  respectively.  It  is 
demonstrated  that  the  elastic/ plastic  boundary  depends  strongly  on  cl 
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Abstract 

Several  problems  are  analyzed  that  have  bearing  on  cracking  and  survivability  in  the 
presence  of  cracking  of  layered  composite  materials  comprised  of  brittle  layers  joined  either  by  a 
weak  interface  or  by  a  thin  layer  of  a  well-bonded  ductile  metal.  The  problems  concern  a  crack  in 
one  britde  layer  impinging  on  the  interface  with  the  neighboring  brittle  layer  and  either  branching, 
if  the  interface  is  weak,  or  inducing  plastic  yielding,  if  a  ductile  bonding  agent  is  present  For  the 
case  of  a  weak  interface,  the  effect  of  debonding  along  the  interface  is  analyzed  and  results  for  the 
stress  redistribution  in  the  uncracked  layer  directly  ahead  of  the  crack  tip  are  presented.  Debonding 
lowers  the  high  stress  concentration  just  across  the  interface,  but  causes  a  small  increase  in  the 
tensile  stresses  further  ahead  of  the  tip  in  the  uncracked  layer.  A  similar  stress  redistribution 
occurs  when  the  layers  are  joined  by  a  very  thin  ductile  layer  that  undergoes  yielding  above  and 
below  the  crack  tip,  allowing  the  cracked  layer  to  redistribute  its  load  to  the  neighboring  uncracked 
layer.  The  role  of  debonding  and  yielding  of  the  interface  on  3D  tunnel  cracking  through  an 
individual  layer  is  also  discussed  and  analyzed.  Residual  stress  in  the  layers  is  included  in  the 
analysis. 
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1.  Introduction 

When  layered,  thin  sheets  of  a  brittle  material  may  have  toughness  and  strength  propeni 
which  are  far  superior  to  those  of  the  material  in  bulk  form  [1-6].  To  achieve  good  strength  and 
toughness,  the  interface  between  adjoining  layers  must  stymie  the  stress  concentration  effea  of  any 
crack  that  occurs  in  an  individual  layer,  reducing  the  likelihood  that  it  will  propagate  into  the  next 
layer.  Depending  on  the  nature  of  the  interface,  this  may  occur  by  debonding,  when  the  interface 
is  brittle  and  relatively  weak,  or  by  yielding  and  sliding  for  systems  comprised  of  brittle  layers 
alternating  with  thin  ductile  adhesive  layers.  The  latter  category  is  represented  by  sheets  of  AI2O3 
joined  by  thin  layers  of  aluminum  [2]  and  by  the  model  system  with  sheets  of  AI2O3  bonded  by 
epoxy  [3].  Some  of  the  issues  related  to  the  design  of  layered  brittle  materials  are  similar  to  those 
encountered  in  the  design  of  fiber-reinforced  brittle  tuauix  composites,  such  as  the  selection  of 
interface  toughness  to  prevent  matrix  cracks  from  penetrating  the  fibers.  Other  issues  are  unique  to 
the  layered  geometry,  and  this  paper  addresses  a  few  of  them.  In  particular,  the  role  of  yielding  or 
debonding  of  the  interface  in  defeating  cracks  in  individual  layers  is  analyzed  by  considering  the 
stress  redistribution  in  the  adjoining  uncracked  layer  that  accompanies  these  processes.  Results 
will  also  be  given  for  the  energy  release  rate  of  3D  cracks  tunneling  through  an  individual  layer. 
This  release  rate,  which  is  influenced  by  interface  yielding  or  debonding,  provides  the  essential 
information  needed  to  predict  the  onset  of  widespread  layer  cracking  in  terms  of  the  thickness  of 
the  brittle  layer  material  and  its  toughness. 

The  geometries  of  the  problems  to  be  studied  are  laid  out  in  Fig.  1.  Fig.  la  shows  a 
cracked  layer  of  width  2w  with  zones  of  cither  yielding  or  debonding  in  the  interface  extending  a 
distance  d  above  and  below  the  crack  tips.  The  interface  is  taken  to  be  either  a  very  thin  ductile 
layer  of  an  elastic-perfectly  plastic  material  with  shear  flow  stress,  x,  or  a  weak  plane  that  debonds 
and  slips  under  conditions  such  that  the  layers  remain  in  contact  and  exert  a  friction  stress  t  on 
each  other.  The  ductile  adhesive  layer  allows  slipping  of  the  layers  it  joins  relative  to  one  another 
by  plastic  yielding,  but  it  is  assumed  that  debonding  does  not  occur.  In  this  case,  ihe  condition 
K2  =  0  must  be  enfOTced,  leading  to  well-behaved  shear  stresses  at  the  end  of  the  yielding  zone  and 
establishing  the  zone  length  d.  In  the  case  where  the  interface  debonds,  the  interface  crack  is  fully 
closed  for  d/w>0.71  [7].  The  mode  2  stress  intensity  factor  K2  at  the  end  of  the  slipped  zone  will 
be  nonzero  and  must  attain  the  mode  2  toughness  of  the  interface  for  the  debond  to  spread.  Results 
for  K2  will  be  given. 

Cracks  in  individual  layers  spread  as  3D  tunnel  cracks  propagating  through  the  layer  as 
depicted  in  Fig.  2.  Once  the  crack  has  spread  a  distance  of  at  least  several  layer  thicknesses  in  the 
z-direction  it  approaches  a  steady-state  wherein  the  behavior  at  the  propagating  crack  front  becomes 
independent  of  the  length  of  the  crack  in  the  z-direction.  Under  these  steady-state  conditions,  the 
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energy  release  rate  of  the  propagating  front  can  be  computed  using  the  plane  strain  solution 
associated  with  the  geometry  of  Fig.  la  (other  examples  of  tunnel  cracks  arc  given  in  the  review 
article  [8]).  The  steady-state  energy  release  rate  can  be  computed  in  terms  of  the  average  of  the 
opening  5(x)  of  the  plane  strain  crack.  The  zone  of  yielding  or  debonding  incTea.ses  the  tunneling 
energy  release  rate,  thereby  lowering  die  overall  stress  at  which  widespread  layer  cracking  can 
occur.  Results  for  the  tunneling  energy  release  rate  will  be  given.  The  role  of  residual  stresses  in 
the  layers  arc  readily  accounted  for,  as  will  be  discussed  in  the  final  secnon. 

When  the  interface  is  weak  and  debonding  occurs,  the  interface  crack  is  fully  open  with 
mixed  mode  intensity  factors  when  d/w<0.24  [7].  This  case  can  be  well  approximated  by  the 
asymptotic  problem  for  a  semi-infinite  crack  impinging  the  interface  where  the  remote  field  is  the 
K-field  associated  with  the  problem  in  Fig. la  with  d=0.  The  stress  redistribution  in  the  next  layer 
ahead  of  the  impinging  crack  tip  will  be  given,  along  with  a  correction  of  previous  results  for  the 
energy  release  rate  for  the  doubly-deflected  interface  crack  of  [9].  When  plastic  yielding  of  a 
ductile  adhesive  layer  occurs,  another  asymptotic  problem  applies  when  o  is  sufficiently  small 
compared  to  t.  Then,  the  asymptotic  problem  is  that  shown  in  Fig.  lb  for  a  semi-infinite  crack 
loaded  remotely  by  the  same  K  field.  In  this  case  as  well,  emphasis  will  be  placed  on  the  effect  of 
yielding  in  the  thin  adhesive  layer  on  the  stress  distribution  ahead  of  the  crack  dp  in  the  uncracked 
layer. 

2.  Effect  of  Plastic  Yielding  on  Stress  Redistribution. 

As  discussed  above,  the  thin  ducdle  adhesive  layers  in  Fig.la  are  i>ssumed  to  be  ciastic- 
perfectly  plastic  with  a  yield  stress  in  shear  of  x  and  arc  modeled  as  having  zero  thickness.  The 
plane  strain  problem  is  considered  where  the  central  cracked  layer  has  the  same  clastic  properties 
(E,v)  as  the  semi-infinite  blocks  adjoining  across  the  interfaces.  Under  monotonic  increase  of  the 
applied  remote  stress,  o,  the  zones  of  yielding  of  half-height  d  spread  allowing  slip  in  the  form  of  a 
tangential  displacement  discontinuity  across  the  interface  in  the  yielded  region.  The  condition 
Oxy=iT  is  enforced  within  the  yielded  zones  of  the  interface.  The  Dugdalc-likc  condition,  K2=0. 
at  the  ends  of  the  yielded  zones  ensures  that  the  shear  stress  on  the  interface  falls  off  continuously 
Just  outside  the  yielded  zone,  and  it  determines  the  relation  of  d/w  to  a/x  under  the  uionotonic 
loading  considered.  Integral  equation  methods  are  employed  to  solve  this  problem,  as  well  as  the 
others  posed  below,  a  brief  outline  of  the  methods  used  are  discussed  in  the  Appendix. 

The  two  most  important  functional  relations  needed  to  solve  the  3D  tunneling  crack 
problem  discussed  below  arc  shown  in  Figures  3  and  4.  In  Fig.4,  6  is  the  average  crack  opening 
displacement  defined  by 
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The  elastic  value  of  5,  valid  when  there  is  no  yielding  (t -»'«),  is  6o=7t(l-v2)aw/E.  Yielding  of 
the  adhesive  layers  begins  to  make  a  significant  contribution  to  the  average  crack  opening 
displacement  when  o/x  exceeds  unity.  The  redistribution  of  normal  stress,  ayy(x,0),  in  the  block 
of  materia!  across  the  interface  is  shown  in  Fig.  5  for  three  levels  of  o/x.  The  curve  shown  for 
a/x=1.5  is  only  very  slightly  reduced  below  the  clastic  distribution  (  Oyy(x,0)=(x+l)/(x2+2x)l^  ) 
for  x/w>0.05.  Reduction  of  stress  ahead  of  the  crack  tip  begins  to  be  appreciable  when  o/x=2.7, 
and  is  quite  significant  when  ci/x=6.4.  The  drop  in  stress  just  across  the  interface  is  offset  by  a 
slight  increase  in  stress  relative  to  the  elastic  distribution  further  away  from  the  interface.  This  is  a 
feature  seen  in  all  the  stress  redistribution  results. 


Stress  redistribution  can  be  presented  in  another  way  when  d/w  is  sufficiently  small  using 
the  asymptotic  problem  depicted  in  Fig.  lb.  As  long  as  d/w  is  sufficiently  small,  the  yielding 
behavior  is  small  scale  yielding  with  the  clastic  stress  intensity  factor  K  as  the  controlling  load 
parameter.  The  remote  field  imposed  on  the  semi-infinite  crack  is  the  clastic  K-ficld.  This 
asymptotic  problem  has  also  been  solved  with  integral  equation  techniques.  The  extent  of  the  yield 
zone  in  the  asymptotic  problem  is 


=ooKf/ 


(2) 


Fig.  6  displays  the  normal  stress  directly  ahead  of  the  crack  tip  in  the  adjoining  block  normalized 
by  the  clastic  stress  field  for  the  limit  x=oo.  The  stress  ratio  in  Fig.  6  depends  on  x/d  but  is 
otherwise  independent  of  K  in  the  asymptotic  problem.  Yielding  reduces  the  stress  below  the 
clastic  level  over  a  region  ahead  of  the  crack  tip  which  is  a  little  larger  than  d/10.  Beyond  that 
region  the  stresses  arc  slightly  elevated  above  the  clastic  levels  and  approach  the  clastic  distribution 
as  x/d  becomes  large.  The  stress  redistribution  due  to  debonding  which  is  also  presented  in  Fig.6 
is  more  dramatic,  as  will  be  discussed  later  in  the  paper. 


3.  Effect  of  Plastic  Yielding  on  Tunnel  Cracking 


As  stated  earlier,  the  steady-state  energy  release  rate  for  a  3D  tunneling  crack  can  be 
computed  using  the  plane  strain  solution.  For  the  geometry  and  loading  shown  in  Figs.la  and  2, 
the  leading  edge  of  the  tunneling  crack  propaga»*ng  in  the  z-dircction  experiences  mode  I 
conditions.  Let  Gss  denote  the  energy  release  rate  averaged  over  the  propagating  crack  fiont  An 
energy  balance  accounting  for  the  release  of  energy  per  unit  advance  of  the  tunnel  crack  under 
steady-state  conditions  gives  that  2wGss  is  the  work  done  by  the  tractions  acting  across  the  plane 
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of  the  layer  crack  in  the  plane  strain  problem  as  those  tractions  arc  reduced  to  zero  from  o.  For  the 
present  problems,  this  is  the  same  as 

G«  =  J^5(a')da'  (3) 

where  5  is  the  average  crack  opening  displacement  for  the  traction-free  plane  suain  crack  under 
monotonically  increased  remote  a.  The  elastic  result  for  d=0  (i.c.,  t=*» )  is 

^0,.(l-vVw 

The  ratio  of  Gss  to  can  be  computed  from  the  data  in  Fig.  4  using  simple  numerical 
integration.  The  result  is  plotted  in  Fig.  7.  Increases  of  the  steady-state  release  rate  above  the 
elastic  value  become  important  when  o/t  exceeds  unity. 

4.  Effect  of  Debonding  and  Frictionless  Slipping  on  Stress  Redistribution 

A  review  of  the  plane  strain  interface  debonding  problem  for  the  geometry  of  Fig.  la  is  as 
follows  for  the  case  where  no  frictional  resistance  is  exerted  across  the  debonded  interfaces  (i.e., 
t=0  ).  According  to  [7],  the  debonded  interface  will  be  fully  open  when  d/w<0.24,  and  the 
interface  crack  tip  at  the  end  of  the  debond  is  subject  to  mixed  mode  conditions,  as  will  be 
discussed  further  for  the  asymptotic  problem  below.  For  0.24<d'w<0.71,  the  debond  crack  tip  is 
closed  and  therefore  in  a  state  of  pure  mode  2,  but  a  portion  of  the  interface  near  the  main  layer 
crack  is  still  open.  For  d/w>0.71,  the  interface  is  fully  closed  and  the  interface  crack  tip  is  in 
mode  2.  The  top  curve  for  the  normalized  mode  2  stress  intensity  factor  in  Fig.  8  applies  to  the 
frictionless  case.  It  was  computed  using  the  integral  equation  methods  outlined  in  the  Appendix 
under  the  constraint  that  the  interface  remains  closed.  The  results  arc  strictly  correct  only  for 
d/w>0.71  (and  arc  in  agreement  with  the  results  of  I7J),  but  arc  only  slightly  in  error  for  smaller 
d/w.  The  average  crack  opening  displacement,  6,  needed  for  the  tunnel  crack  calculations  is 
shown  in  Fig.  9  where  the  top  curve  again  applies  to  the  ffictionlcss  case. 

The  role  of  debonding  on  stress  redistribution  is  seen  in  Fig.  10,  where  curves  of  the  stress 
ahead  of  the  right-hand  layer  crack  tip  (normalized  by  the  remote  applied  stress  a)  are  plotted  for 
various  levels  of  debonding,  all  for  the  closed  interface  with  t=0.  Debonding  clearly  has  a 
significant  effect  on  lowering  the  stress  on  the  adjoining  material  just  across  the  interface,  more  so 
than  for  plastic  yielding  of  a  thin  ductile  layer  discussed  in  connection  with  Fig.  5.  For  sufficiently 
small  d/w,  the  debonded  interface  is  fully  open  and,  moreover,  the  asymptotic  problem  for  a  semi- 
infinite  crack  impinging  on  the  interface  applies,  as  depicted  in  the  insen  of  Fig.  6.  The  stress 
redistribution  is  plotted  in  Fig.  6,  which  shows  that  the  stress  ahead  of  the  layer  crack  tip  is 
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reduced  below  the  level  in  the  absence  of  debonding  over  a  distance  from  the  interface  equal  to 
one-half  of  the  debond  length  d.  This  figure  also  makes  clear  that  debonding  appears  to  be  more 
effective  in  protecting  the  uncracked  layer  across  the  interface  than  plastic  yielding  of  a  thin  ductile 
adhesive  layer. 

As  a  digression,  we  record  the  mode  1  and  2  stress  intensity  factors  for  the  open  interface 
crack  tip  for  the  asymptotic  problem  of  Fig.  6; 

=  0.399  and  ^  =  0.322  (5) 

K  K 

The  associated  ratio  of  the  energy  release  rate  of  the  interface  crack  tip  to  that  of  a  mode  I  crack 
penetrating  straight  through  the  interface  without  debonding  is  0.263  when  both  the  deflected  tips 
and  the  penetrating  tip  emerge  from  the  main  crack  tip  at  the  same  applied  K.  These  results  correct 
results  given  in  [9]  which  were  in  error  for  the  case  of  the  doubly-deflected  interface  crack.  A 
complete  set  of  corrections  of  this  energy  release  rate  ratio  for  this  case  over  the  full  range  of  elastic 
mismatch  across  the  interface  will  be  included  in  an  upcoming  paper  [10]. 

5.  The  Effect  of  Frictional  Slipping  on  Debonding  and  Tunnel  Cracking 

Figs.  8  and  9  contain  curves  for  the  normalized  mode  2  stress  intensity  factor  and  the 
average  crack  opening  displacement,  respectively,  in  the  plane  strain  problem  for  several  levels  of  a 
constant  friction  stress  x  relative  to  O  acting  over  the  bonded  interface.  A  constant  friction  stress, 
as  opposed,  for  example,  to  a  Coulomb  friction  stress,  has  been  used  by  a  number  of  workers  to 
represent  the  frictional  forces  exerted  across  slipping  interfaces  in  composites.  The  purpose  of  the 
present  limited  study  is  to  iUustrate  the  effect  of  friction  in  establishing  the  extent  of  debonding  and 
its  associated  influence  on  the  3D  tunneling  energy  release  rate.  Almost  certainly,  additional 
studies  will  be  required  before  a  good  understanding  is  in  hand,  including  studies  with  other 
friction  laws.  Some  results  for  the  effect  of  Coulomb  friction  on  the  mode  2  interface  stress 
intensity  factor  have  been  presented  in  [  1 1  ]. 

Let  Kc  denote  the  mode  2  toughness  of  the  interface.  Attention  will  be  concentrated  on  the 
behavior  following  initiation  of  interface  debonding  when  the  debond  length,  d,  is  sufficiently 
large  (i.e.,  greater  than  about  w/4  )  such  that  the  debond  interface  crack  tip  is  in  mode  2.  Impose 
the  debonding  condition,  K2=Kc,  on  the  solution  presented  in  Figs.  8  and  9.  The  relationships 
that  result  between  the  applied  stress  and  the  debonding  length  and  the  average  crack  opening 
displacement  are  plotted  in  Figs.  11  and  12.  The  two  nondimensional  stress  parameters  in  these 
figures  are  the  applied  stress  parameter,  (aVw)/Kc,  and  the  constant  friction  stress  parameter, 
(tVw)/Kc  .  (Note  that  it  is  necessary  to  interpolate  values  between  the  curves  of  Figs.  8  and  9  to 
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airive  at  the  plots  in  Figs.  1 1  and  12,  since  a  constant  value  of  (tVw)/Kc  does  not  correspond  to  a 
constant  value  of  x/o.)  In  the  range  of  d  less  than  about  w/4,  the  predictions  are  not  expected  to  be 
correct  since  the  interface  undergoes  mixed  mode  debonding  and  not  mode  2  debonding.  Thus, 
the  details  in  the  vicinity  of  the  initiation  of  debonding  are  not  correct.  In  particular,  the  value  of 
(<Ww)/Kc  at  which  6  begins  to  depart  from  8o  (see  Fig.  12)  would  depend  on  the  mixed  mode 
condition  for  debond  initiation.  But  once  debonding  has  progressed  to  the  point  that  the  interface 
crack  tip  is  closed,  the  mode  2  criterion  is  appropriate  and  the  curves  are  accurate. 

In  the  absence  of  friction  the  debonding  process  is  unstable,  since  for  a  fixed  c,  K2  has  a 
maximum  when  d=w  and  then  drops  slightly  to  an  asymptote  as  d  increases  further.  Under  a 
prescribed  o,  the  mode  2  debond  would  advance  dynamically  after  it  is  initiated.  In  this  sense,  the 
curves  shown  in  Figs.  11  and  12  for  x=0  represent  unstable  debonding  behavior.  Friction 
stabilizes  the  debonding  process  giving  rise  to  a  monotonically  increasing  debond  length  and 
average  crack  opening  displacement  as  the  applied  stress  increases.  A  nondimensional  friction 
stress  on  the  order  of  (xVw)/Kc=l/8  or  more  is  required  if  friedon  is  to  be  important. 

The  steady-sute  energy  release  rate  for  tunnel  cracking  can  be  computed  from  the  curves  in 
Fig.  12  using  (3).  The  results  of  this  calculation  are  plotted  in  Fig.  13.  As  before,  Gss  is 
normalized  by  the  value  for  a  layer  crack  with  no  debonding  given  in  (4).  The  remarks  made 
above  with  respect  to  accuracy  in  the  vicinity  of  debond  initiation  apply  to  these  curves  as  well.  It 
can  be  seen  from  Fig.  13  that  debonding  can  indeed  significantly  promote  tunneling  cracking  when 
the  nondimensional  friction  stress  is  less  than  about  (tVw)/Kc=1/2. 

6.  Accounting  for  Residual  Stress  in  the  Cracked  Layer 

The  role  of  an  uniform  residual  tension,  Oyy=(JR,  pre-existing  in  the  layer  that 
subsequently  undergoes  tunnel  cracking  can  be  readily  taken  into  account  in  the  various  results 
presented  above.  For  the  purpose  of  discussion,  now  let  Oyy=aA  be  the  applied  stress,  replacing 
the  notation  for  o  in  the  earlier  sections.  The  results  in  Figs.  3-4,  7-9  and  11-13  apply  as  they 
stand  if  a  in  those  figures  is  identified  with  Oa+OR.  The  results  for  stress  redistribution  shown  in 
Figs.5  and  10  can  also  be  used  with  the  following  modifications.  With  o  identified  with  Oa-kjr, 
the  results  in  Figs.5  and  10  are  correct  for  the  change  in  Oyy  in  the  layer  ahead  of  the  tip  due  to 
cracking  if  the  numerical  value  of  the  ordinate  is  reduced  by  1.  To  obtain  the  total  stress  Oyy  in  the 
layer  in  question,  one  must  then  add  together  the  change  and  the  stress  Oyy  existing  in  the  layer 
prior  to  the  cracking  event. 
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Appendix:  Numerical  Approaches 

Two  integral  equation  formulations  were  used  in  the  solution  of  the  problems  discussed. 
Both  methods  have  been  used  by  various  authors  to  solve  related  plane  strain  problems  and,  for 
this  reason,  details  of  the  methods  will  not  be  given.  In  some  cases,  results  were  generated  using 
both  schemes  as  a  check.  The  methods  used  for  the  problems  for  the  closed  interface  cracks  at  the 
the  ends  of  the  finite  length  layer  crack  (see  Fig.  la)  will  be  discussed  first. 
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The  integral  equations  in  method  1  are  formed  by  representing  both  the  layer  crack  and  the 
mode  2  interface  cracks  by  distributions  of  dislocations.  With  reference  to  Fig.  la,  let 
bo(x)=-d5y/dx  denote  the  amplitude  of  the  dislocation  opening  distribution  extending  from  0  to  w 
along  y=0,  and  let  bs(y)=-d5y/dy  denote  the  amplitude  of  the  dislocation  shearing  distribution 
along  x=w  extending  from  0  to  d.  The  condition  that  Oyy=0  along  y=0  for  -w<x<w  can  be  v.Tittcn 
as 

JjHi(x,x’)bo(x’)dx’+J^‘‘H2(x.y)bs(y)dy  =  -0  (Al) 

where  Hi(x,x')  denotes  the  stress  Oyy(x)  along  y=0  due  to  bo(x'),  with  due  regard  for  the 
symmetry  of  this  distribution  with  respect  to  x=0,  and  H2(x,y)  denotes  Oyy(x)  due  to  bs(y),  with 
the  appropriate  four-fold  symmetry  on  this  distribution  imposed.  Similarly,  the  condition  that 
axy=-x  along  x=w  between  0  and  d  (with  the  corresponding  shear  conditions  met  along  the  other 
three  legs  of  the  H-crack)  is 

J*H3(y,x-  )bo(x’  )dx'  +J^^H4(y.y'  )bs(y-  )dy-  =  -x  (A2) 

where  H3(y,x’)  is  Oxy(y)  along  x=w  due  to  bo(x’)  and  H4(y,y')  is  axy(y)  due  to  bs(y'). 

Method  2  makes  use  of  the  solution  for  the  problem  of  four  symmetrically  placed 
dislocations  interacting  with  a  traction  free  crack  extending  along  the  x-axis  from  -w  to  w.  With 
H(y,y')  denoting  the  shear  stress  Oxy(y)  along  x=w  between  0  and  d  due  to  bs(y'),  with  due 
regard  for  the  other  three  symmetrically  placed  dislocations,  the  single  integral  equation  for  bs  is 

Jo  H(y,  y’  )bs(y'  )dy’  =  -o°y  (y)  -  x  (A3) 

where  o®y  (y)  is  the  shear  stress  along  x=w  due  to  the  remote  stress  acting  on  the  layer  crack  in  the 
absence  of  the  interface  cracks. 

The  kernels  of  the  integrals  above  have  Cauchy  singularities.  The  dislocation  distributions 
can  be  obtained  using  several  well  known  numerical  techniques.  Once  the  distributions  are  known 
in  either  method,  they  may  be  used  with  other  integral  expressions  to  compute  the  stress 
components  at  any  point  in  the  plane  and  the  mode  2  stress  intensity  factor  at  the  end  of  the 
interface  crack.  For  the  cases  in  which  K2  is  nonKro,  the  distribution  bs(y)  has  an  inverse  square 
root  singularity  at  y=d,  while  it  diminishes  with  the  square  root  of  the  distance  from  y=d  for  the 
plastic  yielding  problems  with  K2=0.  The  solutions  are  not  overly  sensitive  to  having  a  precise 
incorporation  of  the  correct  behavior  of  the  dislocation  distributions  at  the  comer  point  at  x=w  on 
y=0.  A  number  of  choices  were  made,  including  representations  which  built-in  the  correct  lowest 
order  functional  behavior  near  this  point. 
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The  asymptotic  problem  for  the  semi-infinite  layer  crack  and  the  mode  2  interface  cracks 
(see  Fig. lb)  was  solved  using  method  2.  Now,  H(y,y')  is  the  shear  stress  along  x=0  between  0 
and  d  due  to  just  two  symmetrically  placed  dislocations  on  x=0  at  ±y'  interacting  with  a  traction- 
free  semi-infinite  crack,  and  (y)  is  the  shear  stress  on  x=0  due  to  the  K-field  in  the  absence  of 

the  interface  cracks.  The  second  asymptotic  problem  discussed  in  connection  with  Fig.  6  in  which 
the  interface  crack  opens  is  also  solved  using  method  2,  but  here  both  shear  dislocations  and 
opening  dislocations  must  be  used  and  the  problem  becomes  a  set  of  dual  integral  equations.  In  all 
the  cases  involving  method  2,  the  kernel  functions  H  can  be  obtained  in  closed  form  using  complex 
variable  methods  of  elasticity. 


Fig.  1  Specification  of  the  plane  strain  problems,  a)  Finite  layer  crack,  b)  Asymptotic  problem. 
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Fig. 3  Relation  between  applied  stress  and  height  of  the  yielding  zone  in  a  thin  ductile  adhesive 
layer. 


(x.O) 
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<0  to  <0  CM  ^  o 


Mg.  12  Relation  between  the  average  crack  opening  Fig.l3  Steady-state  energy  release  rate  for  the 

displacement  and  nomializcd  applied  stress  at  several  tunneling  crack.  The  condition  K2=Kc  has  been 

levels  of  ^cnondi^nsional  interface  friction  stress.  imposed  where  Kc  is  the  mode  2  interface 

The  condiuon  K2=Kc  has  been  imposed  where  Kc  is  touphni^cc 

the  mode  2  interface  ti  jghness. 
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ABSTRACT 

Reinforcements  are  known  to  increase  the  creep  resistance  of  metal 
and  intermetallic  matrix  composite  materials.  Experimental  measurements  at 
modest  temperatures  indicate  that  under  a  given  applied  strain  rate  the 
composite  strength  is  higher  than  that  of  the  matrix  alone.  However,  at 
temperatures  higher  than  approximately  half  of  the  melting  temperature  of 
the  matrix,  the  composite  strength  is  limited  and  in  some  cases  the 
strengthening  imparted  by  the  reinforcemen is  completely  lost.  Diffusional 
relaxation  and  slip  on  the  reinforcement-matrix  interface  are  suggested  as 
mechanisms  responsible  for  the  loss  of  strengthening.  According  to  the 
proposed  model,  stress  gradients  caused  by  plastic  constraint  induce 
diffusional  flow  along  the  interface  accompanied  by  slip  of  the  matri  over 
the  reinforcement.  As  a  result  the  constraint  tends  to  be  relaxed  and 
strengthening  can  be  eliminated.  The  composite  behavior  is  investigated  by 
coupling  the  diffusion  and  slip  along  the  interface  with  deformation  of  the 
matrix  in  the  power  law  creep  regime.  A  unit  cell  model  is  used  in  axial 
symmetry  and  the  relevant  boundary  value  problem  is  solved  by  the  finite 
element  method.  Numerical  results  indicate  that  either  diffusional  relaxation 
or  slip  may  knock  down  the  creep  resistance  of  the  composite  to  levels  even 
below  the  matrix  strength. 

INTRODUCTION 

The  creep  strength  of  metal  and  intermetallic  matrix  composite 
materials  reinforced  with  large  rigid  particles  has  been  of  interest  recently  for 
application  in  high  temperature,  high  strength  components.  It  is  believed  that 
strengthening  in  those  materials  can  be  understood  on  a  continuum  basis  if 
the  reinforcements  are  at  least  micron-sized,  so  that  they  are  larger  than  the 
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dislocation  structures  (cell  size,  travel  distance  etc.).  Then  the  underlying 
principle  is  that  strengthening  develops  fronri  the  constraint  of  the 
reinforcement  on  the  matrix.  Consequently,  creep  strength  at  high 
temperature  will  persist  only  if  the  constraint  is  maintained.  Conditions  of 
slip  or  mass  transport  at  the  matrix-reinforcement  interface  can  reduce  the 
constraint  and  relax  the  matrix  stresses.  Rosier  et  al.  (1990)  investigated  this 
situation  in  the  mechanical  behavior  of  y-TiAl  reinforced  with  Ti2AlC 
platelets  in  the  temperature  range  293K  to  1255K.  At  temperatures  up  to 
lOOOK,  the  creep  strength  of  the  composite  material  at  a  given  strain  rate  was 
found  to  be  higher  than  that  of  the  matrix  alone.  Such  a  temperature 
corresponds  to  half  of  the  melting  temperature  of  the  matrix.  As  the 
temperature  increases  beyond  lOOOK,  the  relative  composite  strength  reduces 
and  at  about  1250K  falls  below  that  of  the  matrix  (see  Figure  1).  Rosier,  Bao 
and  Evans  (1991)  proposed  an  explanation  of  the  diminishing  relative 
strength  at  higher  temperatures  by  means  of  a  diffusional  relaxation 
mechanism.  Matter  transported  from  the  side  to  the  top  of  long 
reinforcements  provides  additional  strain  of  the  composite  material  above 
and  beyond  that  due  to  matrix  flow.  However,  their  model  assumed  free  slip 
at  the  interface  and  gave  no  indication  of  the  relative  importance  of  slip 
versus  mass  transport. 

In  this  article,  the  resistance  of  a  power  law  creeping  matrix  reinforced 
by  spherical  rigid  particles  is  addressed  with  theoretical  models.  At  low  and 
modest  temperatures  the  interface  is  considered  to  be  non-slipping  and 
without  significant  mass  transport.  The  strengthening  imparted  by  the 
reinforcements  is  quantified  under  those  conditions.  At  temperatures  higher 
than  approximately  half  of  the  melting  temperature  of  the  matrix,  interface 
slip  and  diffusional  relaxation  are  investigated  as  potential  mechanisms 


4G:MS22(12/11/91)8:44  AM/mef 


responsible  for  the  loss  of  strengthening.  In  the  analysis,  the  deformation  of 
the  creeping  matrix  is  coupled  with  slip  of  the  matrix  on  the  reinforcement  or 
diffusional  mass  transport  along  the  matrix-reinforcement  interface.  The 
finite  element  method  is  used  to  solve  the  relevant  boundary  value 
problems.  Interface  slip  or  diffusional  relaxation  are  found  to  knock  down  the 
creep  strength  of  the  composite.  An  important  point  is  that  this  effect  can 
occur  due  to  slip  alone.  Furthermore,  a  size  effect  is  introduced  by  diffusion 
and  slip  and  an  assessment  of  the  dependence  of  the  creep  strength  on  the 
reinforcement  size  is  made. 

It  is  suggested  that  the  net  composite  strength  is  controlled  by  the 
nature  of  the  matrix-reinforcement  interface.  The  following  cases  are  probable 
(see  Figure  2).  (a)  The  interface  is  perfectly  bonded  and  no  slip  or  mass 
transport  occurs;  the  full  reinforcement  constraint  is  imposed  on  the  matrix 
and  X  is  greater  than  unity  where  X  is  the  ratio  of  the  strength  of  the 
composite  material  at  a  given  strain  rate  divided  by  the  strength  of  the  matrix 
material  alone  at  the  same  strain  rate,  (b)  Slip  of  the  matrix  relative  to  the 
rigid  reinforcement  along  the  particle-matrix  interface  can  occur;  the 
constraint  of  the  reinforcement  on  the  matrix  is  relaxed  to  some  extent,  and 
the  relative  strength  X  is  diminished.  (c>  Long  range  diffusional  mass 
transport  along  the  interface  occurs;  the  constraint  of  the  reinforcement  on 
the  matrix  is  relaxed  even  further,  and  the  composite  strength  is  less  than  the 
matrix  strength. 

Slip  on  the  matrix-reinforcement  interface  may  be  possible  because  of 
the  presence  of  an  interface  with  a  rheology  different  from  both  the  matrix 
and  the  reinforcement.  This  situation  is  depicted  in  Figure  (3b)  where  a  thin 
weaker  layer  is  interposed  between  the  matrix  and  the  reinforcement.  The 
low  viscosity  of  the  layer  permits  a  relatively  high  shear  strain  rate  there. 
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Because  of  the  minimal  thickness  of  the  interphase,  the  behavior  is 
effectively  represented  as  a  tangential  velocity  parallel  to  the  interface 
controlled  by  the  shear  stress  (see  Figure  3b).  Thus 


hy  = 


(1) 


where  is  the  matrix  velocity  parallel  to  the  interface,  h  is  the  interphase 
thickness,  y  is  the  shear  strain  rate  in  the  thin  layer,  is  the  shear  stress  at 
the  interface  and  T)  is  the  viscosity  of  the  interphase  material.  The  viscosity 
could  be  stress  dependent  as  in  power  law  creep,  but  in  this  paper  linear 
rheology  only  will  be  considered  so  that  Tl  is  a  constant.  The  quotient  Tl/h  can 
be  combined  into  a  slip  parameter  |I  giving  the  slip  velocity 


The  temperature  dependence  of  the  viscosity  of  the  interphase  material  may 
differ  from  the  temperature  dependence  of  the  rheology  of  the  matrix 
material.  Thus,  at  low  creep  temperatures,  the  viscosity  of  the  interphase  may 
be  high  enough  to  enforce  a  no-slip  or  near  no-slip  condition  between  the 
matrix  and  the  reinforcement.  However,  at  higher  creep  temperatures  the 
interphase  could  soften  relative  to  the  matrix,  initiating  slip  at  the  interface. 
Of  course,  the  opposite  could  be  true  if,  as  the  temperature  rises  the  matrix 
softens  relative  to  the  interface. 

An  alternative  possible  mechanism  for  slip  arises  from  short  range 
mass  transport  by  diffusion  on  the  interface.  Asperities  on  the  reinforcement 
surface  give  rise  to  tension  and  compression  (see  Figure  3c)  which  produces 
chemical  potential  gradients.  Diffusive  fluxes  occur  due  to  these  gradients 
and,  biased  by  the  shear  stress,  the  mass  transport  augments  the  matrix  creep 
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rate.  As  a  result,  the  matrix  velocity  in  the  direction  of  the  shear  stress  is 
higher  than  it  would  be  due  to  matrix  creep  without  mass  transport.  The 
additional  velocity  is  proportional  to  the  diffusion  rate  on  the  interface  and 
inversely  proportional  to  the  square  of  the  size  scale  of  the  roughness.  The 
diffusion  rate  is  controlled  by  the  stress  levels  on  the  asperities  and  thus  by 
the  shear  stress  in  the  matrix.  Consequently,  the  additional  slip  velocity  is 
given  by  eq.  (2),  but  in  this  case  with  p  being 

|i  =  —  (3) 

'D 

where  /  is  an  effective  length  scale  for  the  asperities  and  'D  is  an  interface 
diffusion  constant  defined  fully  below.  The  form  in  eq.  (3)  is  similar  to  that 
found  by  Raj  and  Ashby  (1971)  for  grain  boundary  sliding,  except  in  that  case 
the  roughness  retards  the  slippage  rather  than  enhances  it.  The  diffusion 
parameter  is  temperature  dependent  so  that  this  slip  mechanism  may 
operate  at  high  temperature  but  be  inactive  at  low  creep  temperatures.  At 
very  high  temperatures.  If  is  very  large  and  thus  is  very  small.  This  means 

that  the  interface  can  sustain  only  very  low  shear  stress  at  very  high 
temperature.  In  addition,  long  range  mass  transport  by  diffusion  on  the  scale 
of  the  reinforcement  size  becomes  significant  at  very  high  temperature.  Thus, 
the  long  range  diffusion  regime  is  characterized  by  near  zero  shear  drag  on 
the  interface. 

CELL  MODEL 

The  composite  material  behavior  is  modeled  by  the  response  of  an 
axisymmetric  cell.  This  approach  has  been  used  widely;  see,  for  example,  Bao, 
Hutchinson  and  McMeeking  (1991).  The  unit  cell  is  shown  in  Figure  2.  The 
uniaxial  stress  is  O  and  in  response,  the  axial  strain  rate  is  e  .  The  unit  cell  is 
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constrained  to  remain  cylindrical  with  zero  average  transverse  stress  and  the 
end  surfaces  are  required  to  remain  planar  during  deformation.  Both  lateral 
and  end  surfaces  are  free  of  shear  traction.  The  reinforcement  in  the  center  of 
the  cylinder  is  rigid.  The  matrix  material  is  incompressible  and  has  a  uniaxial 
stress-strain  rate  behavior  given  by 


/ 

V 


(4) 


where  and  are  material  constants  and  n  is  the  creep  exponent.  Under 
triaxial  stress  situations  the  creep  law  becomes 


o 


*j 


(5) 


where  o'is  the  deviatoric  stress  tensor,  e  is  the  strain  rate  tensor,  (p  is  a  creep 


potential  such  that 


(p  = 


ngpep 

n+1 


and  Ej  is  the  effective  strain  rate 


(6) 


E 


e 


(7) 


The  creep  strength  of  the  composite  material  is  assessed  through  the 
relative  strength  X  defined  as 


X  =  ^ 

0(E) 


(8) 


where  <l(£)  is  the  strength  of  the  composite  at  a  given  axial  strain  rate  E  (see 
Figure  2)  and  <J(£)  is  the  strength  of  the  matrix  material  alone  at  the  same 
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axial  strain  rate  £.  Thus  strengthening  is  characterized  by  as  shown  in 

Figure  1. 


PERFECT  INTERFACE 

In  uniaxial  tension,  the  creep  strength  a  of  the  composite  material  at  a 
given  axial  strain  rate  £  is  given  by 


£„ 


—  ' 


(9) 


where  is  the  composite  reference  stress.  The  parameter  depends  on  the 
volume  fraction  and  the  aspect  ratio  of  the  reinforcement  (Bao  et  al. 
(1991)).  Using  eqs.  (4),  (8)  and  (9),  one  finds  that 


X  =  —  (10) 

Oo 

Hence,  the  reference  stress  characterizes  both  the  strength  a  and  the 
relative  strength  X,  of  the  composite  material 

By  symmetry,  the  solution  in  the  first  quadrant  of  the  unit  cell  only  is 
required.  In  Figure  4,  this  situation  is  depicted  with  a  rigid  spherical 
reinforcement  of  radius  R  within  a  cylinder  of  the  matrix  material.  The 
cylinder's  height  is  equal  to  its  width,  2b.  The  interface  is  modeled  by 
imposing  both  zero  normal  and  tangential  velocities  v„  and  v^  at  any  point 
on  the  interface  (i.e.  Figure  4  with  11  =  00).  The  cell  is  stretched  in  the  Z 
direction  with  a  uniform  end  velocity  =  Eb.  Macroscopic  incompressibility 

of  the  cell  implies  that  the  cylindrical  surface  at  r  =  b  moves  in  radially  with 
velocity  V,  =~ht/2.  On  the  surfaces  at  r  =  b  and  z  =  b,  the  shear  stress 
0„  =0.  By  symmetry  and  the  normal  velocities  are  also  zero  on  z  =  0 


4G:MS22(12/1 1/91)8:44  AM/mel 


and  r  =  0.  The  zero  average  stress  condition  on  the  cylindrical  surface 


requires  that  dz  =  0. 

0 

The  boundary  value  problem  for  the  deformation  of  the  matrix 
material  in  V  is  solved  for  velocities  by  minimization  of  the  convex 
functional 

U[Y]  =  j[<p  +  iKe^]dV  (11) 

V 

where  K  is  a  large  penalty  function  chosen  to  keep  8^^  very  close  to  zero, 
effectively  imposing  incompressibility.  Solutions  were  found  by  the  finite 
element  method.  Further  details  of  the  treatment  of  the  material  nonlinearity 
and  incompressibility  are  described  by  Sofronis  and  McMeeking  (1991). 

Finite  element  solutions  were  obtained  in  a  range  of  strain  rates  z/t^ 

from  0  to  20  and  found  to  agree  precisely  with  eq.  (9).  The  composite  strength 
is  dependent  on  n  and  the  volume  fraction  of  reinforcements,  Vj.  The 
results  for  obtained  for  n=5  and  n~10  when  =0.2  agree  with  values 
obtained  by  Bao  et  al.  (1991).  For  n=10,  k  =  1.16,  for  n=5,  X  =  1.23  and  for 
n=l,  A,  =  2.02.  These  results  confirm  that  the  finite  element  program  used 
for  the  matrix  creep  analysis  is  accurate  and  reliable.  Furthermore,  the  results 
of  Bao  et  al.  (1991)  predict  well  the  experimental  strength  of  composites  with 
undamaged  reinforcements  and  interfaces  (Evans,  Hutchinson  and 
McMeeking,  (1991)),  confirming  that  the  unit  cell  approach  is  realistic. 

INTERFACE  SLIP 

In  order  to  assess  the  effect  of  interface  slip,  the  boundary  value 
problem  for  the  unit  cell  (see  Figure  4)  was  solved  with  a  different  boundary 
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condition  at  the  matrix-reinforcement  interface.  Otherwise,  the  boundary 
conditions  for  the  problem  are  those  described  in  the  previous  section.  On  the 
interface,  slip  of  the  matrix  material  over  the  reinforcement  is  modeled  by 
requiring  that  =  0  and  that  the  shear  stress  is  related  to  the  tangential 

velocity  through  eq.  (2).  Such  conditions  have  been  used  in  other  treatments 
of  similar  problems,  especially  the  linear  case,  e.  g.  self  consistent  treatments 
(Mura  (1982)).  The  boundary  value  problem  is  solved  for  velocities  by 
minimization  of  the  functional 

U[y]  =  J[(p  +  iK£j,  ]dV-h  Ujy]  (12) 

V 

where 


U.[v]  =  jinvJdS  (13) 

s, 

and  is  the  matrix- reinforcement  interface.  The  first  variation  of  the 
functional  gives  the  virtual  energy  dissipation  rate  on  the  interface  due  to 
slip  (Needleman  and  Rice  (1980)).  The  functional  is  convex  and  hence  U 
is  too,  ensuring  favorable  convergence  properties  for  the  finite  element 
method  used  for  the  problem. 

The  interface  slip  effect  was  studied  by  means  of  the  dimensionless 
parameter  ^  such  that 


(14) 


The  slip  resistance  of  the  interface  drops  with  increasing  Slip  occurs  freely 
as  >oo.  For  ^  =  0,  that  is  for  v,  =  0,  the  no  slip  condition  prevails. 
Solutions  by  the  finite  element  method  were  obtained  for  values  of  ^  varying 
from  0  to  10^  Nq  sigiuficant  difference  in  the  numerical  results  was  found  for 
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4  greater  than  100.  This  indicates  that  for  4  greater  than  100  slip  is  effectively 

free.  In  Figure  5  the  relative  strength  of  the  composite  is  shown  as  a  function 
of  ^  for  a  reinforcement  volume  fraction  =0.2  at  applied  strain  rates 
e/e^,  equal  to  0.2,  2,  20  and  50. 

For  the  linearly  viscous  matrix  material  with  n=l,  the  relative  strength 
X  is  independent  of  strain  rate.  This  occurs  because  the  slip  rheology  at  the 
interface  is  linear  too.  As  mentioned  previously,  the  value  of  X  for  n=l  is  2.02 
when  the  interface  is  non-slipping  e.g.  ^  =  0.  As  4  increases  the  relative 
strength  drops  rapidly  and  at  about  4  =  10,  it  has  reached  an  essentially 
asymptotic  value  of  1.27.  Thus,  slip  decreases  the  composite  relative  strength 
by  as  much  as  37%  compared  to  the  material  with  the  non-slipping  interface. 
Notice,  though,  that  the  composite  remains  stronger  than  the  unreinforced 
matrix  even  when  there  is  no  shear  drag  at  the  interface. 

In  the  case  of  the  nonlinear  matrix  material,  the  effect  of  slip  has  been 
computed  for  n=5  and  n=10  (see  Figure  5).  As  noted  previously,  when  4  =  0 

the  relative  strength  is  1.23  and  1.16  respectively,  but  when  slip  is  permitted, 
the  relative  strength  decreases  with  4-  Except  for  the  high  strain  rate  case,  for 
large  4  the  strength  asymptotes  to  a  value  which  is  just  below  1.  Thus  in 
many  cases  the  strength  of  the  material  with  a  freely  slipping  interface  is 
lower  than  the  matrix.  Contrary  to  the  linear  matrix  case,  the  strain  rate 
affects  the  relative  decrease  of  strength  and  therefore  the  value  of  4  at  which 

the  relative  strength  has  effectively  reached  its  asymptotic  value.  The  table 
inset  in  Figure  5  shows  the  values  of  4  for  each  strain  rate  at  which  the 

composite  strength  equals  the  matrix  strength.  Note  also  that  the  decrease  in 
the  composite  relative  strength  occurs  more  rapidly  in  terms  of  4  when  the 

strain  rate  is  low  and,  to  a  small  extent,  when  the  creep  exponent  is  high. 
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The  observed  effect  is  similar  to  the  behavior  of  a  stressed,  one 
dimensional  system  with  a  linear  material  in  series  with  a  nonlinear  one. 
This  gives  a  total  strain  rate  of 


A" 


a 

+  — 


(15) 


At  high  strain  rates,  the  nonlinear  material  dominates  the  behavior  because 
the  strain  rate  due  to  that  material  grows  rapidly  with  stress.  Consequently, 
the  composite  material  strength  is  similar  to  that  of  the  purely  nonlinear 
material.  At  low  strain  rates,  the  linear  material  determines  the  strain  rate 
because  the  contribution  from  the  nonlinear  material  diminishes  rapidly 
with  stress.  Thus  for  low  strain  rates  the  composite  material  strength  will  be 
similar  to  that  for  the  linear  material  alone.  If  that  strength  is  low  compared 
to  the  nonlinear  material,  the  result  for  the  composite  system  is  a  diminished 
strength.  At  intermediate  strain  rates  there  will  be  a  transition  from  a 
strength  characteristic  of  the  nonlinear  material  to  the  strength  characterizing 
the  linear  material.  The  behavior  at  constant  ^  in  Figure  5  is  broadly  in  accord 
with  this  concept,  although  obviously  somewhat  more  complicated.  The 
behavior  at  constant  strain  rate  in  Figure  5  is  consistent  with  the  simple 
uniaxial  model,  but  with  a  finite  asymptote  as  ^  Perhaps  a  more 

complicated  model  with  parallel  and  series  elements  could  be  constructed  to 
exhibit  the  observed  behavior,  e.g.  possibly  a  nonlinear  material  in  parallel 
with  an  element  consisting  of  a  linear  material  in  series  with  a  nonlinear 
one.  However,  the  point  is  clear  that  a  high  strain  rate  induces  behavior 
dominated  more  by  the  nonlinear  matrix  whereas  a  low  strain  rate  permits 
the  linear  interface  properties  to  have  more  influence. 
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In  Figure  6  the  relaxation  of  the  constraint  associated  with  the  freedom 

to  slip  at  the  interface  is  illustrated.  In  Figure  6a,  contours  of  equal  hydrostatic 
stress  constraint,  C5^/3g^  ,  are  shown  for  the  case  of  a  non-slipping  interface 

in  a  composite  material  with  Vj  =0.2  and  a  matrix  creep  exponent  n=10. 
The  strain  rate  is  e/e^  =20.  In  this  case  G(t)/a^  =1.57.  The  maximum 
hydrostatic  constraint  is  2.5  and  is  close  to  the  pole  of  the  reinforcement.  The 
matrix  also  undergoes  intense  shear  along  the  interface.  The  interface  is 
under  tension  around  the  pole  and  under  compression  around  the  equator. 
The  maximum  compressive  hydrostatic  constraint  is  -0.9.  In  contrast  with  the 
non-slipping  case,  Figure  6b  demonstrates  that  hydrostatic  stress  relaxation 
occurs  when  the  matrix  slips  freely  on  the  interface.  In  this  example  ^  =  10*, 
so  that  there  is  essentially  no  shear  drag  at  the  interface.  Now  o(e)/a^  =1.28. 
Clearly  the  maximum  hydrostatic  stress  in  terms  of  has  dropped  to 

1.1  from  the  previous  value  of  2.5.  Moreover,  there  are  no  longer  regions 
under  compression  along  the  equator  of  the  particle.  Because  there  is  no  drag, 
intense  shearing  deformation  along  the  interface  is  not  present. 

LONG  RANGE  INTERFACE  DIFFUSION 

Figure  6b  shows  that  even  when  the  matrix  slips  freely  without  drag 
over  the  reinforcement,  a  gradient  in  the  normal  stress  on  the  interface  exists. 
At  high  temperatures,  this  normal  stress  gradient  motivates  diffusional  mass 
transport  from  the  sides  to  the  poles  of  the  reinforcement  as  is  shown 
schematically  in  Figure  7.  In  this  section,  the  deformation  of  the  matrix  is 
analyzed  coupled  with  interface  diffusion  and  free  slip. 

The  chemical  potential  per  atom  along  the  interface  is  (Herring,  (1950)) 
p  =  -0„Q  (16) 
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where  is  the  normal  stress  and  Q  is  the  atomic  volume.  Strain  energy 

terms  have  been  taken  to  be  negligible  (Needleman  and  Rice  (1980)).  The 
volumetric  flux  j  crossing  unit  length  in  the  interface  is  given  by 

J  = - ^Vll  (17) 

where  is  the  interface  diffusion  coefficient,  is  an  effective  interface 
thickness,  V  is  the  two  dimensional  gradient  operator  on  the  interface 
surface,  K  is  Boltzmann's  constant  and  T  “^he  absolute  temperature. 

Substituting  eq.  (16)  into  eq.  (i7),  one  finds 

j  =  l/Va„  (18) 

wherp 

Du  6.0 

D - ^  (19) 

is  an  interface  diffusion  constrnt  whose  dimensions  are  volume  divided  by 
stress.  The  dimensions  of  j  are  area  over  time.  Matter  conservation  along  the 

interface  requires 

V.j  +  v„=0  (70) 

where  v„  is  the  separation  velocity  between  the  matrix  and  the  interface.  For 

the  case  of  a  spherical  surface  with  radius  R,  eqs.  (18)  and  (20)  are  written  as 
.  do„(s) 

j(s)  =  !P—-f (21) 
as 


+ v.=0 

ujj 

iRy 
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where  the  scalar  j  is  the  flux  in  the  circumferential  direction  on  the  sphere 
and  s  is  the  arc  length  distance  measured  from  pole  of  the  reinforcement 
Because  of  symmetry 

j(0)  =  j(s,)-0  (23) 

where  Sf  =  n  R/2. 

The  unit  cell  boundary  value  problem  in  which  the  creep  deformation 
of  the  matrix  is  coupled  with  interface  diffusion  and  free  interface  slip  is 
summarized  in  Figure  8.  The  condition  for  free  slip  implies  that  the 
tangential  stress  on  the  interface  is  zero.  Eqs.  (21)  and  (22)  specify  the 
boundary  condition  imposed  on  the  normal  velocity  v^  to  the  interface.  The 
rest  of  the  boundary  conditions  are  exactly  the  same  as  for  the  previous  two 
boundary  value  problems.  The  solution  is  obtained  for  velocities  by 
minimization  of  the  functional 

U[Y]=|[<p  +  iKei]<lV+Ujv]  (24) 

V 

where 


(25) 


where  j  is  regarded  as  a  functional  of  the  velocity  y  through  eq.  (21).  Eq.  (25) 
indicates  that  is  convex  and  consequently  so  is  U.  In  Appendix  A,  it  is 
shown  that  the  energy  dissipation  rate  due  to  diffusion  over  the  interface  Sr 
equals  the  variation  to  first  order  of  Uj  in  y.  Solutions  to  the  minimization 
of  U[y]  were  obtained  by  the  finite  element  method.  The  numerical 
treatment  of  the  functional  of  eq.  (25)  is  given  in  Appendix  B. 


The  diffusion  effect  was  investigated  through  the  dimensionless 
parameter 
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which  had  values  ranging  from  0  to  105.  Strain  rates  equal  to  0.2  and  20 
were  used,  with  a  particle  volume  fraction  of  Vj  =0.2.  In  Figure  9  the 
composite  relative  strength  is  plotted  against  %■  Figure  9  has  been  drawn  to 
the  same  ordinate  scale  as  Figure  5  to  facilitate  comparison.  As  before,  the 
relative  strength  %  of  the  linear  material  is  independent  of  the  applied  strain 
rate.  At  %  =  0  the  parameter  X  for  n=l  equals  1.27  which  is  the  relative 

strength  of  the  composite  when  interface  slip  is  free  but  there  is  no  diffusion, 
e.  g.,  when  %  =  0  but  ^  is  very  large.  As  %  increases,  the  composite  strength 
decreases  with  X  becoming  less  than  unity  at  X  0-06  .  Thus  the  composite  is 
weaker  than  the  matrix  alone  for  %  values  greater  than  0.06.  For  X  greater 
than  4,  an  asymptotic  value  of  A,  =  0.75  is  essentially  attained,  i.e.  the 
composite  strength  is  75%  of  the  matrix  strength.  This  level  corresponds  to 
60%  of  the  strength  prevailing  in  the  free  slip  situation  with  no  diffusion. 
Compared  to  the  no  slip,  no  diffusion  case,  the  strength  is  37%. 

In  the  case  of  the  nonlinear  material  with  strain  rate  e/e^  =  20,  free 
slip  but  no  diffusion  (x  =  0)/  1^6  composite  strength  is  such  that  X  =  0.97 
and  0.95  for  n=5  and  n=:10  respectively.  For  X  greater  than  90,  the  asymptotic 
value  of  A.  =  0.75  is  essentially  reached  for  both  n=5  and  n=10,  which 
amount  to  77%  and  79%  ,  respectively,  of  the  strength  with  free  s'  and  no 
diffusion;  i.e.  61%  and  65%  respectively  of  the  composite  strength  with  no  slip 
and  no  diffusion.  Figure  9  shows  clearly  that  the  strength  drops  very 
gradually  with  X  when  the  strain  rate  is  £/e„  =  20.  In  Figure  9  the  behavior  is 
also  shown  for  a  strain  rate  of  e/e^  =0.2  when  the  stress  exponent  is  n=5. 
Then  at  X  =  0  with  free  slip,  the  relative  strength  parameter  X  equals  0.97.  As 
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X  increases,  the  relative  strength  for  the  case  u’lth  the  strain  rate  e/e,,  =0.2 
drops  faster  than  that  of  the  higher  strain  rate  case  (e/e^  =  20,  see  Figure  9). 
For  X  greater  than  1  in  the  low  strain  rate  case,  the  relative  strength 
essentially  asymptotes  to  the  value  of  X  —  0.15.  This  corresponds  to  77%  of 
the  strength  with  free  slip  but  no  diffusion  when  n=5  and  to  61%  of  the 

strength  with  no  slip  and  no  diffusion. 

It  is  notable  that  in  all  cases  (n  =  5  &  10;  e/e^  =  0.2  &  20)  the 
asymptotic  strength  with  very  fast  diffusion  and  free  slip  X  ~ 

75%  of  the  matrix  strength.  Thus,  the  asymptotic  behavior  in  this  extreme 
seems  to  be  independent  of  the  matrix  creep  properties.  Otherwise,  the 
transition  from  no  diffusion  to  very  fast  diffusion  seems  to  follow  the  pattern 
found  in  the  transition  from  no  slip  to  free  slip.  That  is,  higher  strain  rates 
induce  higher  strengths  in  the  nonlinear  material  while  the  distinctions 
between  the  n=5  and  n=10  cases  are  not  substantial.  Thus  a  similar  concept 
involving  linear  and  nonlinear  elements  in  series  and  perhaps  a  further 
nonlinear  element  in  parallel  provides  a  simple  very  approximate  model  for 
what  is  observed. 

In  Figure  6c  the  relaxation  of  the  hydrostatic  stress  constraint  0^/30^ 
due  to  diffusional  mass  transport  on  the  interface  is  shown  at  e/e^,  =  20, 
n=10,  ^  =  00  and  X  =  l-  bn  this  case  o(e)/Oj,  =1.24.  Long  range  diffusion 
relaxes  the  matrix  constraint  somewhat  below  the  levels  associated  with  free 
slip  but  no  diffusion  (see  Figure  6b).  The  effect  is  most  marked  at  the  pole  of 
the  reinforcement.  When  material  is  deposited  by  diffusion  extremely  rapidly 
at  the  pole,  i.e.,  at  very  large  X/  the  region  above  the  pole  is  actually 
compressed  by  the  inserted  material  (see  Figure  6d  for  X=^000  where 
a(£)/CTj,  =1.01).  This  phenomenon  limits  the  reduction  in  strength  of  the 
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composite,  because  the  compressive  stresses  retard  further  diffusional  mass 
transport  to  the  pole. 

DISCUSSION 

It  has  been  shown  that  the  loss  of  strength  due  to  interface  slip  and 
mass  transport  depends  on  the  dimensionless  groups  ^  and  X  defined  by  eqs. 

(14)  and  (26)  respectively.  The  composite  relative  strength  decreases 
monotonically  with  increasing  ^  or  X-  An  asymptotic  strength,  often  less  than 
that  of  the  matrix  material  alone,  is  found  for  the  composite  when  either  ^ 
alone  or  both  ^  and  X  become  infinitely  large.  If  slip  is  controlled  by  short 
range  diffusion,  ^  is  inversely  proportional  to  the  square  of  an  interface 

roughness  scale  length  /  and  the  size  R  of  the  reinforcement.  On  the  other 
hand,  the  long  range  diffusion  group  X  is  inversely  proportional  to  the 

volume  of  the  reinforcement,  i.  e.  R^.  Therefore,  if  slip  is  controlled  by  short 
range  diffusion,  ^  is  typically  very  much  larger  than  X  since  the  roughness  is 

almost  always  tiny  compared  to  the  particle  size.  Consequently,  if  diffusional 
mass  transport  is  enhanced  at  high  temperature,  slip  will  be  the  phenomenon 
which  shows  up  first  as  the  temperature  is  raised.  Depending  upon  the  degree 
of  material  nonlinearity  and  the  resistance  to  shear  at  the  interface,  slip  alone 
may  knock  down  the  relative  strength  of  the  composite  to  approximately  the 
strength  of  the  matrix  material  alone.  Additional  long  range  diffusive 
relaxation  can,  in  the  extreme,  bring  the  relative  strength  down  to  75%  of  the 
matrix  strength. 

A  reinforcement  size  effect  is  introduced  to  the  composite  creep 
behavior  by  both  interface  diffusive  slip  and  mass  transport.  This  can  be 
assessed  through  the  parameters  4  and  %.  The  larger  the  reinforcement,  the 
lower  4  and  X  are  and  thereby,  the  stronger  the  composite  is.  Note  that  the 
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reinforcement  size  has  a  much  stronger  effect  through  long  range  mass 
transport  (l/R^  in  X)  than  through  slip  (1/R  in  4)-  However,  in  the  case  of 

both  mechanisms,  small  reinforcements  are  undesirable  if  strength  is 
imparted  by  continuum  constraint  and  if  slip  or  interface  diffusion  are  active. 
On  the  other  hand,  large  reinforcements  are  susceptible  to  cracking  which 
would  tend  to  counter  the  advantage  of  size  in  retarding  slip  and  diffusive 
relaxation.  Hence,  a  coupled  analysis  of  slip  and  diffusion  along  with  particle 
cracking  is  needed  in  order  to  address  the  net  effects  of  reinforcement  size. 

The  temperature  dependence  of  the  composite  strength  depends  on  the 
parameters  )l,tD  and  B  =  e^/CT".  All  three  are  characterized  typically  by  an 

exponential  dependence  on  an  activation  energy  Q  divided  by  KT  (Frost  and 
Ashby,  (1982)).  Ratios  like  tD/B  depend  exponentially  on  temperature 
through  AQ/KT  where  AQ  is  the  difference  in  activation  energies  for  the 

two  mechanisms  associated  with  the  parameters  in  the  ratio.  As  a  result,  the 
difference  AQ  determines  whether  D/B  is  an  increasing  or  decreasing 

function  of  temperature.  Thus  eqs.  (14)  and  (26)  provide  the  temperature 
dependences  of  ^  3^^  X  via  |J./B  and  tP/B.  Consequently  the  composite 

relative  strength  may  increase  or  decrease  with  temperature.  In  order  to 
estimate  qualitatively  the  effects  of  temperature  in  a  specific  system  one  needs 
precise  information  on  the  magnitude  and  temperature  dependence  of  2?  and 
|i  along  the  interface.  Such  information  can  only  be  obtained  experimentally 
and  few  data  are  available. 

CLOSURE 

A  model  has  been  developed  that  shows  that  interface  slip  and  long 
range  interface  diffusion  can  eliminate  the  constraint  strengthening  that  rigid 
particulate  reinforcements  impart  to  composite  materials  with  creeping 
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matrices.  Two  dimensionless  groups  have  been  introduced  to  characterize  the 
strength  degrading  mechanisms.  Both  groups  can  depend  on  interface 
diffusion  if  slip  is  controlled  by  short  range  mass  transport.  Consequently, 
both  can  depend  on  the  interface  diffusion  constant  The  relative  creep 
resistance  decreases  monotonically  with  increasing  values  of  the 
dimensionless  parameters  and  thus  with  'D.  Large  reinforcements  provide 
stronger  resistance  to  creep  flow  than  small  particles  if  slip  or  diffusive  mass 
transport  occur  at  the  interface,  because  the  dimensionless  parameters  depend 
inversely  on  particle  size 
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APPENDIX  A:  POWER  DISSIPATED  IN  DIFFUSION 

The  work  rate  that  the  normal  interface  stress  does  on  a  virtual 
variation  5v^  of  the  separation  velocity  along  the  interface  is 


P=Jo„Sv.dS 


(Al) 


Using  eq.  (22)  to  describe  the  variation  5v^  in  terms  of  the  variation  6j  and 
substituting  into  eq.  (Al),  one  finds  for  the  spherical  particle  of  Figure  8 


1 

.  ( 

1  ds  ( 

sm  — 
VR. 

5j  sin 


( 


( 


^-JI2,tRsin^-jds  = 


=  -27cR  I  o„  d  6j  sin  —  = 

Jo  "  I  '  UJj 


=  -27cRo„6j  sin  — 

V  R  > 


27cR  r6jsin[  — l^^ds 
JO  I  R  j  He 


r;  ds 


(A2) 


where  s^  =  7iR/2.  Eq.  (23)  dictates  that  5j(0)  =  5j(Sf )  =  0.  Then  with  use  of  eq. 
(21)  one  may  recast  eq.  (A2)  as  follows 

P  =  27tRr5j-jsinf  ^ 


VR. 


ds 


=  fajUds 

=  5Ujv] 


(A3) 


by  means  of  eq.(25). 
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APPENDIX  B:  DIFFUSIONAL  TERMS  AND  THE  FINITE 
ELEMENT  METHOD 

Integrating  eq.  (22),  one  finds  with  use  of  eq.  (23) 


J'(s)  = 


g(s) 

.  (  s' 
sin  — 

VR. 


(Bl) 


where 


g(s)  =  £v„(s')sm|^|-jds' 


(B2) 


At  the  pole  of  the  particle,  s-j,  \  is  zero  because  for  any  value  of  (s)  the 


numerator  g(s)  in  eq.  (Bl)  goes  to  zero  faster  than  the  denominator  sin 


Therefore,  with  j(s)  given  by  eqs.  (Bl)  and  (B2),  condition  (23)  may  be  restated 


as 


g(Sf)  =  0 

The  normal  velocity  along  the  interface  is  given  as 


.  f 

v„  =v,sin  —  +v  cos 

n  r  . 


( 

IrJ 


(B3) 


(B4) 


where  and  v^  are  the  velocity  components  in  the  r  and  z  directions  (see 
Figure  8).  Following  Needleman  and  Rice  (1980),  let  us  consider  the  finite 
element  interpolation  scheme  for  the  velocity 


1=1 

1=1 


(B5) 
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where  v[  and  are  the  nodal  velocity  components  of  node  i  on  the  interface, 
N  is  the  total  number  of  interface  nodes  and  0,{s)  is  the  standard  linear 
interpolation  function  along  the  element  side  on  the  interface  such  that 


23 


s,.,  <s<s, 

Si<s<Sj^,  (B6) 

^  or  ^ 

Function  (l)j  (s)  describes  a  linear  interpolation  along  the  interface  side  of  the 

8-noded  quadratic  isoparametric  element  that  was  used  to  model  the  creep 
deformation  of  the  matrix.  The  node  at  Sj  represents  the  middle  node 
whereas  those  at  S^.j  and  Sj+,  represent  the  two  corner  nodes  of  the  element. 

For  compatible  deformation,  velocity  of  the  middle  node  is  required  to  be  the 
mean  of  the  two  comer  node  velocities.  The  function  g(s)  can  be  expressed  in 

terms  of  nodal  velocities  by  means  of  eqs.  (B4)  and  (B5) 

g(s)  =  X(8>  (s)  ''i  (s)  Si  (s)  ''^(s))  (B7) 

i=l 

where 

gl(s)  =  £4>i(s')sin^|^|-jds'  (B8) 

gf  (s)  =  £4>.(s')sin|^|-jcos|^|-jds'  (B9) 

The  functions  g[(s)  and  g,^(s)  are  computed  analytically  by  using  eq.  (B6). 
Generalizing  eq.  (B7),  one  writes  eq.  (Bl)  as  follows 
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24 


1 

j(s)  =  — rrTXs.(s)''.(s)  ^Bio) 

sin(i)  .=. 

where  g.(s)  is  either  of  g[(s)  or  gf(s),  and  Vi(s)  is  either  of  v[(s)  or  vf(s). 

Substituting  eq.  (BIO)  into  eq.  (25),  one  finds  the  finite  element  method 
expression  for  functional  Uj[v]  which  is 

UJy]  =  v,KJVj  (BID 

where 


'J  ®  Jo  .  S  ^ 


sinj 

— 

U; 

(B12) 


Summation  from  1  to  2N  is  implied  over  a  repeated  index.  Matrix  K**  is 

symmetric  but  not  banded.  However,  it  is  constant,  independent  of  the 
velocity  v,  and  as  such  it  is  only  computed  once  for  any  given  D  and  particle 

shape.  The  matrix  is  added  to  the  other  finite  element  stiffness 
contributions  arising  from  eq.  (24). 
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HGURE  CAPTIONS 

1.  Experimentally  measured  relative  strength  X  of  y-TiAl  matrix 
composite  reinforced  with  Ti2AlC  platelets  as  a  function  of 
temperature  (Rosier  et  al.  C990)).  The  parameter  X  gives  the  composite 
strength  O  normalized  by  the  matrix  strength  O  at  the  same  strain  rate. 

2.  The  axisymmetric  cylindrical  unit  cell  loaded  with  an  average  axial 
stress  O  and  experiencing  a  strain  rate  £  in  uniaxial  tension. 

3.  Models  for  interface  slip.  An  applied  shear  stress  causes  a  sliding 
velocity  v^;  i)  no  slip  interface;  ii)  interface  slip  as  a  result  of  a  thin 
layer  of  weak  material;  iii)  interface  slip  due  to  short  range  diffusion. 

4.  Summary  of  the  boundary  value  problem  with  the  no  slip  condition 
(|lI  =  oo)  or  the  linear  slip  rheology. 

5.  Composite  relative  strength  X,  =  o(e)/o(e)  as  a  function  of  the 
dimensionless  slip  parameter  When  ^  =  0,  there  is  no  slip  whereas 
when  ^  =  00  there  is  no  interface  shear  drag. 

6.  Contours  of  normalized  hydrostatic  stress  /3g^  for  the  same  strain 
rate  and  matrix  matericd;  a)  when  the  interface  has  no  slip  or  diffusive 
mass  transport;  b)  when  the  interface  slips  freely  but  there  is  no  mass 
transport;  c)  when  the  interface  slips  freely  and  there  is  interface  mass 
transport  by  diffusion;  d)  when  the  interface  slips  freely  and  mass 
transport  by  diffusion  is  very  fast. 
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7.  Long  range  mass  transport  at  the  interface  by  diffusion 

8.  Summary  of  the  boundary  value  problem  with  free  slip  and  long  range 
diffusion  at  the  interface 

9.  Composite  relative  strength  X  =  o(e)/g(e)  as  a  function  of  the 
dimensionless  long  range  diffusion  parameter  % .  When  %  =  0,  there  is 
no  interface  mass  transport.  When  %  is  large,  mass  transport  on  the 
interface  is  ver)'  fast. 
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Summ^irv:  An  asymptotic  analysis  is  presented  for  the  power  law  creep  of  a  matrix 

containing  discontinuous  rigid  aligned  fibers.  The  fibers  analyzed  have  a  high  aspect  ratio.  As  a 
result,  the  fiber  length  is  much  greater  than  both  the  fiber  diameter  and  the  spacing  between 
neighboring  fibers.  For  this  situation,  flow'  around  the  fiber  end.s  can  be  neglected  when  the 
creep  strength  is  being  calculated.  When  the  matrix  is  not  slipping  on  the  fiber  surface  or  is 
nearly  stuck,  shearing  flow  dominates  the  behavior.  The  radial  gradient  of  shear  stress  is 
balanced  by  the  axial  gradient  of  hydrostatic  stress.  Longitudinal,  radial  and  circumferential 
deviatoric  stresses  are  negligible.  The  resulting  power  law  creep  rate  of  the  composite  material  is 
inversely  proportional  to  the  fiber  aspect  ratio  raised  to  the  power  1  +  1/n  where  n  is  the  creep 
index.  The  fiber  volume  fraction  also  influences  the  creep  rate.  When  the  matrix  slips  freely  on 
the  fiber  surface,  or  nearly  so,  stretching  dominates  the  matrix  flow.  In  this  situation,  the 
composite  creep  strength  is  not  much  better  than  the  unreinforced  matrix. 


List  of  Symbols 

Note;  superposed  carat  indicates  a  physical  variable;  a  symbol  without  a  carat  is  normalized  and 

A  A.  ^  ^ 

dimensionless;  e.g.  a  is  the  fiber  radius;  a  is  a/b  where  b  is  the  unit  cell  radius. 


a  fiber  radius 

A 

b  unit  cell  radius 

B  matrix  creep  rheology  parameter 

D  function  of  geometry  and  creep  parameters;  controls  the  creep  strength 
e  axial  strain  rate 

F  function  for  radial  distribution  of  axial  velocity 

G  function  controlling  hydrostatic  stress  distribution 

A 

L  fiber  half  length 

m  interface  drag  exponent 
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n  matrix  creep  exponent 

N  higher  order  term  in  creep  strength 

r  radial  coordinate 

S  relative  creep  strength  of  composite  material 

S  scaled  creep  strength  in  excess  of  matrix  strength 
Sj^  same  as  s  evaluated  from  ref.  [  1  j 

S  average  radial  stress 

S  stress  deviator 

V  velocity 

Vf  fiber  volume  fraction 

A 

z  axial  coordinate 

A  A 

CX  L/a  fiber  aspect  ratio 

5  A  A 

o  hfL  small  parameter 

8e  effective  strain  rate 

r|  =2/6 

X  Ub  =  1/5 

A 

fl  interface  drag  parameter 

p  integration  variable 

6  hydrostatic  stress 

O  stress  tensor 

A 

Oa  macroscopic  ax  al  stress 

A 

Of  fiber  axial  stress 

A 

Om  matrix  axial  stress 

Oq  tensile  equivalent  stress 

Z  =  (e/B5)*/"  parameter  for  stress  normalization 

6  circumferential  coordinate 
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Introduction 

Cell  models  are  popular  and  effective  for  estimating  the  creep  strength  of  metal  matrix 
fiber  reinforced  composites  and  such  an  approach  has  been  used  by  Kelly  and  Street  (1972). 
Dragone  and  Nix  (1990),  Goto  and  McLean  (1991)  and  Bao,  Hutchinson  and  McMeeking 
(1991).  For  aligned  discontinuous  fibers,  an  individual  reinforcement  is  considered  embedded  in 
a  unit  cell  of  the  matrix  material  such  that  the  volume  ratio  of  fiber  to  matrix  in  the  unit  cell 
equals  the  average  ratio  in  the  composite  material.  Boundary  conditions  to  cause  the 
deformation  are  imposed  on  the  perimeter  of  the  unit  cell  to  enforce  periodicity  and  symmetry. 
For  the  creep  response  to  tensile  stresses  align-'d  with  the  axis  of  circular  fibers,  it  is  sufficient  to 
calculate  the  behavior  of  an  axisymmerric  cell  such  as  shown  in  Fig.  1.  The  deformation 
imposed  on  the  cell  forces  it  to  retain  its  circular  cylindrical  shape.  Each  point  on  the  surface  of 
the  cell  is  free  of  shear  traction.  The  average  transverse  stress  on  the  cell  is  zero  and  appropriate 
conditions  are  imposed  at  the  interface  between  the  fiber  and  the  matrix  material.  In  the 
annotations  on  Fig.  1  the  conditions  appropriate  to  an  interface  around  a  rigid  fiber  without 
debonds  but  with  a  nonlinear  viscous  sliding  behavior  are  stated.  In  general,  however,  any 
physical  assumption  can  be  incorporated  into  the  cell  model  such  as  fiber  elasticity  or  creep, 
debonding  of  the  interface  etc.. 

Cell  models  usually  require  a  numerical  treatment  as  undertaken  by  Dragone  and  Nix 
(1990)  and  Bao  et  al.  (1991).  However,  in  certain  circumstances  an  approximate  model  is 
accurate  and  can  be  analyzed  without  recourse  to  complete  numerical  treatment.  This  approach 
has  been  used  by  Kelly  and  Street  (1972)  and  Goto  and  McLean  (1991).  One  such  circumstance 
is  when  the  fibers  are  aligned  and  have  an  aspect  ratio  which  is  high  and  a  volume  fraction  that  is 
moderate  to  high.  Then  the  matrix  segment  around  the  fiber  (with  section  ABCD  in  Fig.  1)  is 
slender  and  can  be  readily  analyzed  with  approximate  flow  fields.  In  addition,  the  flow  in  the 
remaining  matrix  segment  at  the  fiber  ends  does  not  have  to  be  analyzed  accurately  because  it 
contributes  little  to  the  yield  or  creep  sn-ength  compared  to  the  matrix  around  the  fiber.  That  is. 
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when  ihe  fiber  aspect  ratio  is  high,  the  energy  dissipation  in  the  fiber  end  regions  during  t.iainx 
creep  is  negligible  compared  to  the  energy  dissipation  rate  in  the  matrix  surrounding  the  fiber. 
The  creep  strength  is  directly  related  to  the  energy  dissipation  rate,  so  it  can  be  analyzed  by 
calculating  the  major  contributions  to  the  energy  dissipation  rate.  In  this  paper,  that  rs  achieved 
b>'  analyzing  the  creeping  flow  of  the  matrix  adjacent  to  the  fiber  sides.  If  this  approach  is 
unsatisfactory’  in  a  particular  case,  it  can  always  be  rectified  by  considering  longer  fibers,  thereby 
making  the  fiber  end  regions  relatively  less  imponant.  In  this  .sense,  the  analysts  can  alu  ays  be 
justified  by  taking  the  asymptotic  limit  of  extremely  long  fibers.  However,  the  analysis  is 
proposed  as  being  justifiable  for  fibers  with  a  range  of  finite  aspect  ratios. 

The  issue  has  been  studied  by  Bao  et  al.  (1990)  for  layered  composites  with  perfecih 
plastic  matrices.  Bao  et  al.  found  that  less  than  ]()9c  of  the  yield  strength  is  due  to  the  end  region 
when  the  volume  fraction  of  rigid  reinforcements  is  25%  and  their  aspect  ratio  is  100.  For 
smaller  aspect  ratios  the  contribution  from  the  end  region  is  a  higher  fraction  but  can  be  modelled 
in  an  ad  hoc  manner  as  was  demonstrated  by  Bao  et  al.  (1990).  In  addition,  the  aspect  ratio  of 
the  cell  relative  to  the  aspect  ratio  of  the  fiber  is  known  to  affect  the  prediction  of  strength 
significantly  which  was  demonstrated  by  Bao  et  al.  (1991).  Thus,  it  is  likely  that  the  choice  oi 
aspect  ratio  of  the  cell  will  also  influence  how  much  of  the  strength  is  due  to  the  matrix  material 
around  the  fiber  compared  to  the  amount  due  to  the  material  at  the  fiber  ends.  For  example, 
choosing  the  aspect  ratio  of  the  cell  to  be  the  same  as  the  aspect  ratio  of  the  fiber,  as  Bao  et  al. 
(1990)  did,  is  likely  to  exaggerate  the  importance  of  the  fiber  end  region  for  high  aspect  ratio 
cases.  A  perhaps  more  sensible  choice,  in  which  the  distance  between  the  fiber  and  the  cell  edge 
is  the  same  at  the  end  and  on  the  side  is  likely  to  diminish  the  importance  of  the  matrix  at  the 
fiber  ends  and  so  the  10%  contribution  mentioned  above  is  probably  an  overestimate,  Al  the 
other  extreme  of  the  rheology,  namely  a  linearly  viscous  matrix,  an  argument  can  be  made  that  as 
well  as  fiber  end  regions  occupying  relatively  small  volumes  of  the  total  composite 
microstructure,  any  nonuniformity  of  flow  which  they  induce  will  be  confined  to  the  fiber  end 
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region  by  a  St.  Venant  effect.  Thus,  for  all  types  of  nKUriv  at!  analysis  coticcrned  oiUv  u  tth  the 


(1 


matrix  material  surrounding  the  fibers  circumfereiuially  can  be  justified  in  cenam  cases. 

In  panicuh  r.  the  problem  of  a  high  aspect  ratio  rigid  fiber  embedded  in  a  power  i.iw 
creeping  matrix  can  be  analyzed  in  tenns  of  the  matrix  material  around  the  fiber  The  cel!  shown 
in  Fig.  1  will  be  used.  The  fiber  is  bonded  to  the  matrix  .so  that  the  radial  velocity  at  the  fiber  is 
zero.  However,  it  is  assumed  that  the  bond,  or  thin  layer  of  interphase  material  at  the  interface, 
has  a  power  law'  rheology  of  its  own  which  allows  slip  of  the  matrix  relative  to  the  fiber.  The 
end  of  the  fiber  is  bonded  strongly  to  the  matrix  as  well,  so  that  matrix  incompressibility  forces  a 
net  matrix  flow  parallel  to  the  fiber.  The  axi.symmetric  quasistatie  creeping  re.spon.se  to  an  axial 
stress  is  considered.  A  power  law  rheology  is  assumed  so  that  the  analysis  represents  the  steady 
state  creep  of  metal  or  ceramic  matrices  around  rigid  (e.g.  ceramic)  fibers. 


Problem  Formulation 

The  domain  of  the  problem  is  the  axisymmetric  region  with  section  ABCD  in  Fig.  1 

A  A  ^  A 

(a  <  r  .2  b;  0  <  z  <  L).  In  cylindrical  polar  coordinates,  the  governing  equilibrium  equations 
neglecting  inertia  and  body  forces  are 


^  ^99  ^  g  _  q 

9r  r  dz  (1) 


,  ^rz  ,  s 

9r  r  dz 


=  0 


(2) 


where  O  is  a  .scaled  .stress  such  that 


a  =  Sg 


(3) 
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with  O  being  the  Cauchy  stress  and  Z  a  scaling  parameter  to  be  discussed  later.  The  components 
r  and  z  are  scaled  measures  of  position  defined  by 

A  ^ 

r  =  b  r  (4) 


and 


A  ^ 

z  =  L  z 


/\  A  A 

where  r,  z,  b  and  Lare  specified  in  Fig.  1.  The  parameter  5  is  such  that 


5  =  bfL 


O) 


(6) 


and  in  the  problems  to  be  analyzed  is  much  less  than  1.  The  choice  of  differential  scaling  for  r 
and  z  introduces  a  coordinate  stretching  transformation  ( van  Dyke,  1975)  which  will  be  useful  in 
the  subsequent  analysis. 

The  matrix  creeps  with  a  power  law  incompressible  rheology  given  by 


3 

eii  =  -  B  a. 

1)  ~  e 


n-l  a 


(7) 


A 

where  e  is  the  strain  rate,  S  is  the  deviatoric  stress  given  by 


A 


(8) 


where  O  (=  Oick/3)  is  the  hydrostatic  part  of  the  stress,  Cq  is  the  effective  stress  such  that 


(9) 


4F:MS20(9/22/92>4;46  PM/mcf 


and  B  is  a  matenal  constant  wnicn  is.  iisiwcve!,  ue|)ciKiciu  mi  icnipcraturv  NHic  that  ;:i  ii:ua\ia! 
strc.ss  the  axiai  .strain  rate  equals  B  times  the  nth  power  of  the  stress.  In  terms  of  scaled  variables, 
the  creep  law  can  be  written  as 


dr 


i  iOi 


r 


(11) 


5 


'zz 


(12) 


9v,  ~ 

— -S-  +  6 — - 

0r  dz 


3  0^' 


'rz 


(13) 


where  y  is  the  velocity  and 


A 

V 


b  B  S"  y. 


(14) 


On  AB  (z  =  0)  the  boundary  conditions  by  symmetry  are 


Vj,  (r,  0)  =  0 


(15) 


^rz  (B  0)  —  0- 


(16) 


On  AD  (r  =  a  =  a/b)  one  boundary  condition  is 


vr(a,  z)  =  0 


(17) 
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while  the  slip  condition  (see  Fig.  1)  becomes 


(a.  z)  = 


(18) 


where 


p  =  fl  B  b  I"-'". 


(19) 


and  is  a  slip  parameter  for  the  interface.  It  should  be  noted  that  the  last  boundars'  condition  can 
represent  a  variety  of  physical  situations.  One  possibility  is  that  there  is  a  thin  but  distinct 

A 

inierphase  of  thickness  t  so  that  (a,  2)/t  is  the  shear  strain  rate  in  the  interphase.  Eq.  (18)  then 
implies  that  the  interphasc  is  subject  to  power  law  creep  but  with  an  exponent  m  and  the 

IP  -tl  A  A 

coefficient  in  the  creep  law  is  1/(3^  |i  t)  replacing  B  in  eq.  (7).  Another  possibility  is  that 
there  is  no  interphase  but  instead  the  fiber  has  a  rough  surface  over  which  the  matrix  must  flow 
even  though  the  bond  between  the  matrix  and  the  fiber  is  relatively  weak  in  shear.  In  that  case, 
the  index  m  would  equal  n  and  the  slip  parameter  (I  would  depend  on  the  roughness  of  the  fiber 
surface  which  would  provide  drag. 

On  BC  (r  =  1)  the  boundary  conditions  are 

ar^(l,z)=:0  (20) 


and 


Vr(l,  z)  = 


(21) 


where 
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6  =  B  S"  5 


is  the  axial  strain  rate.  The  condition  in  eq.  (21)  means  that  the  scaled  axial  strain  rate  is  equal  lo 
5.  This  choice  i.s  arbitrary,  though  convenient.  As  a  consequence,  eq.  (22)  establishes  X  m 
terms  of  e,  the  axial  strain  rate  in  physical  variables.  TTie  boundary  condition,  eq.  (21)  states  that 
the  unit  cell  remains  a  cylinder  of  unifonn  diameter.  As  a  result,  the  normai  stress  0^.  is  not 
uniformly  zero  on  r  =  1.  However,  the  average  of  On-  on  r  =  1  can  be  set  to  zero  so  that 

£^Crr(l,z)dz  =  0  ^,3. 

to  ensure  that  the  transverse  stress  is  approximately  zero.  Tne  approximation  arises  because  the 
cell  extends  a  small  distance  above  C,  but  that  portion  is  neglected.  The  boundar\'  condition 
eq.  (23)  can  be  met  tiirough  adjustment  of  the  hydrostatic  stress. 

Note  that  no  explicit  boundary  conditions  are  posed  for  CD.  The  average  stress  there  w  ill 
be  of  interest  and  determines  Oa-  The  creep  strength  S  of  the  composite  materia'  is  defined  as  the 
average  axial  stress  in  the  composite  at  a  given  axial  strain  rate  divided  by  the  stress  in  the  matrix 
alone  at  the  same  axial  strain  rate.  That  is 

S  =  Oa(^)/(^/B)‘/".  (24) 


A 

where  Og  is  a  function  of  the  axial  strain  rate  e. 

Asymptotic  Analysis 

A  penurbation  series  solution  will  be  developed.  It  will  have  much  in  common  with  the 
outer  solution  for  a  plane  strain  power  law  squeeze  film  due  to  Johnson  (1984).  In  addition, 
there  are  boundary  layers,  but  fully  matched  solutions  will  not  be  established  in  them.  In  the 
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outer  solution  for  the  fiber  problem,  the  matrix  flow  is  dominated  by  shearing  and  the  shear 
Stress  can  be  expanded  in  integer  powers  of  5,  so  that 


Or/  =  +  0(§-).  (25) 

As  a  consequence  of  eq.  ( 1 3),  v,  is  0(  1 )  at  leading  order  so 

+  O(S-).  (26i 


Incompressibility  (i.e.  the  sum  of  eq.  (10-12))  then  implies  that 

vr  =  5  +  O  (5“).  (27) 

and,  apan  from  0,2'  Sjj  is  0(8  ),  so 

Srr  =  5  +  O  (8-)  (28) 


etc..  Any  gradient  of  O,/  in  the  r  direction  must  be  balanced  by  a  gradient  of  Gzz  in  the  z 
direction.  For  this  to  be  possible,  the  stress  Czz  must  be  0(1/8)  so  that  the  contribution  of  the 
longitudinal  gradient  of  O/z  to  eq.  (2)  is  0(1)  which  is  the  same  order  of  magnitude  as  the 
contribution  of  the  shear  stress  gradient  in  eq.  (2).  This  suggests 


0  =  1  +  0(0)  +  o  (8 ) 

8 


(29) 


so  that  the  hydrostatic  stress  is  an  order  of  magnitude  larger  than  the  deviatoric  stress. 

The  leading  order  governing  equations  can  now  be  stated.  With  terms  of  higher  order 
omitted,  it  is  found  that  eq.  (1)  gives 
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I 


(30; 


while  eq.  (2)  provides 


at5'  ao'-') 

_I2_  4.  - 

r  8z 


=  0 


(31) 


The  creep  relationship  of  eq.  (13)  gives 


(32) 


where 


of)  =  V3  laf)| 


while  incompressibility  provides 


3 

'IT 


0Z 


0 


(33) 


(34) 


Equations  (15-23)  give  the  boundary  conditions 

vf )  vr,  0)  =  0  (35) 

of)  (r,  0)  =  0  (36) 
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(a.  z)  =  0 

(37) 

\f^  (a,  z)  = 

(38) 

vf)(l,z)  =  -  i 

(39) 

oJJ^(l,z)  =  0 

(40) 

fl 

J  o(-0  (1,  z)dz  =  0. 

(41) 

Solution.  Equation  (30)  shows  that  oO*)  is  independent  of  r.  Therefore,  integration  of 
eq.  (31)  subject  to  eq.  (40)  gives 


1(1 

2lr 


do^ 

dz 


(42) 


It  will  be  confirmed  that  dCjO^l/dz  is  positive  for  z  >  0  and  thus  so  is  Consequently 

eq.  (32)  shows  that 


d  V 


(0) 


5r 


z  _ 


j  ‘ 


fi  -  rT 

fdaHM 

Ir  9 

1  J 

(43) 


Integration  of  eq.  (42)  with  eq.  (37)  provides 


V 


(0) 


1  ri 


-  a 


,m 


V 


dz 


+ 


F(r,a,n) 


J 


daH)^ 

dz  j 


(44) 
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where 


F{r,a,n) 


n  - 1 

3 


f4.'> ) 


Differentiation  of  eq.  (44)  with  respect  to  z  provides  the  axial  strain  rate  which  is  inserted  into 
eq.  (34).  Integration  of  eq.  (34)  with  respect  to  r  combined  with  boundary  condition  eq.  (37 )  then 


gives 


m 

(a^  ) 

d 

fdol-'l) 

i  J 

dz 

1  J 

-i  J'pF(p,a,n)dpi 


do 


(-1) 


dz 


(46) 


The  boundary  condition  specifying  the  strain  rate,  eq.  (38),  then  provides  the  nonlinear 
differential  equation 


dz 


G(a,n) 


da^ 

dz 


xn 

y 


F2 


m+1 

a 


dz 


]_ 

2 


(47) 


where 


p  F  (p,  a,  n)dp. 


(48) 


This  can  he  integrated  once  and  boundary  condition  eq.  (36)  along  with  eq.  (42)  used  to  give 


G(a,n) 


dz 


a3 


m+] 


^ do^'  ^ 
dz 


m 


Z 

2 


(49) 
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This  IS  hard  to  soivc  in  aeiieral  when  m  5^  n  except  when  n  =  2  and  tit  =  I  and  sue  verNa. 
Sunstantial  insiehi  and  a  degree  of  generality  can  be  retained  by  choosing  m  =  n.  As  discussed 
previously,  this  case  repr:  .  nts  that  of  a  well  bonded  fiber-matrix  interface  with  a  rough,  fiber 
surface  at  a  tenipe''.in  e  sufficiently  high  to  give  rise  to  a  negligible  shear  strength  of  the  bonded 
interface.  The  resistance  to  slip  arises  from  the  drag  induced  by  the  creep  of  the  matrix  along  the 
rough  liber  surface.  .Alternately,  it  could  represent  the  case  of  an  inierphase  with  the  same  creep 
iiioex  as  the  matrix  but  with  a  different  creep  coefficient.  The  approach  of  using  m  =  n  permits 
the  study  of  the  effect  of  a  week  interface  and  some  general  insights  are  obtained.  \S'ith  m  =  n. 
eq,  (49)  provides 


do' 

dz 


(50) 


where 


D(a,n) 


2G(a,n) 


(51) 


Integration  of  eq.  (49)  and  use  of  eq.  (41)  reveals  that 


(.(-1)  =  _ 2n  +  l 

1  +  -L  D'' 

\  nj  (52) 


The  remaining  significant  terms  in  the  solution  are  then 
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V. 


.(T) 


-S’ 

= 

Mr 

vf 

'  ^  ! 

_p2"  1 

1 

ri 

r'' 

T  } 

la 

! 

1 

r  I!  —  i 

ad; 


1 

—  a 
a 


F(r,a,n) 


z 

D 


(54  ] 


+  if  pF{p,a,n)dp 
r  I  r  •'a 


D 


Thus  the  key  assumption  made  by  Kelly  and  Street  (1972)  that  the  velocity  in  the  z  direction  is 
proportional  to  z  is  correct  to  leading  order.  However,  now  the  dependence  on  r  has  been 
established  too. 


Boundary  Laver.  It  is  possible  to  proceed  with  the  solution  to  higher  order  terms  and  so 
establish  the  small  corrections  involved.  This  will  not  be  done.  However,  it  should  be  noted  that 
boundary  layers  are  involved  at  z  =  0  and  at  r  =  1.  The  shear  stress  to  leading  order  is  zero  at 
those  locations  and  thus  so  is  the  effective  stress  Op.  In  the  pure  power  law  rheology  being  used 
in  this  problem,  this  makes  the  matrix  rigid  to  leading  order  at  z  =  0  and  r  =  1 .  However, 
material  is  deforming  at  those  locations  and  as  a  result  the  higher  order  terms  in  the  deviatoric 
stress  in  the  perturbation  series  diverge  there.  To  correct  this,  a  boundary  layer  analysis  is 
required.  However,  the  result  of  Johnson  (1984)  for  the  plane  strain  squeeze  film  indicates  that 
the  boundary  layers  are  passive  and  so  do  not  disrupt  the  leading  order  outer  solution. 
Consequently,  the  leading  order  outer  solution  eq.  (52-55)  is  valid.  The  boundary'  layer  analysis 
provides  a  significant  coTection  term  at  higher  order  in  the  outer  solution.  This  correction  tenn 
has  not  been  worked  out.  However,  the  boundary  layer  at  z  =  0  can  be  analyzed  and  terms  for 
the  correction  estimated  there.  An  overall  axial  balance  of  stress  then  provides  the  net  resultant 
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stress  for  the  eoniposite  mtiiena!  and  therefore  an  estimate  to  higher  order  ot  the  creep  strencih  ot 
the  composite.  The  details  of  the  boundary  layer  results  are  developed  in  the  Appendix. 


Composite  Material  Creep  Response 

We  now  hase  an  estimate  for  the  average  axial  stress  at  z  -  1  in  the  cel!  This  is  given 
by  eq.  (52)  at  z  =  1  divided  by  5  plus  the  correction  5  "  N  arising  from  the  analysis  of  the 
boundary  layer  at  z  =  0  (see  Appendix  eq.  (A16,  A22  &  A28)).  Tlie  correction  is  required  at 
z  =  1  to  balance  the  tension  in  the  boundary  layer  at  z  =  0.  Thus,  the  average  stress  at  z  =  1  in 
normalized  variables  is 


n 

5(2n  +  l)D'^" 


+  5"  N 


(56) 


Clearly,  as  long  as  D  is  not  large,  the  first  term  will  be  the  largest  contribution  toOa  (see  Fig.  It 

A 

which  represents  the  creep  stress  of  the  composite  material.  Additional  contributions  to  Ga  will 
arise  from  the  effects  of  matrix  flow  around  the  fiber  end.  This  term  may  be  of  the  same  order  ot 
magnitude  as  the  boundary  layer  term  N,  but  the  fiber  end  flow  term  is  difficult  to  estimate. 
Although  it  may  be  inconsistent,  we  will  simply  omit  the  fiber  end  flow'  term  but  include  the 
boundary  layer  term.  It  is  hoped  that  the  result  will  then  be  meaningful  for  low  fiber  volume 
fractions  where  the  fiber  end  flow  term  will  tend  to  be  small.  In  any  case,  as  long  as  D  is  not 
large,  the  discrepancy  relates  only  to  a  higher  order  term  and  the  creep  behavior  predicted  by  the 
leading  order  term  in  eq.  (56)  is  still  reliable.  The  omission  will  be  more  serious  in  the  case  of 
low  drag  fiber-matrix  interfaces  with  moderate  to  high  volume  fractions  of  fibers  because  D 
becomes  large  in  that  case.  Then  the  fiber  end  term  will  be  just  as  significant  as  the  leading  term 
in  eq.  (56).  The  validity  of  the  model  is  then  doubtful. 

The  estimate  for  Oa  is  obtained  from  eq.  (56)  in  physical  variables.  Accordingly 
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IS 


ILn 


b(2n  +  l)D 


l/n 


+  ZXO'- 


n 

1 

n 


(2n  +  l)D 


l/n 


4-  X 


( S  /  I 


where  X  =  I7b.  In  turn,  the  creep  strength  is 


sl+I/n 

S  ^  ^  +  \T 

(2n  +  l)D‘/"  ‘  .  (5K) 

Note  that  the  term  S  functions  as  a  dimensionless  reference  stress  (Leckie.  I98o)  for  the  creep 
behavior  of  the  composite  as  in 


k  =  B(aa/S)". 


(59) 


The  results  will  be  left  in  the  form  presented  in  eq.  (57  &  58)  even  though  the  dependence  on 
parameters  like  fiber  volume  fraction  and  fiber  aspect  ratio  is  not  apparent.  The  forms  presented, 
in  terms  of  a  and  X,  are  more  versatile  with  the  advantage  that  there  is  no  assumption  dependent 
conversion  from  a  and  X  to  volume  fraction  and  fiber  aspect  ratio.  However,  such  conversions 
can  be  done  easily  by  the  user  of  the  results.  For  example,  Kelly  and  Street  (1972)  neglected  the 
ends  of  the  unit  cell  and  assumed  that  6  is  half  the  nearest  neighbor  center  to  center  spacing  in  a 
hexagonal  array  of  fibers.  In  that  case 

a  =  a/b  =  (2vr3  Vf/TC)’^  (60) 

where  Vf  is  the  fiber  volume  fraction.  On  the  other  hand,  if  the  unit  cell  is  assumed  to  have  the 
same  aspect  ratio  as  the  fiber,  then 
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a 


(M  ) 


Therefore,  it  is  best  to  avoid  any  conversion  and  leave  the  user  of  the  results  to  choose  an 
approach  which  is  appropriate  to  the  material  of  interest. 

In  any  case,  since 

A.  =  L/b  =  (L/a)  (a/b)  (62  ) 


X  will  be  proportional  to  the  aspect  ratio  of  the  fiber  a  =  Ua.  lliercfore,  the  creep  strength  S. 
eq.  (58),  depends  relatively  strongly  on  the  fiber  aspect  ratio,  being  proportional  to  a’"*'*''".  This 
ranges  from  a  quadratic  dependence  for  linear  viscosity  to  nearly  linear  for  high  n.  This 
dependence  was  identified  by  Kelly  and  Street  (1972).  As  the  fiber  volume  fraction  goes  up.  a 
will  increase  and  be  around  unity  for  fiber  volume  fractions  around  unity.  This  w-ill  cause  D  to 
become  very  small  or  zero,  predicting  very  large  or  infinite  creep  strengths.  This  locking  up  is 
present  in  the  model  of  Kelly  and  Street  (1972),  occuring  at  Vf  =  0.91  in  that  case,  which  is 
when  fibers  in  a  hexagonal  array  touch  each  other. 

As  the  fiber  volume  fraction  goes  to  zero  with  J1  finite,  a  will  disappear  and  so  will  the 
creep  strength  predicted  by  the  first  term  in  eq.  (58).  The  second  term,  N,  then  provides  the 
creep  strength,  which  will  be  unity  according  to  eq.  (A22).  Returning  to  the  general  case, 
consider  what  happens  if  |i  — >  0.  This  is  the  zero  drag  case  and  eq.  (51)  makes  it  clear  that 
D  -4  oo.  Consequently,  the  creep  strength  is  given  then  by  N,  expressed  in  this  case  by 
eq.  (A28).  Results  for  N  for  several  values  of  n  are  plotted  in  Fig.  2.  The  values  are  less  than  or 
equal  to  unity,  indicating  that  the  composite  will  be  weaker  than  the  matrix  alone.  This  effect 
occurs  because  the  fibers  act  only  to  fill  cylindrical  holes  in  the  matrix  and  the  composite 
behavior  represents  the  creep  of  a  matrix  filled  with  such  cylindrical  holes.  It  can  be  seen  in 
Fig.  2  that  N  is  approximately  given  by  1-f,  confirming  this  effect.  This  result  is  not  exact 
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because  the  effect  of  fiovv  around  the  fiber  end  has  been  neeiecied.  The  true  result  is  probabls 
1-f  plus  a  small  amount  accounting  for  the  fiber  end  effect.  However,  the  magnitude  of  the 
contribution  due  to  flow  around  the  ver\'  end  of  the  fiber  will  not  depend  to  any  great  extent  on 
the  aspect  ratio  of  the  fiber.  Thus,  for  long,  discontinuous  fibers,  the  creep  strength  will  be 
modest  if  the  matrix  is  free  to  slip  without  drag  relative  to  the  fiber.  This  effect  was  apparent, 
although  not  emphasized  in  the  model  of  Kelly  and  Street  (1972). 

It  is  difficult  to  know  realistic  physical  values  of  |i.  In  addition,  the  model  for  interface 
drag  with  m  =  n  is  of  limited  value  although  it  is  very  similar  to  a  form  implied  in  the  model  of 
Kelly  and  Street  (1972).  As  they  pointed  out  (in  terms  of  their  interface  sliding  parameter  but  the 
implications  are  the  same),  a  given  value  of  )i  (less  than  <»)  will  have  a  stronger  effect  on  the 
creep  strength  of  a  material  with  a  low  n  compared  to  a  high  n.  This  arises  becau.se  S  is 
controlled  by  and  )J.  enters  the  creep  strength  to  leading  order  through  D.  However,  the 
effect  of  a  more  physically  realistic  slip  law  remains  to  be  investigated.  For  example,  interface 
diffusion  tends  to  occur  readily  in  metal  matrix  composites  at  creep  temperatures.  This  will  tend 
to  induce  slipping  with  a  linear  rheology;  i.e.  m  =  1  in  eq.  (18). 

Finally,  we  can  consider  the  creep  strength  in  detail  for  the  no  slip  case  |I  =  oo.  This  is 
accomplished  by  consideration  of  S  =  (S  -  computed  from  eq.  (58).  This  parameter  is 

the  excess  creep  strength  over  the  matrix  strength  normalized  to  make  it  independent  of  a.  The 
result  is  plotted  as  a  function  of  in  Fig.  3  for  several  creep  exponents.  For  comparison,  the 
equivalent  parameter  from  the  model  of  Kelly  and  Street  (1972)  is  graphed  as  well.  For  the  latter 
model,  the  volume  fraction  has  been  converted  to  a  by  use  of  eq.  (60).  The  result  has  the  form 

Sk  =  (S-l)/a’^’/" 

n  ^  a  " 

I3J  2n  +  ll^l-aJ  1-a^.  (63) 

It  can  be  seen  in  Fig.  3  that  there  are  significant  differences  between  the  two  models. 
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Fiber  Stresses 

Fiber  stresses  are  imponant  because  the  reinforcements  can  crack  and  degrade  the  creep 
strength  when  the  stress  exceeds  the  fiber  strength  as  obserc'ed  by  Weber  ei  al.  (1991).  In 
addition.  Sancakter  and  Zhang  (1990)  have  demonstrated  that  high  shear  stresses  on  the  interface 
can  cause  interphase  and  matrix  cracking.  The  shear  stress  at  the  interface  between  the  matrix 
and  the  fiber  is  directly  related  to  the  gradient  of  the  average  axial  fiber  stress  along  the  fiber. 
The  average  axial  stress  at  any  point  in  the  fiber  can  be  computed  from  a  net  balance  of  forces  in 
the  axial  direction.  This  requires 


A 

Oa 


A  A 

Of  (z 


)  +  (1  -a")am($) 


(64) 


at  any  position  z  where  Of  is  the  average  axial  fiber  stress  at  z  and  Om  is  the  average  axial  matrix 
stress  at  z.  From  eq.  (52)  we  have 


^ni(z)  = 


'if 


V  z 

n 

Il> 

2n  +  l 

+  N 


(65) 


Given  eq.  (57),  it  follows  that 


df(z) 


1 

n 

> 

1  l-a^Tz^ 

l+l/n  1 

n 

-i.  M 

1 

n  +  1 

a2  UJ 

2n  +  l 

"T  i\ 

(66) 


The  highest  value  is  at  z  =0  where 
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=  af(0) 
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'  1 

n  ^ 

UJ 

Ql/n 

n  +  1 

2n  + 1 J 

To  the  neglect  of  N,  which  will  be  small  compared  to  other  terms  when  K  is  large,  we  find 

_  2n4-l-a^n 

6a  a^(n  +  l)  .  (68) 


Thus  the  maximum  axial  fiber  stress  can  be  obtained  approximately  by  multiplying  the 
composite  stress  by  a  factor  given  by  a  fairly  simple  formula.  For  example,  with  a-  equal  to  a 
quarter  (i.e.  the  fiber  diameter  is  equal  to  the  fiber  spacing),  the  ratio  is  (7n  +  4)/(n  +  1)  which, 
for  example,  is  equal  to  6.4  for  n  =  4.  It  is  interesting  that  the  ratio  is  independent  of  the  aspect 
ratio  of  the  fiber.  This,  however,  only  applies  if  the  fiber  is  long  enough,  say  with  an  aspect  ratio 
of  5  or  greater. 

A  funher  interesting  point  is  that  the  minimum  matrix  stress  (at  z  =  0)  is  compressive. 
Expressed  as  a  fraction  of  the  composite  stress,  the  minimum  matrix  stress  =  Gm  (0)  is 

imin  _ 

6a  n  + 1  (69) 


independent  of  the  volume  fraction  and  the  fiber  aspect  ratio  (given  that  the  fiber  aspect  ratio  is 
high  enough). 
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There  ;ire  few  finite  element  results  available  in  detail  for  comparison,  I'he  most  useful  is 
the  analysis  by  Dragone  and  Nix  (1990),  who  treated  an  aluminum  alloy  with  209)  by  volume  of 
SiC  fibers.  A  unit  cell  approach  was  adopted  and  calculations  performed  for  n  =  4.  The  fiber 
was  perfectly  bonded  to  the  matrix  and  so  the  relevant  comparison  is  with  our  results  when 
ji  =  CO.  A  number  of  features  found  in  the  asymptotic  analysis  are  apparent  in  their  steady  state 
solution  for  (X  =  5,  a  somewhat  lower  aspect  ratio  then  we  would  prefer  for  companson.  The 
stress  in  the  matrix  around  the  fiber  is  dominated  by  the  hydrostatic  stress  with  the  hydrostatic 
component  apparently  25  times  the  longitudinal  deviatoric  stress.  The  hydrostatic  stress  in  the 
matrix  varies  almost  linearly  down  the  length  of  the  fiber.  (Our  analysis  predicts  a  variation  with 
but  it  would  be  difficult  to  distinguish  this  from  a  linear  behavior  in  numerical  results). 
The  hydrostatic  stress  adjacent  to  the  fiber  is  independent  of  distance  from  the  fiber.  The  axial 
stress  at  the  fiber  end  is  about  25%  higher  than  the  composite  stress  indicating  an  effect  of  flow 
around  the  end  of  the  fiber  which  we  have  neglected.  The  aspect  ratio  of  the  cell  is  equal  to  the 
aspect  ratio  of  the  fiber.  Therefore,  by  eq.  (61),  ForVf  =  0.2,  this  gives  a*  =  0.34. 

For  this  value  of  a^,  we  predict  4.5  for  from  eq.  (68)  and  -0.8  for  eq.  (69). 

Dragone  and  Nix  (1990)  find  these  ratios  at  steady  state  to  be  4.9  and  -1.2  respectively.  Thus 
even  for  the  low  aspect  ratio  fiber  the  asymptotic  analysis  is  reasonably  good.  We  suspect  that 
most  of  the  discrepancy  is  due  to  the  stress  arising  from  flow  around  the  fiber  ends.  When  the 
difference  between  the  composite  stress  and  the  stress  at  the  fiber  end  is  factored  out,  our  ratios 
predict  the  Dragone  and  Nix  (1990)  stress  values  almost  exactly.  Thus,  for  longer  fibers,  we 
believe  our  estimates  will  be  quite  accurate  even  without  adjustment. 

The  steady  state  strain  rates  computed  by  Dragone  and  Nix  (1990)  at  80  MPa  for  fibers 
with  aspect  ratios  5,  7  &  10  are  listed  in  Table  1.  Also  given  is  a  strain  rate  for  an  aspect  ratio  of 
20  obtained  by  extrapolation  of  the  transient  results.  The  matrix  steady  creep  law  used  by 
Dragone  and  Nix  (1990)  is  our  eq.  (7)  with  B  =  2  x  lO'*^  when  strain  rate  is  given  in  units  of  s'* 
and  stress  in  MPa.  As  noted  before,  n  =  4.  The  finite  element  creep  strength  is  computed  from 
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eq.  (24)  and  the  asymptotic  result  from  eq.  (58)  with  JJ  =  oo  and  a~  =  Vp''  =  0.34  as  used  in  the 
finite  element  results.  N  uas  taken  to  be  1  in  eq.  (58).  There  is  reasonable  agreement.  The 
Kelly  and  Street  (1972)  prediction  for  creep  strength,  based  on  our  eq.  (63)  with  N  =  1,  are  given 
in  Table  1  as  well  under  the  heading  "shear  lag".  They  are  well  below  the  other  results.  Dragone 
and  Nix  (1990)  provide  additional  results  in  which  the  aspect  ratio  of  the  cell  is  varied  and  the 
asymptotic  solution  agrees  reasonably  well  with  those  as  well. 

Another  comparison  can  be  made  with  the  finite  element  results  of  Bao  et  al.  (1991).  The 
comparison  is  made  in  Table  2.  One  feature  in  the  results  of  Bao  et  al.  (1991)  is  the  contrast  with 
the  results  of  Dragone  and  Nix  (1990).  Bao  et  al.  (1991)  predict  lower  creep  strengths  as  can  be 
seen  in  the  results  for  n  =  4  in  Table  2.  This  suggests  that  either  Dragone  and  Nix  (1990)  are  in 
error  or  Bao  et  al.  (1991)  are.  However,  the  asymptotic  analysis  consistently  predicts  higher 
strengths  than  Bao  et  al.  (1991).  The  substantial  differences  are  probably  due  to  the  contribution 
to  the  creep  strength  in  the  finite  element  results  arising  from  the  fiber  end  region.  The  cell 
length  in  the  finite  element  calculations  is  times  the  fiber  length.  The  portion  of  the  cell 
beyond  the  fiber  ends  as  a  fraction  of  the  whole  cell  length  is  1  -  This  region  of  the  cell 
experiences  relatively  unconstrained  flow  compared  to  the  matrix  material  surrounding  the  fiber 
circumferentially.  An  estimate  of  the  effect  can  be  made  by  consideration  of  radial  stressing. 
The  portion  of  the  cell  around  the  fiber  would  require  a  radial  stress  S  to  produce  the  same  strain 
rate  as  unit  radial  stress  would  produce  in  an  unconstrained  end  region.  Therefore,  the  average 
radial  stress  on  the  whole  cell  for  the  same  strain  rate  is 

S  =  1+V‘/3(S-1).  (70) 

This  can  be  converted  to  an  axial  stress  result  by  addition  of  hydrostatic  stress.  Therefore 
eq.  (70)  with  S  given  by  the  asymptotic  solution  provides  an  estimate  for  the  axial  creep  strength 
of  a  unit  cell  with  the  same  aspect  ratio  as  the  fiber.  In  Table  2  it  can  be  seen  that  S  agrees  better 
than  S  with  the  creep  strength  of  Bao  et  al.  (1991).  There  are  still  discrepancies,  but  the 
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conversion  represented  by  eq.  (70)  is  an  approximation  at  best.  It  seems  safe  to  conclude  that  the 
asymptotic  results  should  be  used  for  cases  where  the  fiber  aspect  ratio  is  greater  than  20  so  that 
fiber  end  effects  are  less  imponant. 


An  asymptotic  solution  has  been  presented  for  power  law  creep  of  a  composite  material 
containing  aligned,  rigid,  discontinuous,  well  bonded  high  aspect  ratio  fibers.  The  solution 
exhibits  several  of  the  features  assumed  by  Kelly  and  Street  (1972)  for  their  shear  lag  model. 
These  features  include  the  linearity  of  the  axial  velocity  with  distance  along  the  fiber  and  the 
dominance  of  the  creep  strength  by  the  shearing  flow  in  the  matrix.  However,  asymptotically 
exact  forms  for  the  velocity  and  stress  are  provided  rather  than  the  estimates  used  in  the  shear  lag 
model.  The  asymptotic  solution  provides  a  model  for  the  creep  law  of  the  composite  material. 
Although  the  shear  lag  creep  law  of  Kelly  and  Street  (1972)  exhibits  several  of  the  characteristics 
of  the  more  exact  asymptotic  creep  law,  the  shear  lag  model  underestimates  the  creep  strength  of 
the  composite  material.  We  think  this  arises  from  a  stress  averaging  procedure  used  by  Kelly 
and  Street  (1972)  which  seems  to  be  faulty. 

The  dominant  characteristic  of  the  creep  law  predicted  by  the  asymptotic  analysis  is  that 
the  creep  strength  is  proportional  to  the  fiber  aspect  ratio  raised  to  the  power  1  +  1/n  where  n  is 
the  creep  exponent.  In  addition,  the  model  shows  that  fiber-matrix  interface  slip  can  have  a 
disastrous  effect  on  the  creep  strength  of  discontinuous  fiber  composites.  If  the  interface  has  no 
shear  strength,  the  creep  strength  of  the  composite  is  approximately  equal  to  the  creep  strength  of 
the  matrix  alone.  This  indicates  that  such  a  composite  material  would  creep  as  fast  as  the 
unreinforced  matrix  at  the  same  applied  stress.  However,  modest  levels  of  interface  drag  can  be 
mitigated  by  very  long  fibers.  The  effect  can  be  identified  in  eq.  (58)  where  the  interplay 
between  interface  drag  and  aspect  ratio  is  evident.  A  low  drag  coefficient,  jl,  gives  rise  to  a  high 
value  of  D.  However,  very  long  fibers  will  have  a  large  aspect  ratio  leading  to  high  values  of  X. 
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The  resulting  combination  can  lead  to  significant  creep  strengths.  Thus  continuous  fibers,  even 
with  occasional  breaks,  can  provide  good  strengthening  even  when  some  interface  slip  can  occur. 

The  asymptotic  solution  agrees  reasonably  well  with  finite  element  analyses  of  the 
problem.  The  solution  features  in  the  matrix  are  ver>’  similar.  Some  adjustments  have  to  be 
made  to  the  creep  strength  for  some  of  the  comparisons  to  account  for  the  fact  that  the  finite 
element  results  were  obtained  typically  for  low  aspect  ratio  fibers  with  unit  cells  containing 
substantial  volumes  of  relatively  unconstrained  matrix  beyond  the  fiber  ends.  With  an 
appropriate  adjustment,  there  is  quite  good  agreement  in  terms  of  the  creep  strength. 


Appendix: 

Boundary  Laver  Analysis 

According  to  Johnson  (1984),  the  outer  solution  velocities  eq.  (54  &  55)  prevail  into  the 
boundary  layer  at  z  =  0.  Thus  in  terms  of  unstretched  coordinates  with  T|  =  z/5  in  the 
boundary  layer 

5 


and 

6 
D 

An  effective  strain  rate  can  be  computed  as 


n+] 


-a 


.2\ 


T- 


+  p  £  pF(p,a,n)dp 
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and  then  the  constitutive  law  provides 


and 


^rr 


2  iZl 

3  ar 


’ee 


2  ^  VA 
—  c  n  ^ 

3  "  r 


2  Inn 


'zz 


_  £  n 

3  ^  dr] 


1  a  V, 


“  3^'"  ar 


(A4) 


(A5) 


(A6) 


(A7) 


The  hydrostatic  stress  can  be  computed  from  the  two  equilibrium  equations 
^  ^  ^  ^rr  ^99  ~  ^rr  _  ^  ^rz 

ar  ar  r  ari  (A8) 

and 

ao  _  a  0^2  <^rz 

ari  ar  r  .  (A9) 
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According  to  Johnson  (1984),  on  the  scale  of  the  boundary'  layer,  the  hydrostatic  stress  at  leading 
order  is  uniform  and  given  by  eq.  (52)  with  z  =  0.  It  is  sustained  by  tractions  on  the  side  of  the 
cell  enforcing  the  constraint  that  Vj  =  -4-  S  there.  Therefore,  the  boundary  condition  for 
evaluation  of  the  hydros'.. .tic  stress  is 


o(l,0) 


8(n  +  l){2n  +  l)D^/’' 


Srr  (1.0) 


(A  10) 


which  ensures  that  eq.  (23)  is  satisfied  at  higher  order.  At  higher  order,  eq.  (23)  degenerates  to  a 
point  wise  condition  on  <7„  because  Sn-  is  uniform  at  r  =  1  which  is  a  boundary'  layer  also. 

Thus  by  solution  of  eq.  (A8  &  A9)  subject  to  eq.  (A  10),  the  stresses  can  be  established 
throughout  the  boundary  layer  at  z  =  0.  In  particular,  O^z  can  be  computed  on  z  =  0.  This 
Stress  at  z  =  0  plus  the  axial  stress  in  the  fiber  at  z  =  0  must  be  balanced  at  the  other  fiber  end 
by  an  appropriate  average  stress.  The  leading  order  term  in  eq.  (52)  at  z  =  1  plus  a  smaller 
correction  arising  from  terms  computed  in  eq.  (A8)  is  required.  This  provides  an  estimate  of  the 
creep  strength  of  the  composite  material  to  higher  order. 

The  form  of  Vz  is  such  that  on  z  =  0 

=  i  Vz 

3t|  3  ^  drari  (All) 


because,  through  (d  Vf/a  r)^,  £c  depends  on  Tj“.  Therefore,  on  z  =  0,  eq.  (A8)  becomes 
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Since  d  \jjd  r  =  0  there,  on  z  =  0 
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with  vz  and  given  by  eq.  (A1  &  A2).  To  compute  the  higher  order  terms  in  on  z  =  0. 
eq.  (A  12)  can  be  integrated  subject  to 


Orr(hO)  =  0 


(A  14) 


which  is  equivalent  to  eq.  (A  10)  with  the  leading  order  term  (i.e.  the  first  term  on  the  right  hand 
side)  omitted.  The  result  for  (r,  0)  can  be  used  to  compute  the  axial  stress  from 

(r,  0)  =  Grr  (r,  0)  +  (r,  0)  -  S„  (r,  0).  (A  15) 


The  net  resultant  in  the  boundary  layer  is 

27c  a^z  (r/O)  rdr  =  6"  Nk 


(A16) 


which  defines  N.  Two  cases  can  be  considered.  One  situation  arises  if  )i  is  large  or  infinite  and 
there  is  little  or  no  slip  at  the  fiber  matrix  interface.  This  is  the  high  drag  case.  In  that  situation 
N  only  becomes  important  in  the  creep  strength  at  small  volume  fractions  of  fibers.  The  other 
case  is  where  )4  is  small  or  zero  so  that  the  matrix  is  free  or  almost  free  to  slip  against  the  fiber 
without  drag. 


High  drag  interface.  In  this  case,  D  in  eq.  (51)  is  large  only  if  a  is  small.  With  D  large,  the 
leading  order  stress  estimate  at  z  =  1  can  be  modest  in  magnitude  and  the  higher  order 
corrections  are  significant.  Investigation  of  the  elocities  in  eq.  (A1  &  A2)  reveals  that  when  a  is 
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small,  the  term  containing  [.1  can  be  neglected  and  the  elteetivc  strain  rate  T-  on  z  -  0  is  almusi 
unifo-m  except  when  r  is  just  slightly  larger  than  a.  However,  the  strain  rates  go  rapidly  to  zero 
at  r  =  a  and  according  to  eq.  (A4-A6)  so  do  the  deviatoric  Stresses.  Consequently,  the  small 
region  around  the  fiber  with  r  slightly  larger  than  a  will  contribute  very  little  to  the  stress 
resultant  N.  In  view  of  this,  a  treatment  will  be  reasonably  accurate  with  Ec  taken  to  be  unifonn 
everywhere  on  z  =  0  but  with  the  strain  rate  components  allowed  to  vary  otherwise  according  to 
eq.  (A I  &  A2). 

With  the  strain  rates  computed  from  eq.  (A1  &  A2)  (with  )i  — »  »=)  eq.  {A12)  becomes 
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With  £c  uniform,  this  integrates,  subject  to  eq.  (A14)  to  give 
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On  z  =  0,  from  eq.  (A4  &  A6) 
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which  is  valid  for  r  close  to  1  but  suspect  for  r  close  to  a.  Calculation  of  N  from  eq.  (A  1 8)  then 
gives 
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This  result  is  most  readily  utilized  for  even  integer  positive  values  of  n.  In  that  case,  calculation 
of  F  (1,  a,  n)  and  G  (a.  n)  can  be  carried  out  by  binomial  expansion.  In  addition,  the  leading 
terms  in  Ee  can  be  computed  at  r  =  1 .  The  result  to  leading  terms  is 

(2n-  -  2n  -  7)(n-l)  , 

N  =  1  -  ; -  a-  +  ... 

6n(n-3)  {A22i 


Low  drag  interfac  In  this  situation,  (i  is  close  to  zero.  The  limiting  case  of  |i  0  (no  drag  ) 
will  be  considered.  As  a  consequence,  the  velocities  in  eq.  (A1  &  A2)  become 
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and  D  =  oo.  This  is  a  planar  flow  in  the  fiber  direction,  as  would  be  expected  when  there  is  no 
drag.  The  effective  strain  rate  is 


Ee  = 


1-a" 


1  + 
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and  integration  of  eq.  (A  12)  gives  on  z  =  0 
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The  deviatoric  stresses  are  such  that 
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Finally,  the  ..iress  Oj,,  the  sum  of  eq.  ( A26  &  A27),  can  be  integrated  to  give 
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Note  that  when  a  =  0,  N  =  I,  as  in  eq.  (A22). 
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TABLE  1 


Comparison  of  steady  state  creep  results  from  the  finite  element  calculations  of  Drapone  and  Nix 
(1990)  and  the  asymptotic  solution.  The  results  are  for  209c  SiC  fibers  in  6001  Al  at  80  MPa. 

( _ )  s  extrapolated. 


Fiber  Aspect  Ratio 

Steady  Creep  Rate 

Creep  Strength  S 

a 

Finite  element 

Finite  elements 

Asymptotic 

Shear  Lag 

results  (Dragone  and 

(Dragone  and 

analysis 

(Kelly  and 

Nix) 

Nix) 

Street) 

5 

S'l 

3.5  X  10-8 

3.9 

4.5 

2.7 

7 

1  X  10-8 

5.3 

6.4 

3.6 

10 

1.5  X  10-9 

8.6 

9.4 

5.0 

20 

(7x  10-”) 

(18.5) 

21 

10.5 
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TABLE  2 


Comparison  of  creep  strength  calculated  by  Bao  et  al.  (1991 )  by  finite  elements  with  the 
asymptotic  solution.  The  adjusted  column  lists  S  =  1  +  (S  -  1 )  based  on  the  asymptotic 
solution. 


Fiber  Volume 

Fraction  Vf 

Fiber  Aspect 

Ratio  OC 

Creep  Index 

n 

Creep  Strength  S 

Finite 

Elements 

(Bao  et  al.) 

Asymptotic 

Analy.sis 

Adjusted  S 

0.1 

5 

5 

1.8 

2.5 

1.7 
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List  of  Figure  Captions 

Figure  1  Unit  cell  for  matrix  creep  analysis. 

Figure  2  Creep  strength  of  a  material  with  zero  drag  between  the  fiber  and  the  matrix. 

Figure  3  Excess  creep  strength  of  a  material  with  no  slip  between  the  fiber  and  the  matrix. 

The  result  is  nonnalized  by  the  fiber  aspect  ratio  raised  to  the  power  1  +  1/n. 
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ABSTRACT 


Experimental  studies  conducted  on  particulate-reinforced  A1  alloys  are  used  to 
critically  assess  flow  models.  For  this  purpose,  the  influence  of  thermal  evpansion  misfit 
and  of  reverse  loading  provide  a  particularly  critical  assessment.  Comparison  with 
models  indicates  that  continuum  cell  calculations  provide  good  predictions  of  trends, 
subject  to  an  in  situ  matrix  strength  that  may  differ  from  that  for  the  unreinforced  alloy. 
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1.  INTRODUCTION 


For  metal  matrix  composites  with  well-bonded  discontinuous  reinforcements  (such 
as  A1  alloys  with  either  SiC  or  AI2O3  particulates,  platelets  or  whiskers),  the  dependence 
of  the  mechanical  properties  on  such  microstructural  parameters  as  the  matrix  yield 
strength,  the  reinforcement  volume  fraction,  shape,  orientation  and  spacing  are  not  well 
defined.  However,  a  recent  viewpoint  set  has  clarified  some  of  the  issues.^  There  is  now 
compelling  evidence  that  at  plastic  strains  exceeding  the  yield  strain  by  a  factor  3-5,  the 
flow  properties  are  dominated  by  plastic  constraint  in  the  matrix.2/3  Such  constraints  are 
governed  by  the  flow  incompatibility  between  the  elastic  reinforcements  and  the  matrix 
and  lead  to  important  effects  of  the  reinforcement  volume  fraction,  /,  aspect  ratio  A, 
work-hardening  coefficient,  N,  and  spatial  arrangement  S,  as  well  as  the  thermal 
expansion  mismatch  with  the  matrix,^  but  are  independent  of  the  reinforcement  spacing 
(at  fixed  /,  A  and  S).  Comprehensive  calculations  concerning  trends  in  flow  properties 
now  exist.  3 

At  smaller  plastic  strains,  the  data  are  indicative  of  an  explicit  effect  of  reinforcement 
size,  R  (or  spacing,  £)  on  the  initial  flow  strength.  ^'5,6  Such  effects  cannot  be  associated 
with  plastic  constraint,  but  are  presumed  to  reflect  the  matrix  substructure,  on  the  scale 
of  dislocation  cells.  Thermal  expansion  misfit,  as  well  as  deformation  processing,  have 
been  regarded  as  important  factors  controlling  the  dislocation  substructure. ^67  a 
continuing  attempt  to  quantify  the  realm  wherein  (continuum)  plastic  constraint 
approaches  provide  an  adequate  material  representation,  the  present  study  selects 
material  characteristics  believed  to  provide  a  critical  test  of  the  utility  of  the  approach. 
These  are  the  effects  of  thermal  expansion  misfit  as  well  as  reverse  loading,  evident  in  the 
Bauschinger  effect. 
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2.  EXPERIMENTAL 


Aluminum  matrix  composites  containing  SiC  particulate  reinforcements  with 
volume  fractions  ranging  from  0.2  to  0.5  were  manufactured  by  squec  . casting  ®  The 
particulates  were  incorporated  into  matrices  of  both  pure  A1  and  a  Al-3  wt  Tc  Mg  solid 
solution  strengthened  alloy.  Some  experiments  were  conducted  with  the  material  in  the 
as-cast  condition.  Others  were  performed  after  the  material  had  been  subject  to 
extrusion.  Beams  were  cut  from  the  as-cast  and  hot-worked  billets  using  a  high-speed 
diamond  saw.  The  surfaces  of  the  beams  were  polished  using  diamond  media. 

Various  types  of  measurements  have  been  made,  using  tensile,  compressive  and 
flexural  loading,  with  emphasis  on  the  latter,  as  needed  to  examine  the  small  strain,  non¬ 
linear  behavior.  These  tests  were  conducted  using  strain  gauges  to  measure  strains  and 
were  performed  under  monotonic  loading,  as  well  as  fully  reversed  loading  at  fixed 
strain-amplitude.  Most  tests  were  conducted  on  composites  with  small  particles  (9  |Jm) 
to  minimize  the  influence  of  reinforcement  CTacking.8'9  in  an  attempt  to  systematically 
vary  the  residual  stress  induced  by  expansion  misfit,  specimens  with  9  pm  particles 
were  annealed  in  a  resistance  furnace  at  200-525°C  for  10  minutes,  followed  by  cooling 
at  various  rates  to  a  range  of  low  temperatures  and  then  allowing  the  specimens  to 
equilibriate  at  room  temp>erature.  Liquid  nitrogen  quenching  (LNQ)  provided  the 
fastest  cooling  rate  to  the  lowest  temperature.  Air  cooling  to  room  temperature  was 
used  as  the  reference  condition.  Effects  of  microstructural  variability  were  minimized 
by  conducting  some  tests  at  different  cooling  rates  on  the  same  specimen  using  an 
intermediate  aimealing  step  to  revert  the  material  to  its  reference  state.  Comparison 
calibrations  of  load /deflection  curves  ensured  that  this  multi-cycle  testing  procedure 
did  not  induce  damage  and  that  the  material  had  a  well-defined  reference  state. 

The  microstructures  of  each  material  were  characterized  by  transmission  electron 
microscope  (TEM)  on  thin  foils  prepared  by  ion  beam  milling.  In  some  cases,  quenching 
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was  performed  on  the  thin  foils.  For  this  purpose,  the  specimens  were  held  at  one 
corner  to  avoid  mechanical  constraint  and  inserted  directly  into  either  a  hot  or  cold 
medium.  This  delicate  handling  minimized  unintentional  deformation  of  the  foil.  The 
foils  were  examined  in  a  JEOL  200  CX  operating  at  200  k\^ 


3.  MECHANICAL  MEASUREMENTS 

Some  preliminary  experiments  provided  the  following  important  information.  The 
flow  properties  were  found  to  be  insensitive  to  pre-quench  annealing  at  all  temperatures 
above  -  100°C.  Specifically,  flow  strength  changes  induced  by  either  quenching  or 
deformation  (monotonic  or  cyclic)  could  be  eliminated  by  annealing  at  ~  100“C  and  slow 
cooling  to  room  temperature.  Such  annealing  thus  restored  the  material  to  its  reference 
strength. 

Cooling  to  different  low  temperatures  gave  reprodudbly  different  monotonic  flow 
curves  at  room  temperature  (Fig.  la),  although  the  effects  are  small.  The  lowest 
temperature  gave  the  largest  initial  flow  strength,  but  the  strength  differential 
diminished  at  large  strains  (Fig.  lb).  The  differential  exhibited  a  maximum  AOs  at 
strains  between  0.2  and  0.8%.  Most  of  the  data  emphasize  this  strain  range.  Plots  of  the 
maximum  strength  differential  (Fig.  2)  reveal  that  AOs  increases  as  either  the 
reinforcement  volume  fraction  /  or  the  matrix  yield  strength  increase  (Fig.  2a)  and  as  the 
cooling  range  AT  increases  (Fig.  2b).  The  reinforcement  size  does  not  have  a  systematic 
influence  on  AOs  fFig.  2c),  except  that  a  lower  strength  arises  at  the  largest  particle  size 
(100  jim)  caused  by  particle  cracking.^ 

Reverse  loading  experiments  have  indicated  several  systematic  trends  (Fig.  3).  An 
appreciable  Bauschinger  effect  was  evident.  The  differential  between  the  forward  and 
reverse  flow  strengths  AOb  (defined  on  Fig.  3)  increased  as  the  cyclic  strain  amplitude 
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increased  and  was  larger  for  the  composites  with  the  higher  yield  strength  matrix 
(Fig.  4). 

To  illustrate  aspects  of  the  effects  of  substructure  on  matrix  strength,  'pure'  A1 
materials  were  subjected  to  hot  and  cold  extrusion  to  plastic  strain  of  ~  3  and  tested.  The 
extruded  material  exhibited  flow  strengths  2-6  times  that  for  as-cast  material  (Fig.  5). 


4.  OBSERVATIONS 

Examination  of  thin  foils  in  the  TEM  using  2-beam  imaging  conditions  provided  the 
following  information.  In  composites  deformed  and  annealed  to  achieve  the  reference 
state,  dislocation  cells  interconnect  the  SiC  particulates  (Fig.  6a).  Quenching  changed  the 
dislocation  substructure  such  that  in  the  same  area,  the  dislocation  density  was  larger 
by  a  factor  ~  3  (Fig.  6b,c).  The  dislocations  in  the  quenched  material  occurred 
predominantly  aroimd  the  SiC  particles,  where  they  formed  tangles  (Fig.  6c).  However, 
slip  lines  present  on  the  surface  of  the  foil  indicated  that  some  dislocations  were 
eliminated  at  the  foil  surface.  Upon  compressive  deformation,  the  dislocation  cells 
decreased  in  size,  both  in  the  transverse  and  longitudinal  orientations.  The  cell  interiors 
were  well  defined  with  a  high  level  of  dislocation  storage  in  the  walls.  Such  cell 
refinement  contrasts  with  an  absence  of  cells  found  upon  deformation  of  the  matrix. 
There  was  no  TEM  evidence  of  either  precipitation  in  the  matrix  or  of  a  reaction  product 
at  the  interface. 


5.  CALCULATIONS 

The  predicted  effects  of  thermal  expansion  misfit  and  of  reverse  loading  on  the  flow 
strength  of  particulate  reinforced  composites  are  addressed  within  the  framework  of 
continuum  plasticity  by  using  finite  element  cell  calculations.  The  procedures  used  have 
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been  described  elsewhere.2'3,4,iO  jhe  variables  are  /,  A,  N  and  S.  The  calculations  are 
conducted  for  axisynunetric  cells  containing  unit  cylindrical  reinforcements  arranged 
within  a  regular  array,  subject  to  periodic  boundary  conditions.  The  imposed  loading  is 
uniaxial.  The  effects  of  thermal  expansion  misfit  are  simulated  by  imposing  a  misfit 
strain. 


Ej  =  3AaAT/(l-V) 

where  A(X  is  the  thermal  expansion  coefficient  difference  between  the  particulate  and 
the  matrix,  V  is  Poisson's  ratio  and  AT  is  the  cooling  range.  The  results  of  such 
calculations  are  presented  in  terms  of  normalized  parameters 

1  =  o/a„;  E  =  e/e„;  X  =  AaAT/e^ 

where  Go  is  the  uniaxial  yield  strength  and  ^  the  yield  strain  of  the  matrix,  o  is  the 
stress  and  e  the  strain.  Calculations  are  performed  for  a  work  hardening  exponent 
N  =  5  with  X  in  the  range  1-10,  typical  of  the  magnitudes  applicable  to  the  present 
composites,  and  for  reinforcement  volume  fractions  in  the  range  0.1  to  0.5  (Fig.  7).  As 
noted  in  prior  calculations,^'^  when  X,  >  1,  misfit  induced  yielding  in  the  matrix  lowers 
the  initial  flow  strength.  This  occurs  because  the  residual  stress  in  the  matrix  is  at  yield 
and  has  sufficient  magnitude  to  induce  immediate  plastic  flow  upon  loading.  However, 
when  the  matrix  exhibits  appreciable  work  hardening  (N  <  10),  composit :  hardening 
occurs  more  rapidly  in  the  presence  of  misfit,  because  elastic  unloading  proceeds  in  some 
regions  of  the  misfit  deformation  zone  around  the  reinforcements.  Finally,  at  large 
strains  (£  >  5  Eq),  when  the  deformation  field  becomes  dominated  by  the  applied 
loading,  the  flow  curves  tend  to  merge.  Such  behavior  is  characteristic  of  that  found  in 
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plasticity  problems  involving  misfit.^^  The  trends  in  the  maximum  strength  differential, 
AOj/ao,  v\ath  /  and  X,  calculated  for  N  =  5,  are  plotted  on  Fig.  8. 

The  behavior  subject  to  reverse  loading  again  involves  consideration  of  the  internal 
stresses.  In  this  case,  such  stresses  develop  during  forward  deformation,  which  then 
influence  the  flow  that  occurs  when  the  loading  is  reversed.  Calculations  of  the  effects 
of  reverse  loading  for  perfect  plasticity  (N  =  oo),  without  misfit  (Fig.  9),  reveal  that  flow 
in  compression,  following  initial  tensile  deformation,  occurs  at  a  reduced  strength  level 
(again  because  of  the  residual  stress  in  the  matrix)  and  diminishes  at  large  strains. 
Furthermore,  the  flow  strength  differential  AOb/Oo  also  becomes  larger  as  the 
reinforcement  concentration,  /,  increases  (Fig.  10).  Calculations  with  work  hardening 
have  not  been  conducted.  But  the  analogous  effects  of  N  on  misfit  induced  changes  in 
flow  strength2.4  suggest  that  the  differential  would  p)ersist  to  larger  strains  as  the 
hardening  increases  (N  becomes  smaller). 


6.  COMPARISON  BETWEEN  EXPERIMENT  AND  THEORY 
6.1  Thermal  Expansion  Misfit 

Comparison  of  the  measured  strength  differentials  with  the  continuum  calculations 
is  achieved  by  compiling  the  data  from  Fig.  2  and  superposing  on  the  calculated  curves 
(Fig.  8),  with  the  matrix  flow  strength,  ffp,  regarded  as  an  unknown.  For  this  purpose,  it  is 
noted  that  Aa  =  2  x  10‘5  C'^  cuid  ^  *  10'3,  such  that  X.  vcuies  between  ~  1  and  5  for 
the  AT  range  used  in  the  present  experiments.  The  comparison  commences  \vith  the 
experimental  results  for  the  effect  of  volume  fraction.  For  the  case  X  =  5  (Fig.  2a),  fitting 
the  experiments  to  the  calculations,  at  /  =  0.4  (Fig.  8),  infers  matrix  yield  strengths, 

Oo  *  100  MPa  for  the  A1  system  and  Oq  =  170  MPa  for  the  Al/3  Mg  system.  By  fixing 
these  values  for  Go.  trends  with  /,  AT  and  R  can  be  compared  with  experiments,  as  shovm 
on  Figs.  2  and  8.  Most  of  the  key  features  predicted  by  the  calculations  are  found  to  be 
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consistent  with  the  data.  Notably,  the  strength  differential  data  AOs  for  both  systems  (A1 
and  Al/3  Mg)  superpose  when  normalized  with  (Jo  (Fig.  8).  Furthermore,  AOs  increases  as 
either  /  increases  (Fig.  2a)  or  AT  increases  (Fig.  2b),  but  is  independent  of  R  (Fig.  2c). 

The  in  situ  matrix  yield  strengths  inferred  using  this  approach  are  larger  than  those 
foimd  for  the  monolithic  matrices  (Table  I).  Furthermore,  the  differential  is  greater  for 
A1  than  Al/3  Mg  matrices,  as  also  found  in  other  recent  studies.  ^2,13  TEM  studies 
provide  no  evidence  that  such  matrix  strengthening  could  oe  associated  with 
compositional  effects  (such  as  solute  and  precipitate  hardening).  However,  the 
dislocation  substructure  present  in  the  composites  in  the  reference  state  (Fig.  6a)  may 
provide  a  forest  hardening  term  that  superposes  on  the  matrix  strength.  This  possibility’ 
is  qualitatively  supported  by  the  strong  substructure  effects  on  flow  strength  found 
after  extrusion  (Fig.  5). 

6.2  Reverse  Loading 

An  assessment  of  the  continuum  predictions  of  reverse  loading  effects  is  made  by 
normalizing  the  strength  differential  AOb  data  (Fig.  4)  with  Oo  and  replotting  on  Fig.  10. 
The  normalization  again  unifies  the  data  for  the  same  CJq  used  to  rationalize  the  misfit  data. 
Furthermore,  the  experimental  stress  differentials  are  of  the  same  order  as  the 
predictions.  However,  the  peak  stress  is  found  to  occur  at  much  larger  strains  than 
predicted.  Two  factors  influence  this  discrepancy,  i)  The  calculations  have  not  included 
work  hardening,  which  should  have  a  substantial  effect,  both  on  the  magnitude  of  the 
stress  differential  (AO^/^o)  especially  on  the  relative  strains  at  which  this  strength 
differential  persists,  ii)  The  measurements  involve  thermal  expansion  misfit  which  may 
also  influence  Ag^,.  Such  misfit  has  not  been  included  in  the  calculations.  Further 
calculations  would  be  needed  to  address  these  factors. 
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7.  CONCLUDING  REMARKS 


Various  trends  in  the  flow  strength  of  particulate  reinforced  metal  matrix  composites 
have  been  found  to  be  consistent  with  finite  element  cell  calculations.  These  include 
effects  of  thermal  expansion  misfit  and  of  reverse  loading.f  To  achieve  good  correlations 
between  experiments  and  calculations,  it  has  been  necessary  to  invoke  a  matrix 
reference  strength  Oq  that  differs  from  that  for  the  unreinforced  alloy.  However,  once 
the  reference  strength  for  a  given  matrix  has  been  identified,  the  same  Oq  appears  to 
apply  throughout  the  range  of  reinforcements  and  testing  variables  associated  with  that 
matrix.  It  remains  to  understamd  the  factors  that  dictate  this  matrix  strength. 
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f  A  widely  invoked  dislocation  model  does  not  have  such  good  predictive  ability  (Appendix). 
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APPENDIX 


Dislocation  Approach  For  Misfit  Strengthening^'^ 

The  thermal  misfit  strain  in  the  matrix  on  cooling  the  composite  through  a 
temperature  range  AT  is 

3AaAT/ 

“  (l-v)  (Al) 

where  Aa  is  the  difference  in  thermal  expansion  between  SiC  (a  =  4  x  10*^  K'^)  and 
Al(a  =  24  X  lO"^  K'^)  and  V  is  Poisson’s  ratio.  The  resulting  dislocation  density,  p,  is 
related  to  the  thermal  strain  through 

P  =  Em/b/  (A2) 

where  b  is  the  Burgers'  vertor  and  I  is  the  mean  slip  distance  in  the  matrix,  given  by 

I  =  R//*  (A3> 

where  R  is  the  particle  size. 

The  flow  stress  Ct  due  to  the  presence  of  these  dislocations  is, 

o  =  ApbVp  (A4) 

where  A  is  a  constant  of  order  imity  and  p  is  the  shear  modulus  of  the  matrix. 
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Combining  Eqns.  (Al)  to  (A4),  the  flow  strength  becomes. 


o 


AaAT 

.(^-v)bR 


U 


Note  that  the  flow  stress  is  :ndcper.:^ent  of  the  matrix  yield  stress,  Oo  and  scales  inversA 
with  the  particle  size.  Such  characteristics  are  not  apparent  in  the  present  experiments 
(Fig.  2). 
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FIGURE  CAPTIONS 


Fig.  1.  a)  Typical  flow  curves  at  small  strains  obtained  on  specimens  cooled  to 
different  temperatures  (A1  matrix,  /  =  0.3,  R  =  9  J4m). 

b)  The  effects  of  large  strains  on  the  difference  betw^een  the  flow  curves  in  the 
reference  state  and  when  cooled  to  liquid  nitrogen  temperature  (Al/?  Ndg 
matrix,  /  =  0.5,  R  =  9  |Im ). 

Fig.  2.  Trends  in  thermal  expansion  misfit  strength  differential  with 
a)  reinforcement  volume  fraction  for  both  Al  and  Al/3  Mg  matrices 
(R  =  9  fim,  LNQ),  b)  cooling  range  AT  for  Al  (/  =  0.4,  R  =  9  pm), 

c)  reinforcement  size  for  Al/3  Mg  (/  =  0.5,  LNQ).  Also  shoum  are  predicted 
values  for  the  uniaxial  yield  strengths,  Oq,  indicated  on  the  figures. 

Fig.  3.  A  loading  cycle  conducted  on  a  material  cooled  in  liquid  nitrogen. 

Comparison  with  the  flow  strength  of  the  material  in  the  reference  state 
(R  =  9  |im,  /  =  0.5). 

Fig.  4.  Trends  in  the  strength  differential  AOj,  with  plastic  strain  amplitude  for  both 
Al/3  Mg  and  Al  matrix  materials  in  reference  state  (/  =  0.5,  R  =  9  pm).  Also 
shown  is  the  curve  predicted  for  a  non-hardening  matrix. 

Fig.  5.  Effects  of  extrusion  on  the  flow  strength  of  'pure'  Al. 

Fig.  6.  TEM  observations  of  matrix  dislocations  a)  hot-worked  deformation  cell 

substructure  b)  and  c)  same  area  of  composite  after  aimealing  and  quenching 
into  water,  respectively. 

Fig.  7.  Calculated  flow  curves  with  and  without  thermal  expansion  misfit 

{X  =  AoAT/Eo  =  5,N  =  5). 

Fig.  8.  Effects  of  reinforcement  volume  fraction  and  misfit  strain,  X.  s  AocAT/Eq,  on 
the  relative  strength  differential.  Also  shown  are  experimental  results,  plotted 
with  matrix  flow  strength  Oo  inferred  by  fitting  the  data  to  the  calculation  at 
/  =  0.4,  with  X  =  5.  All  other  points  are  plotted  using  these  (5o-  The  inferred 
Go  are  100  MPa  for  Al  ma  trices  and  170  MPa  for  Al/3  Mg  matrices. 
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Fig. 


Forward  and  reverse  loading  calculations  for  two  different  reinforcement 
volume  fractions  and  a  perfectly  plastic  matrix  (N  = 
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Fig.  1.  a)  Typical  flow  curves  at  small  strains  obtained  on  specimens  cooled  to 
different  temperatures  (A!  matrix,  /  =  0.3,  R  =  9  ^m). 
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Fig.  1.  b)  The  effects  of  large  strains  on  the  difference  between  the  flow  curves  in  th( 
reference  state  and  when  cooled  to  liquid  nitrogen  temperature  (Al/3  Mg 
matrix,  f  0.5,  R  =  9  pm). 


Strength  Differential,  AGs  (MPa) 


Reinforcement  Volume  Fraction,  f 


Fig.  2.  a)  Trends  in  thermal  expansion  misfit  strength  differential  Aa^  with 
reinforcement  volume  fraction  for  both  A1  and  Al/3  Mg  matrices 
(R  =  9  pm,  LNQ) 
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Fig.  2.  b)  Trends  in  thermal  expansion  misfit  strength  differential  AOg  with 
cooling  range  AT  for  A1 )  /  =  0.4,  R  =  9  mm) 


Normalized  Strength  Differential,  Aab/  Go 


Normalized  Strain,  £  /  Eq 


Fig.  4.  Trends  in  the  strength  differential  AOb  with  plastic  strain  amplitude  for  both 
Al/3  Mg  and  A1  matrix  materials  in  reference  state  ( /  =  0.5,  R  =  9  |im ).  Also 
shown  is  the  curve  predicted  for  a  non-hardening  matrix. 
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Fig.  5.  Effects  of  extrusion  on  the  flow  strength  of  'pure’  Al. 
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substructure  b)  3nd  c)  S3mo  3re3  of  composite  after  annealing  aiul  (|uencliii\g 
into  water,  respectively. 
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Experimental  Results 
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Fig.  8.  Effects  of  reinforcemnet  volume  fraction  and  misfit  strain,  X  =  AaAT/e„,  on 

the  relative  strength  differential.  Also  shown  are  experimental  results,  plotted 
with  matrix  flow  strength  inferred  by  fitting  the  data  to  the  calculation  at 
/  =  0.4,  with  X,  =  5.  All  other  points  are  plotted  using  these  The  inferred 
CTo  are  100  MPa  for  At  matrices  and  170  MPa  for  Al/3  Mg  matrices. 


Fig.  9.  Forward  and  reverse  loading  calculations  for  two  different  reinforcement 
volume  fractions  and  a  perfectly  plastic  matrix  (N  =  «*>). 


CHAPTER  n 


CONTINUUM  MODELS  FOR  DEFORMATION:  DISCONTINUOUS 

REINFORCEMENTS 

J.  W.  Hutchinson  and  R.M.  McMeeking 

The  assumption  underlying  the  mechanics  of  panicle  reinforcement  of  ductile  matrix 
materials  presented  in  this  chapter  is  that  the  size  of  the  particles  and  the  spacing  between  particles 
are  sufficiently  great  such  that  continuum  plasticity  can  be  used  to  characterize  the  deformation  of 
the  matrix  material.  The  continuum  results  discussed  below  are  very  different  in  character  from 
dislocation-based  models  of  precipitation  hardening.  For  example,  there  is  a  strong  size  effect  in 
precipation  hardening  independent  of  particle  volume  fraction,  while  there  is  no  size  effect 
predicted  by  the  conventional  continuum  models  since  the  constitutive  nnodel  for  the  matrix  has  no 
length  scale  associated  with  it.  The  length  scale  characterizing  the  transition  between  the  two 
approaches  has  not  been  established  and  is  undoubtedly  material  dependent  and  perhaps  dependent 
on  whether  the  description  is  for  rate-independent  plasticity  or  creep.  For  continuum  plasticity  to 
be  valid  it  is  necessaiy  that  the  particle  size  and  spacing  be  large  compared  to  the  dominant  scale  of 
the  dislocation  motion  such  as  cell  size.  Generally,  for  typical  metal  matrix  materials,  it  is  felt  that 
particle  sizes  and  spacings  of  several  microns  or  more  should  ensure  that  conditions  are  met  for 
validity  of  the  continuum  description. 

An  independent  issue  is  the  assignment  of  insiiu  plastic  properties  of  the  matrix  material 
such  as  the  flow  strength  and  strain  hardening  index.  It  is  not  uncommon  for  the  insitu  properties 
of  the  matrix  to  be  altered  from  the  bulk  properties  due  to  processing  of  the  reinforced  composite 
system.  In  the  approach  described  below,  the  properties  of  the  matrix  must  be  regarded  as  insitu 
properties.  Further  discussion  of  this  matter  will  be  given  in  a  later  section  in  which  comparisons 
of  theory  and  experiment  are  made. 
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The  chapter  is  organized  as  follows.  The  first  section  considers  the  flow  strength  of 
perfectly  plastic  matrix  materials.  In  particular,  the  effects  of  particle  shape,  volume  fraction, 
alignment  and  distribution  will  be  discussed.  The  perfectly  plastic  idealization  has  a  number  of 
advantages  for  presenting  and  discussing  the  role  of  panicle  reinforcement.  It  isolates  the  primary 
strengthening  effect  and  provides  a  setting  for  discussing  the  effect  of  matrix  hardening  in  rate- 
independent  materials,  which  is  the  topic  of  the  second  section.  This  chapter  does  not  deal  with  the 
important  question  of  damage  development.  It  will  be  assumed  that  the  reinforcing  panicles  are 
well  bonded  to  the  matrix  and  that  neither  the  interface  separates  nor  the  panicles  crack.  Thus,  the 
macroscopic  stress-strain  responses  of  the  composites  predicted  here  must  be  regarded  as  limiting 
responses  for  systems  free  of  damage.  Section  n.3  deals  with  residual  stress  development  and 
with  the  effect  of  these  stresses  on  overall  stress-strain  behavior.  Section  n.4  discusses  application 
of  the  approach  to  creep  reinforcement,  including  the  effect  of  diffusional  relaxation  of  the 
reinforcement. 

Much  of  the  material  presented  in  this  chapter  is  drawn  from  two  recent  papers  by  the 
authors  (Bao,  Hutchinson  and  McMeeking  1991a,  1991b).  The  primary  emphasis  is  on  the  role  of 
particulate  reinforcements  but  results  on  the  transverse  behavior  of  continuous  aligned  fiber 
reinforced  composites  will  also  be  included  since  it  falls  naturally  within  the  framework  for 
discontinuous  reinforcement.  There  are  a  number  of  relatively  recent  papers  in  the  literature  based 
on  the  continuum  approach  and  other  chapters  in  this  book  draw  on  this  work.  Papers  especially 
relevant  to  the  present  chapter  arc  those  by  Christman,  Necdlcman  and  Suresh  1989;  Levy  and 
Papazian  1990;  Tvergaard  1990;  and  Dragone  and  Nix  1990. 

n.  1  FLOW  STRENGTH  OF  COMPOSITES  WITH  NON-HARDENING  MATRICES 

With  the  exception  of  creep  behavior  dealt  with  in  Section  n.4,  the  matrix  material  will  be 
taken  to  be  rate-independent.  In  this  section  the  matrix  will  be  further  idealized  to  be  clastic- 
perfeedy  plastic  with  a  tensile  flow  stress  oq.  A  Mises  yield  condition  is  assumed  such  that  Oc=oo 
where  the  effective  stress  depends  on  the  deviator  stress  components  sjj  according  to 


Oc=:V(3sijSij/2).  Plastic  strain  increments  are  directed  along  the  outward  normal  to  the  yield 
surface,  proportional  to  Sy.  The  primary  emphasis  in  this  section  is  on  the  strengthening  of  the 
composite  due  to  the  discontinuous  reinforcements,  which  is  best  reflected  by  the  increase  in  the 
overall  limit  stress  of  the  composite.  Let  a  denote  the  overall  tensile  stress  applied  to  the 
composite  in  some  direction.  For  aligned  reinforcements  we  will  be  concerned  with  overall  tension 
(or  compression)  applied  parallel  to  the  direction  of  alignment,  except  for  some  examples  of 
continuous  fiber  reinforcement  where  the  loading  will  be  transverse  to  the  direction  of  alignment. 
For  an  elastic-perfectly  plastic  matrix  reinforced  by  discontinuous  reinforcements  which  do  not 
deform  plastically,  there  is  a  limit  value  of  o  which  is  denoted  here  by  oq.  This  overall  limit 
yield  stress  does  not  depend  on  the  elastic  moduli  of  either  the  matrix  or  the  reinforcement  nor 
does  it  depend  on  the  absolute  size  of  the  reinforcing  panicles.  It  does  depend  on  the  volume 
fraction  of  the  reinforcement  phase  and  on  other  details  of  the  reinforcement  such  as  shape  and 
alignment.  It  is  these  dependencies  which  will  be  presented  below. 

n.  1 . 1  Aligned  Discontinuous  Reinforcements 

An  axisymmetric  cell  model  is  used  to  calculate  the  overall  limit  stress.  This  method  has 
been  widely  employed  and  is  used  by  some  of  the  authors  in  other  chapters.  The  population  of 
reinforcing  particles  is  assumed  to  have  identical  size,  shape  and  alignment  and,  in  addition,  is 
assumed  to  be  uniformly  distributed  such  that  each  particle  and  its  surrounding  matrix  deforms  in 
the  same  way  as  every  other  particle/matrix  neighborhood.  In  this  way,  a  single  particle/matrix  cell 
with  special  periodic  boundary  conditions  can  be  used  to  compute  the  response  of  the  entire 
composite.  Usually,  to  reduce  the  computations,  a  cell  with  full  3D  geometry  will  be  replaced,  as 
an  approximation,  by  an  axisymmetric  cell  under  axisymmetric  boundary  conditions.  This  final 
step  in  the  modeling  process,  which  is  illustrated  in  the  insert  in  Figure  n-1  for  a  3D  array  of 
spherical  particles,  has  been  shown  to  introduce  little  error  at  moderate  volume  fractions  (Horn, 
1992).  The  volume  fraction  of  the  reinforcing  phase  in  the  cell  is  identified  with  the  volume 
fraction  of  that  phase  in  the  composite.  The  height  to  diameter  of  the  cell  can  be  chosen  to  model 
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the  axiaJ  to  transverse  spacing  of  the  particulates  in  the  composite.  Some  further  discussion  of  the 
role  of  the  cell  aspect  ratio  can  be  found  in  Bao  et  al.  1991a;  in  this  chapter  all  results  for  aligned 
reinforcements  will  have  been  calculated  using  a  cell  whose  height  to  diameter  ratio  equals  that  of 
the  reinforcing  particles. 

The  results  of  the  cell  model  computation  for  the  strengthening  ratio,  oq/oo,  as  a  function 
of  panicle  volume  fraction  f  for  spherical  particle  reinforcements  in  an  elastic-perfectly  plastic 
matrix  is  shown  in  Figure  n-1.  The  limit  yield  stress  of  the  composite  becomes  unbounded  as  the 
volume  fi?.ction  approaches  the  value  where  the  particles  make  contact,  which  for  the  cell  model  is 
f=2/3.  The  most  notable  feature  of  these  predictions  is  how  little  strengthening  effect  spherical 
particles  have.  A  ten  percent  increase  in  limit  yield  stress  requires  almost  a  twenty  percent  volume 
fraction  of  particles.  This,  of  course,  is  in  marked  contrast  with  the  relatively  large  strengthening 
possible  from  volume  fractions  of  less  than  even  one  percent  of  equi-axed  precipitates  whose  sizes 
are  sufficiently  small  that  discrete  particle/dislocation  interactions  govern  strengthening.  Larger 
equi-axed  particles,  in  the  range  in  which  continuum  plasticity  governs,  are  remarkably  inefficient 
strengthening  agents. 

Elongated  or  disc-shaped  particles  can  be  effective  strengthening  agents,  as  seen  m  Figures 
n-2  and  n-3.  The  effect  of  aligned  ellipsoidal  particles  on  the  strengthening  ratio  is  displayed  in 
Figure  n-2,  where  the  prolate  axisymmetric  particles  have  aspect  ratio  a/b<l  and  the  oblate  particles 
have  aA»l.  The  effect  of  either  pronounced  elongation  or  flattening  of  the  particles  is  striking  in 
comparison  with  the  effect  of  the  spherical  particles,  which  is  labeled  in  this  figure  by  a/b=l. 
Particles  in  the  shape  of  right  circular  cylinders  (rods  a/b<l,  unit  cylinders  a/b=l,  or  discs  a/b>l) 
arc  somewhat  more  effective  than  ellipsoids  at  the  same  volume  fraction  (Figure  n-3).  The  unit 
cylinders  are  still  not  very  efficient,  but  they  are  about  twice  as  effective  as  spheres  (Christman,  et 
al.  1989).  Thus,  details  of  particle  shape  in  addition  to  aspect  ratio  can  be  important  Arrangement 
of  the  reinforcing  phase  can  also  be  important  especially  when  the  particles  are  highly  elongated 
with  significant  strengthening  capacity.  The  results  for  the  elongated  particles  shown  in  Figures  n- 


2  and  n-3  represent  an  arrangement  where  the  particles  are  end-to-end  with  no  overlap,  by  vinue  of 
geometry  of  the  axisymmetric  cell  model.  Alternative  arrangements  of  highly  elongated  panicles 
allowing  for  varying  degrees  of  panicle  overlap  have  shown  that  results  such  as  those  discussed 
above  based  on  the  simplest  cell  model  usually  predict  the  largest  possible  strengtliening  (Levy  and 
Papazian,  1990;  Tvergaard,  1990;  and  Dragone  and  Nix.  1990). 

n.1.2  Transverse  Strengthening  of  Continuous  Fiber-reinforced  Composites 

A  composite  with  aligned  continuous  fibers  which  do  not  deform  plastically  (nor  fracture) 
will  not  have  a  limit  yield  stress  for  stressing  parallel  to  the  fiber  direction,  and  nonlinear  response 
of  the  composite  for  such  loadings  will  be  dealt  with  elsewhere  in  this  book.  The  fibers  have  a 
strengthening  effect  for  stressing  in  tension  or  compression  in  directions  perpendicular  to  the  fibers 
which  is  analogous  to  that  described  for  the  discontinuous  paniculate  reinforcements  with  a  well 
defined  limit  yield  stress.  For  this  reason,  results  of  Jansson  and  Leckie,  1992  and  unpublished 
work  of  Schmauder  and  McMeeking  for  the  transverse  strengthening  of  fiber-reinforced 
composites  will  be  included  in  this  chapter.  As  in  the  case  of  the  discontinuous  reinforcements,  the 
fibers  are  assumed  to  be  perfectly  bonded  to  the  matrix  which  is  elasiic-perfectly  plastic  with  tensile 
yield  stress  Oq.  The  strengthening  ratio  O(yoo  is  plotted  as  a  function  of  the  fiber  volume  fraedem 
f  in  Figure  n-4  for  round  fibers  in  square  and  hexagonal  arrangements.  It  should  be  noted  that 
results  for  biaxial  stress  states  can  be  obtained  from  Figure  n-4  by  superposition  of  a  hydrostatic 
stress. 


At  small  volume  fractions  there  is  very  little  strengthening  except  for  the  imposition  by  the 
fibers  of  plane  strain  flow  in  the  matrix.  Thus,  the  limit  at  zero  volume  fraction  is  a  strengthening 
ratio  of  2/V3.  consistent  with  plane  strain.  The  minimal  effect  of  fibers  on  the  transverse  strength 
is  analogous  to  the  situation  with  spherical  reinforcements  discussed  previously.  The  results 
ploned  in  Figure  n-4  make  it  clear  that  there  is  a  strong  effect  of  fiber  arrangement,  which  has  been 
observed  previously  in  calculations  by  Brockenbrough,  Suresh  and  Wienecke,  1991  and  others. 
When  the  stress  is  applied  parallel  to  the  diagonal  of  the  square  packing,  the  strengthening  is  2/^3 
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for  all  the  volume  fractions  studied  by  Schmauder  and  McMeeking  which  were  as  high  at  75%. 
The  lack  of  strengthening  beyond  the  plane  strain  level  occurs  in  this  case  because  plastic  shear 
strain  can  occur  without  constraint  on  planes  parallel  to  the  diagonal  of  the  packing.  This 
deformation  is  sustained  by  the  yield  stress  in  shear  parallel  to  the  diagonals  and  therefore  by  a 
transverse  tension  of  O  =  2ao/Vl-  This  particular  mechanism  of  deformation  occurs  when  the 
square  packed  composite  is  loaded  parallel  to  the  diagonal.  It  is  only  precluded  when  the  fibers 
touch  each  other  which  takes  place  when  f  =  n/4.  Thus,  the  strengthening  ratio  of  2/V3  should 
prevail  up  to  just  below  this  volume  fraction  of  fibers.  When  f  =  Ji/4  =  0.79  and  the  fibers 
touch,  the  square  packed  composite  has  an  unbounded  limit  load  in  analogy  to  the  behavior  of  the 
material  reinforced  with  spheres. 

When  the  material  with  fibers  packed  in  a  square  arrangement  is  loaded  parallel  to  the  fiber 
rows,  there  is  no  strengthening  beyond  the  plane  strain  level  up  to  a  volume  fraction  of 
n/8  =  0.39  as  can  be  seen  in  Figure  n-4.  Below  this  volume  fraction,  shear  strain  can  occur  on 
uninterrupted  planes  at  45’  to  the  tensile  axis.  Thus  a  shear  stress,  at  45*  to  the  fiber  rows,  equal 
to  the  shear  yield  strength,  is  sufficient  to  ensure  yielding  of  the  square  packed  material  at  volume 
fractions  below  39%.  Consequently,  the  transverse  limit  strength  in  these  circumstances  is 
2Co/'J3.  When  the  volume  fraction  exceeds  39%,  the  planes  at  45’  to  the  square  packed  fiber  rows 
are  interrupted  by  the  fibers.  As  a  result,  shear  strain  can  no  longer  occur  freely  on  those  planes 
and  the  constraint  leads  to  an  elevation  of  the  transverse  strength.  Figure  n-4  shows  that  this 
constraint  rises  quite  rapidly  as  the  volume  fraction  is  increased.  Indeed,  the  strength  would 
become  unbounded  at  a  volume  fraction  of  n/4  =  79%  when  the  fibers  are  touching.  Therefore 
the  strengthening  ratio  must  rise  rapidly  between  the  volume  fractions  Ji/8  =  39%  where  it  is  2/V3 
and  rt/4  =  79%  where  it  is  infinity.  Comparison  of  the  results  in  Figure  n-4  for  the  square  packed 
fiber  composite  loaded  in  the  two  orientations  reveals  a  marked  anisotropy  at  volume  fractions 
above  39%. 
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In  contrast,  the  material  with  the  fibers  arranged  in  a  hexagonal  array  exhibits  minimal 
anisotropy.  This  was  noted  by  Brockenbrough  et  al.  (1991)  and  Jansson  and  Leckic  (1992)  who 
cite  unpublished  work  by  Jansson.  A  single  line  has  been  used  in  Figure  n-4  to  represent  all 
results  for  the  hexagonal  packed  composites,  though  with  a  perfectly  plastic  matrix  there  is  a  small 
difference  in  the  transverse  strength  if  the  stress  is  applied  parallel  to  the  fiber  rows  or  at  30*  to  the 
fiber  rows.  At  a  given  volume  fraction,  other  results  lie  in  between.  It  can  be  seen  in  Figure  n-4 
that  there  is  little  strengthening  when  the  volume  fraction  of  fibers  is  low.  In  this  regard,  the 
hexagonally  packed  fibers  in  terms  of  transverse  strength  are  similar  to  spherical  paniculates  in 
their  ineffectiveness  as  strengthening  agents.  It  requires  50%  fibers  to  increase  the  transverse 
strength  to  30%  above  the  matrix  uniaxial  strength  and  about  half  of  that  effect  comes  from  plane 
strain.  In  contrast  to  the  square  packed  case,  there  is  a  small  effect  at  low  volume  fractions  of 
hexagonally  packed  fibers.  This  arises  because  there  are  no  uninterrupted  shear  planes  in  the  case 
of  hexagonally  packed  fibers  so  that  even  a  small  number  of  fibers  causes  some  constraint, 
although  the  net  effect  is  quite  modest.  The  strengthening  ratio  rises  more  strongly  above  volume 
fractions  of  70%.  Presumably,  the  more  rapid  rise  occurs  because  the  volume  fraction  is 
approaching  the  level  of  Ji/2  V3  =91%  at  which  the  hexagonally  packed  fibers  touch  and  the 
strength  becomes  unbounded. 

n.1.3  Randomly  Oriented  Versus  Aligned  Discontinuous  Reinforcements 

Very  few  results  are  available  to  illustrate  strengthening  effects  for  other  than  aligned 
reinforcements.  The  computational  cell  models  arc  not  readily  extended  to  other  than  aligned 
arrangements.  One  exception  is  the  set  of  results  obtained  by  Bao,  et  al.  1991a  for  randomly 
oriented  elongated  ellipsoidal  and  disc-shaped  oblate  ellipsoidal  particles  embedded  in  an  elastic- 
perfectly  plastic  matrix.  The  composite  was  assumed  to  have  a  packet  morphology  with  grain-like 
regions  containing  a  number  of  aligned  particles.  The  grain-like  packets  are  randomly  oriented 
such  that  the  overall  behavior  of  the  composite  is  isotropic.  The  analysis  of  Bao,  et  al.  involved 
two  steps:  a  3D  cell  model  analysis  was  performed  to  obtain  the  multi-axial  limit  yield  surface  of 
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the  grain-like  packet;  and  then  this  result  was  used  in  conjunction  with  a  Bishop-Hill  procedure, 
averaging  over  all  orientations  of  the  "grains"  relative  to  the  tensile  stressing  axis,  to  obtain  an 
upper  bound  to  the  limit  yield  stress  oq  of  the  composite.  The  strengthening  ratios  for  such 
randomly  oriented  prolate  ellipsoids  (aA>=0.1)  and  oblate  ellipsoids  (a/b=10)  are  shown  in  Figure 
n-5.  Included  in  this  figure  are  the  results  from  Figure  n-2  for  the  same  particles  when  they  arc 
aligned  and  stressed  parallel  to  their  direction  of  alignment.  The  particles  are  obviously  not  nearly 
as  effective  when  they  are  randomly  oriented  as  when  they  arc  aligned.  Of  course,  the 
strengthening  effect  for  the  randomly  oriented  reinforcement  holds  for  any  orientation  of  the  tensile 
axis,  whereas  the  strengthening  for  the  composite  with  aligned  panicles  applies  only  for  stressing 
parallel  to  the  alignment.  Its  transverse  yield  strength  is  lower  than  the  yield  strength  of  the 
composite  with  the  randomly  oriented  particles. 

Relatively  high  aspect  ratio  disc-shaped  particles  packed  to  volume  fractions  of  about 
twenty  percent  or  more  must  assume  a  packet-like  morphology  if  they  arc  randomly  oriented,  but 
needle-shaped  panicles  (c.g.  chopped  fibers)  need  not  assume  the  packet  morphology.  A  more 
common  morphology  involves  little  orientation  correlation  between  neighboring  particles.  It  is  an 
open  question  as  to  whether  morphologies  giving  isotropic  behavior  other  than  the  packet 
morphology  would  give  more  significant  strengthening  than  that  observed  in  Figure  n-5. 

n.1.4  Spatial  Distribution  of  the  Reinforcement:  Nonuniform  Versus  Uniform 

The  pariicle/matrix  computational  cells  model  a  particle  distribution  which  is  necessarily 
uniform,  both  in  space  and  with  respect  to  the  size  and  shape  of  the  particles.  Even  when  the  cell 
is  embellished  to  reflect  details  such  as  local  arrangement  of  particles,  the  overall  spatial 
distribution  is  uniform.  Some  methods  for  estimating  the  overall  clastic  moduli  of  composite 
materials  do  lend  themselves  to  the  study  of  the  effect  of  nonuniformity  (Toquanto  1991). 
Nevertheless,  there  is  surprisingly  little  guidance  available  from  the  literature  for  material  designers 
to  go  by  in  the  form  of  simple  "  rules  of  thumb  "  on  the  role  of  nonuniformity,  even  for  elastic 
properties.  A  recent  study  of  the  effect  of  a  special  form  of  nonuniform  spatial  distribution  of 


reinforcement  on  limit  flow  strength  (Bao,  Hutchinson  and  McMeeking  1991b)  does  lead  to  the 
clear-cut  conclusion  that  nonuniformity  increases  the  strength  of  the  composite  relative  to  its 
uniform  counterpart,  at  least  for  the  class  of  nonuniformities  envisioned.  The  procedures  leading 
to  this  result  will  now  be  described  for  the  case  of  reinforcement  of  an  elastic-perfectly  plastic 
matrix  with  isotropic  distributions  of  rigid  spherical  particles. 

Self-consistent  calculations  were  carried  out  for  the  overall  limit  flow  stress  ao  for  a 
two-phase  elastic-plastic  composite  where  each  phase  is  isotropic  and  elastic-perfectly  plastic  with 
flow  stress  and  volume  fraction  ffO,  i=l,2.  Each  of  the  two  phases  is  assumed  to  be 
isotropically  distributed  so  that  the  overall  behavior  of  the  composite  is  isotropic.  The  self- 
consistent  calculations  of  oq  of  Bao,  et  al,  1991b,  which  will  not  be  rcponed  here,  employed  a 
three-shell  model  with  an  inner  sphere  representing  the  'particulate'  phase  #1  (with  and  f(>) ), 
an  intermediate  shell  representing  the  'matrix'  phase  #2  (with  OQ^^^and  ff2) ),  and  an  outer  region 
extending  to  infinity  endowed  with  the  unknown  properties  of  the  composite.  For  ratios  of 
differing  from  unity  by  less  than  a  factor  of  two,  the  uniform  strain  rate  upper  bound 
(i.e.  the  rule  of  mixtures)  to  the  overall  limit  tensile  stress 

=  ("1) 

gives  an  excellent  approximation. 

The  nonuniformity  in  the  distribution  of  the  spherical  particles  is  also  depicted  in  Figure  n- 
6a.  The  average  volume  ftaction  of  the  spherical  particles  taken  over  the  whole  composite  is  c.  It 
is  assumed  that  there  are  particle-rich  sub-regions  and  particle-poor  sub-regions.  Moreover,  it  is 
assumed  that  the  spacing  between  the  particles  in  each  of  these  regions  is  small  compared  to  the 
size  of  the  sub-regions.  Thus  within  each  of  the  respective  sub-regions  the  results  of  Figure  n- 1 
for  a  uniform  distribution  of  spherical  particles  (sketched  also  in  Figure  n-6a  and  denoted  by  1(c) ) 
can  be  used  to  specify  the  flow  stress.  Specifically,  let  C]  be  the  volume  fraction  of  the  particles  in 
the  isolated  sub-regions  comprising  volume  fraction  ff  *)  of  the  composite  and  whose  flow  stress 
is  read  off  the  curve  for  the  uniformly  distributed  particles  at  the  value  C|.  The  volume 


fraction  of  the  panicles  in  the  contiguous  sub-regions  is  C2  with  associated  values  f<2)  and 
which  is  also  read  off  the  same  curve.  The  relation  between  the  local  particle  volume  fractions,  the 
average  particle  volume  fraction,  and  the  volume  fractions  of  the 

two  sub-regions  ( and  f(2)=i-f(l) )  is 

c  =  f<‘>Cj  +  f<2^C2  (n.2) 

In  this  way,  the  self-consistent  results  for  the  two-phase  composite  can  be  used  to  estimate  the 
effect  of  the  non-uniformity. 

An  example  of  the  outcome  of  the  calculation  just  described  is  shown  in  Figure  n-6b  for 
three  levels  of  average  particle  volume  fraction  c.  In  this  example  the  volume  fraction  of  the 
isolated  (’particulate  phase')  and  contiguous  regions  ( 'matrix  phase’)  are  taken  to  be  the  same 
(i.e.,  f<*)=f(2)=l/2  ).  The  measure  of  the  nonuniformity  is  taken  as  ci-  c,  so  that  ci=C2=  c  gives 
the  uniform  distribution.  Each  curve  in  Figure  n-6b  corresponds  to  a  fixed  value  of  c,  and  thus 
one  notes  that  the  uniform  distribution  gives  the  minimum  estimate  of  Oq.  Any  nonuniformity, 
whether  corresponding  to  particlc-rich  contiguous  sub-regions  or  particle-rich  isolated  sub-regions, 
leads  to  an  increase  in  limit  flow  stress  relative  to  the  uniform  distribution.  An  analytical 
ression  for  the  limit  flow  stress,  valid  for  sufficiently  small  nonuniformities,  brings  out  this 
leaiurc  very  clearly,  i.e. 


Thus,  as  long  as  the  curvature  of  the  relation  of  flow  stress  to  particle  volume  fraction  is  positive 
for  the  uniformly  distributed  case,  any  nonuniformity  of  the  class  discussed  here  will  enhance  the 
flow  strength.  This  conclusion  seems  to  be  borne  out  by  the  numerical  results  for  the  transverse 
sLress-strain  behavior  of  continuous  fiber  reinforced  metal  matrix  composites  discussed  by  Suresh 
and  Brockenbrough  in  Chapter  10.  These  authors  have  compared  transverse  behavior  for  various 
nonuniform  distributions  of  circular  fibers  ('random  arrays’)  with  the  corresponding  behavior  for 
uniform  triangular  arrays,  which  give  rise  to  nominally  isotropic  transverse  behavior.  The 


transverse  stress-strain  curves  of  the  composites  with  the  nonuniform  distributions  of  fibers  lie 
well  above  that  for  the  triangular  array  at  the  same  volume  fraction  of  reinfo* cement 

n.2  ALIGNED  REINFORCEMENT  OF  ELASTIC-STRAIN  HARDENING  MATRICES 

Now  consider  isotropic  matrix  materials  whose  tensile  stress-strain  curve  is  specified  by 
the  Ramberg-Osgood  relation 


where  E  is  the  Young’s  modulus,  ao  is  now  a  reference  yield  stress,  and  n  is  the  stress  hardening 
exponent  Let  a  and  E  be  the  overall  tensile  stress  and  strain  of  the  composite  in  the  direction  of 
the  aligned  reinforcement.  An  approximation  to  the  tensile  stress-strain  curve  of  the  composite 
developed  by  Bao,  et  al.  1991a  is 

n 

(n.5) 

where  eo^ooHE  is  the  reference  yield  strain  of  the  matrix  and  on  is  the  reference  stress  of  the 
composite  elaborated  on  below. 

The  elastic  modulus  of  the  composite  in  the  direction  of  alignment  E  can  be  computed 
using  a  cell  model  or  it  can  be  estimated  in  a  number  of  ways.  The  prediction  of  elastic  properties 
of  composites  as  dependent  on  the  constituent  properties  is  a  well  developed  subject,  and  thus  the 
estimation  of  E  will  not  be  dwelt  on  in  this  chapter. 

To  understand  the  origin  of  the  second  term  in  (n.5),  consider  a  pure  power  matrix  material 
reinforced  by  rigid  particles  (or,  in  the  case  of  the  transverse  behavior  of  a  continuous  fiber 
composite,  a  pure  power  law  matrix  surrounding  by  rigid  fibers).  The  incompressible  matrix  has 
the  following  tensile  and  multi-axial  behavior 


As  discussed  in  detail  by  Bao,  et  al.  1991a,  the  composite  with  perfectly  bonded  rigid  particles  also 
has  pure  power  law  behavior.  The  uniaxial  stress-strain  relation  for  the  composite  for  stressing  in 
the  direction  of  particle  alignment  is 


The  composite  reference  stress  on  depends  on  n  as  well  as  on  the  same  parameters  influencing 
oo  for  the  perfectly  plastic  solid,  i.e.  f,  particle  shape,  etc.  In  the  limit  for  n-»«>.  On-*  Oq- 
The  dependence  of  the  reference  stress  on  n  must  be  computed.  A  large  number  of  such 
computations  re;  orted  in  Bao,  et  al.  1991a  indicate  that  the  dependence  on  N=l/n  is  accurately 
approximated  by 

Oj,j  =Oo-»-cN(Oo«Oo)  (n.8) 

The  coefficient  c  has  a  weak  dependence  on  f  and  particle  shape  (sec  Figure  n-7)  but  is  in  the  range 
from  2  to  2.5  for  most  systems  of  interest.  Stain  hardening  of  the  matrix  enhances  the  flow 
strength  of  the  composite  as  reflected  by  (n.7)  in  two  ways:  through  the  stress  exponent  n  and 
through  the  increase  of  the  reference  stress  above  Oq. 

Now  conr^er  again  the  composite  with  a  elastically  deforming  reinforcement  phase  well 
bonded  in  the  Ramberg-Osgood  matrix  (n.4).  Neither  the  clastic  properties  of  the  reinforcement 
nor  the  elasticity  of  the  matrix  influence  the  asymptotic  "large  strain”  behavior  of  the  composite  for 
overall  strains  which  become  large  compared  to  eo-  Thus,  the  asymptotic  behavior  of  the 
composite  is  given  precisely  by  the  purc-power  relation  (n.7).  The  approximate  Ramberg-Osgood 
relation  (n.5)  for  the  elastic-plastic  behavior  of  the  composite  was  proposed  as  a  formula  to 
interpolate  between  the  clastic  limit  and  the  asymptotic  limit  for  "large  strains".  The  formula 
reasonably  accurately  captures  the  response  of  the  composite.  This  can  b  ’cn  in  Figure  n-8 


where  results  for  an  example  for  a  composite  with  aligned  disc-shaped  cylindrical  reinforcements 
(f=0.2  and  a/b=5)  are  displayed  for  three  levels  of  hardening.  The  matrix  curves  (n.4)  are  shown 
for  reference,  the  dashed  curves  represent  the  approximation  (n.5)  with  the  relevant  values  of  E 
and  ON.  and  the  solid  line  curves  are  the  results  of  numerical  calculations  using  a  cell  model  with 
the  complete  Ramberg-Osgood  relation  (n.4)  for  the  matrix.  Other  examples  are  shown  by  Bao,  et 
al.  1991a.  The  example  in  Figure  n-8  illustrates  the  point  that  the  flow  stress  enhancement  derives 
from  both  the  exponentation  and  the  dependence  of  the  reference  stress  On  on  n.  It  should  also  be 
noted  that  the  approximate  formula  (n.5)  tends  to  overestimate  the  stress  in  the  knee  of  the 
composite  stress-strain  curve.  TTiis  may  be  of  some  consequence  since  for  many  metal  matrix 
composites  the  strain  range  of  interest  may  not  significantly  exceed  the  region  of  the  knee.  More 
accurate  predictions  will  require  more  detailed  computations  such  as  those  shown  as  solid  line 
curves  in  Figure  n-8  and  as  reported  elsewhere  in  this  volume. 

A  series  of  squeeze  cast  composites  with  a  matrix  of  aluminum/magnesium  and  reinforced 
by  silicon  carbide  particles  were  prepared  and  tested  to  obtain  uniaxial  stress-strain  data  by  Yang, 
et  al,  1990.  This  study  was  notable  for  the  range  of  volume  fractions,  particle  sizes  and  shapes 
considered,  and  for  the  careful  attempt  to  establish  the  insitu  matrix  stress-strain  behavior.  Particle 
sizes  ranged  from  several  microns  to  more  than  a  hundred  microns.  Over  this  size  range  it  was 
established  that  there  was  very  little  dependence  on  particle  size  once  the  volume  fraction  and 
particle  shape  were  fixed.  Two  sets  of  stress-strain  data  are  shown  in  Figures  n-9  where 
comparison  with  the  Ramberg-Osgood  estimation  procedure  just  described  is  made.  These  Figures 
were  taken  from  Yang,  et  al,  1991,  where  a  fuller  discussion  of  the  composites  and  their 
preparation  can  be  found.  Figure  n-9a  shows  tensile  stress- strain  data  for  the  matrix  and  for 
composites  reinforced  by  three  volume  fractions  of  equi-axed  particles  whose  average  size  was  9 
microns.  The  estimation  scheme  described  above  was  applied  by  fitting  the  Ramberg-Osgood 
curve  (n.4)  to  the  matrix  curve  to  obtain  n  and  Oq  (a  was  taken  to  be  3/7).  The  value  of  E  in 
(n.5)  was  taken  from  the  experimental  curve  (which  in  turn  was  shown  to  agree  well  with  self- 
consistent  predictions)  and  On  was  determined  from  (n.8)  using  the  results  for  Oq  from  Figure 
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n-3  for  the  unit  cylindrical  panicles.  The  dashed-line  curves  in  Figure  n-9a  arc  the  result  of  the 
estimation  procedure.  The  same  procedure  was  applied  to  the  uniaxial  compression  data  in  Figure 
n-9b  for  composites  reinforced  by  randomly  oriented  platelets  whose  average  maximum  diameter 
was  25  microns.  In  this  case,  the  platelets  are  taken  to  have  a  10  to  1  aspect  ratio  and  the  results 
for  ao  for  the  randomly  oriented  ellipsoidal  platelets  in  Figure  n-5  were  employed  to  es  ^ate 
On- 

n.3  THE  INFLUENCE  OF  RESIDUAL  STRESS  ON  COMPOSITE  YIELDING 

The  results  presented  so  far  in  this  chapter  are  for  materials  initially  free  of  residual  stress  in 
the  matrix  and  the  reinforcements.  Most  il  matrix  composites  are  processed  at  high  temperamre 
and  upon  cooling  develop  residual  stresses  due  to  thermal  expansion  mismatch  between  the  matrix 
and  the  reinforcements.  While  the  residual  stresses  have  no  effect  on  the  purely  elastic  response  of 
the  composite,  it  is  of  interest  to  determine  the  effect  on  the  yielding  of  reinforced  materials.  Such 
effects  can  occur  because  the  residual  stress  can  have  a  deviatoric  component  and  therefore  can 
influence  the  process  of  yielding  in  the  matrix.  The  effect  has  been  considered  by  several 
investigators  including  Povirk,  Needleman  and  Nutt,  1990.  However,  Zahl  and  McMeeking, 
1991,  have  provided  a  series  of  results  for  strongly  bonded  clastic  reinforcements  in  perfectly 
plastic  matrices  showing  the  influence  of  the  thermal  strain  mismatch  relative  to  the  volume  fraction 
of  reinforcements  and  the  yield  strain  of  the  matrix. 

The  results  of  21ahl  and  McMeeking,  1991,  were  obtained  by  the  unit  cell  method  with 
finite  elements  used  for  the  analysis.  The  residual  stresses  were  first  generated  by  cooling  the 
material  down  while  the  matrix  was  fiermined  to  respond  elasioplastically.  Thereafter  the  loads 
were  applied  to  cause  macroscopic  deformation.  The  magnitude  of  the  residual  stresses  generated 
were  controlled  by  the  parameter  Aa  AT/Eq  where  Aa  is  thermal  expansion  coefficient  of  the 
reinforcement  minus  the  thermal  expansion  coefficient  of  the  matrix  and  AT  is  the  current 
temperature  minus  the  temperature  at  which  the  composite  material  is  free  of  residual  stress  in  both 
the  matrix  and  the  reinforcement.  The  parameter  e©  is,  as  before,  the  yield  strain  in  tension  of  the 


matrix  material.  The  calculations  were  carried  out  with  an  elastic  modulus  for  the  reinforcement 
which  is  6.62  times  the  elastic  modulus  of  the  matrix. 

Figure  n-10  shows  the  stress-strain  curves  for  spherical  reinforcements  in  a  perfectly 
plastic  matrix  with  Aa  AT/Eo  =  1.  This  case  corresponds  to  SiC  particles  in  an  A1  alloy  matrix 
256C  below  the  stress  free  temperature.  A  softening  of  the  composite  response  results  at  strains 
comparable  to  the  matrix  yield  strain  for  both  tension  and  compression  with  the  effect  much  more 
pronounced  in  the  compressive  cases.  The  compressive  stress-strain  curve  is  up  to  30%  below  the 
tensile  one  in  terms  of  strength  at  the  same  strain  magnitude.  However,  as  the  strain  increases 
beyond  e©  =  Aa  AT,  the  compressive  and  the  tensile  stress-strain  curves  converge  towards  the 
curve  for  the  material  without  initial  residual  stress.  The  limit  strength  is  thus  the  same  whether 
there  are  initial  residual  stresses  or  not.  Since  the  compressive  stress-strain  curve  also  represents 
tension  applied  to  a  material  with  Aa  AT/Eq  =-l  (i.e.  the  sign  of  the  residual  stresses  reversed), 
the  limit  strength  is  unaffected  by  whether  the  residual  stresses  in  the  matrix  are  tensile  or 
compressive.  Since  the  limit  strength  of  reinforced  materials  is  independent  of  the  initial  residual 
stresses,  the  behavior  of  the  composite  material  when  the  strain  greatly  exceeds  e©  =  Aa  AT  is 
correspondingly  independent  of  them  too.  However,  the  limited  ductility  of  particulate  composites 
means  that  such  large  strains  are  rarely  achieved  in  tension  and  are  unusual  in  compression  unless 
accompanied  by  internal  damage.  As  a  consequence  tension-compression  asymmetries  in  the 
yielding  of  particulate  composites  are  to  be  expected  and  will  generally  persist  until  fracture  of  the 
material  occurs. 

The  degree  of  yielding  caused  by  thermal  expansion  mismatch  between  the  matrix  and  the 
reinforcements  depends  on  the  magnitude  of  Aa  AT/e©.  When  this  parameter  equals  1  as  in  the 
case  discussed  above,  about  50%  of  the  matrix  around  spherical  particles  is  yielded.  When 
Aa  AT/e©  =  2,  60%  of  the  matrix  has  yielded  whereas  when  Aa  AT/e©  =  5,  the  entire  matrix 
has  deformed  plastically  upon  cooling.  The  effect  of  these  different  degrees  of  yielding  on  a 
material  with  20%  of  elastic  spheres  on  the  compression  and  tension  stress-strain  curves  is  shown 


in  Figures  n-1 1  and  n-12.  It  can  be  seen  that  in  both  tension  and  compression  the  greater  thermal 
expansion  misfit  causes  a  softer  response.  Since  the  matrix  is  fully  yielded  when  Aa  AT/e^  =  5, 
any  larger  magnitude  of  Aa  AT/Eq  than  5  will  give  rise  to  the  same  tension  and  compression 
stress-strain  curves  as  occur  for  Aa  AT/Eq  =  5.  It  is  of  interest  that  the  characteristic  strain 
during  which  the  thermally  induced  transient  occurs  is  £o  rather  than  Aa  AT.  At  a  macroscopic 
strain  of  2£o,  the  transient  effect  in  each  case  has  largely  disappeared. 

Zahl  and  McMeeking,  1991,  have  also  given  results  for  20%  by  volume  of  aligned  well 
bonded  elastic  short  fibers  in  a  perfectly  plastic  matrix.  The  aspect  ratio  of  the  fibers  is  10  and  they 
are  circular  cylinders.  Tlie  stress-strain  curves  are  shown  in  Figure  n-1 3  for  compression  and  n-1 4 
for  tension.  As  befere,  the  thermal  residual  stresses  cause  a  transient  softening  of  the  response 
which  is  more  marked  in  compression  than  in  tension.  However,  in  both  cases  the  effect  is  not 
great  and  in  the  tensile  case  is  almost  negligible.  In  compression,  the  maximum  softening  is  only 
about  15%.  In  addition,  the  matrix  is  almost  fully  yielded  by  thermal  stresses  when 
Aa  AT/Eq  =  1  and  only  a  region  beyond  the  fiber  ends  is  still  elastic.  Increasing  values  of 
Aa  AT/Eq  do  not  change  this  situation  very  much.  It  is  likely  that  this  effect  is  caused  by  the  fact 
that  in  the  calculations  the  fibers  are  modeled  as  being  fairly  close  together  side  by  side  but  far  apan 
end  to  end.  When  there  are  no  initial  residual  strains,  the  limit  strength  is  reached  in  this  case  at  a 
strain  of  about  SEq.  When  there  are  initial  thermal  stresses,  the  transient  they  cause  is  noticeable  up 
to  this  strain.  Thus  is  can  be  concluded  that  in  general  the  transient  persists  up  to  the  strain  at 
which  the  limiting  behavior  sets  in  when  there  arc  no  thermal  residual  strains. 

n.4  REINFORCEMENT  AGAINST  CREEP 

n.4. 1  Steady-state  Power  Law  Creep 

A  simple  correspondence  between  behavior  for  pure  power  law  plasticity  and  steady-state 
power  law  creep  permits  the  results  of  the  form  (n.7)  to  be  translated  immediately  to  give  insight 
into  reinforcement  against  creep.  It  is  again  assumed  that  the  particle/matrix  bond  is  perfect  and  in 


addition  that  the  sole  mechanism  of  inelastic  deformation  is  power  law  creep.  The  consequences  of 
interface  sliding  and  diffusional  relaxation  of  the  reinforcement  are  taken  up  in  the  next  sub¬ 
section.  In  power  law  creep  the  tensile  and  multiaxial  stress-strain  rate  relations  are  the  exact 
counterparts  to  (n.6),  i.e. 
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where  now  eo  is  a  reference  strain  rate  and  a  is  an  adjustable  constant  which  may  be  taken  to  be 
unity.  The  steady-state  creep  behavior  of  the  composite  also  has  a  pure  power  law  form,  and  the 
tensile  behavior  in  the  direction  of  the  aligned  particles  converts  from  (n.7)  to 
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where  on  is  precisely  the  same  composite  reference  as  for  the  rate-independent  matrix.  The 
strengthening  in  creep  is  reflected  by  the  ratio  on/oq,  which  in  turn  is  given  by  (n.8)  together 
with  the  plots  of  Oq/oq  for  various  forms  of  reinforcement  presented  earlier. 


n.4.2  Diffusional  Relaxation  of  the  Reinforcement 


At  high  temperature,  in  addition  to  matrix  power  law  creep,  mass  transport  by  diffusion  can 
occiu’  within  grains,  on  grain  boundaries  and  on  interfaces.  Matter  diffuses  from  regions  of  low 
stress  to  regions  of  high  stress  and  the  result  is  a  macroscopic  deformation  which  is  proportional  to 
the  applied  stress,  usually  in  a  linear  manner  (Frost  and  Ashby,  1982).  This  is  known  as 
Nabarro-Herring  or  Coble  creep  depending  on  the  diffusion  path.  Macroscopically,  it  can  be 
modeled  as  a  continuum  linear  viscosity  of  the  matrix  or,  in  the  cases  where  it  is  nonlinear,  as  a 
continuum  power  law  creep  with  a  low  creep  index.  However,  the  presence  of  the  interface 
!jetween  the  reinforcement  and  the  matrix  in  a  composite  material  provides  an  additional  path  for 
mass  transport  which  is  not  accounted  for  by  matrix  properties  alone  or  reinforcement  propenies 
alone.  Furthermore,  the  interface  is  typically  a  rapid  path  for  mass  transport  and  therefore 


diffusion  on  the  interface  can  lead  to  a  relatively  fast  creep  of  the  composite  material.  As  a 
consequence,  it  is  desirable  to  model  this  mode  of  creep  and  Rosier,  Bao  and  Evans,  1991,  have 
used  this  mechanism  to  explain  trends  in  the  creep  strength  of  composite  materials.  There  is  reason 
to  believe  that  when  the  temperature  is  sufficiently  high  an  otherwise  strongly  bonded  interface  will 
be  capable  of  sliding.  Therefore,  the  sequence  that  is  envisioned  is  that  as  the  temperature  is 
increased,  the  resistance  to  sliding  on  the  interface  diminishes  and  eventually  disappears.  As  the 
temperature  continues  to  increase,  diffusion  is  activated  in  the  interface  and  occurs  in  an 
environment  of  zero  resistance  to  sliding. 

Little  comprehensive  modeling  has  been  done  on  this  problem.  However,  Sofronis  and 
McMeeking,  1992,  have  provided  theoretical  results  for  the  creep  strength  of  a  material  containing 
20%  by  volume  of  rigid  spheres  of  radius  R.  The  results  were  obtained  using  the  cell  model 
method  as  described  previously  in  this  chapter  but  with  intc’faces  which  are  capable  of  sliding  or 
are  capable  of  sliding  and  simultaneously  subject  to  mass  transpon  within  the  interface.  In  the 
results  of  Sofronis  and  McMeeking,  1992,  the  resistance  to  sliding  in  the  form  of  a  shear  strength 
ts  was  considered  to  be  proportional  to  the  relative  velocity  vg  of  sliding  across  the  interface  and 
thus 

ts  =  ^ivs  fn.ll) 

where  4  is  an  effective  interface  viscosity.  As  the  temperature  goes  up,  jj.  will  diminish  and 
eventually  disappear.  Mass  transport  is  controlled  by  an  effective  diffusion  parameter  2)  such  that 

vn  =  -  2)  On  (n.l2) 

where  Vn  is  the  relative  velocity  normal  to  the  interface  of  the  matrix  relative  to  the  reinforcement, 
V  is  the  gradient  operator  in  the  surface  of  the  interface  and  On  is  the  normal  component  of  the 
stress  across  the  interface. 


A  summary  of  the  results  of  Sofronis  and  McMeeking,  1992,  is  shown  in  Figure  n-I5. 
The  creep  strength  a/o  is  plotted  against  the  inverse  interface  sliding  viscosity  and  against  the 
effective  interface  diffusion  coefficient.  The  creep  su-ength  is  the  stress  required  to  cause  a  given 
strain  rate  in  the  composite  divided  by  the  stress  to  cause  the  same  strain  rate  in  the  matrix  alone. 
In  the  left  half  of  the  figure  2)=  0  so  that  no  diffusion  takes  place  on  the  interface  and  in  the  right 
half  of  the  figure  p.  =  0  so  that  shear  free  sliding  occurs  at  the  interface.  In  terms  of  the  whole 
plot,  the  temperature  is  relatively  low  (but  in  the  creep  range)  at  the  far  left  of  the  diagram  and 
increases  from  left  to  right  all  the  way  across.  However,  the  scale  would  almost  certainly  not  be 
linear  or  continuous  in  terms  of  temperature  from  left  to  right  as  drawn  in  Figure  n-15.  It  can  be 
seen  that  the  creep  strength  falls  as  the  resistance  to  sliding  diminishes  and  mass  transport 
increases.  When  the  matrix  is  linear  (n  =  1).  the  creep  strength  is  independent  of  strain  rate. 
However,  the  power  law  creeping  matrix  leads  to  an  effect,  in  conjunction  with  interface  sliding  or 
mass  transport,  which  is  sensitive  to  strain  rate.  A  slower  strain  rate  leads  to  a  lower  creep 
streiigth  indicating  that  the  slow  straining  permits  the  sliding  behavior  or  the  diffusion  process  to 
become  active  relative  to  matrix  creep  whereas  a  fast  strain  rate  seems  to  preclude  those  interface 
processes  to  some  extent. 

Sliding  with  no  mass  transport  (the  left  half  of  Figure  n-I5)  leads  to  a  reduction  of  the 
creep  strength  of  the  composite  material.  The  creep  strength  in  each  case  reaches  an  asymptote  as 
the  sliding  resistance  diminishes  and  these  asymptotic  values  represent  the  creep  strength  when 
there  is  no  shear  strength  at  the  interface.  In  the  linear  case,  the  strength  falls  from  over  twice  the 
matrix  strength  for  a  well  bonded  non-sliding  interface  down  to  only  30%  above  the  matrix 
strength  when  the  interface  slides  freely. 

When  mass  transport  by  diffusion  becomes  active,  the  creep  strength  is  diminished  further. 
As  before,  an  asymptotic  value  of  the  creep  strength  is  approached  as  the  diffusion  becomes  veiy 
fast.  In  each  ca.sc,  the  asymptotic  creep  strength  is  below  that  of  the  matrix  strength  indicating  that 


due  to  the  presence  of  the  interface,  the  reinforcements  actually  weaken  the  composite  material  if 
the  diffusion  rate  is  high  enough. 

Another  important  feature  of  the  results  is  a  panicle  size  effect.  The  material  parameters  p 
and  D  inherently  contain  length  scales.  As  a  result,  the  continuum  analysis  predicts  a  behavior 
which,  in  turn,  depends  on  the  panicle  size.  For  a  given  interface  and  volume  fraction  of 
reinforcements,  a  larger  particle  size  improves  the  creep  strength.  In  the  case  of  sliding,  the  effect 
can  be  understood  in  terms  of  the  reduction  in  the  total  area  of  particle  surface  as  the  size  is 
increased  thereby  diminishing  the  effective  strain  produced  by  the  same  velocity  of  sliding.  In  the 
case  of  mass  transport,  the  larger  particle  imposes  greater  diffusion  distances,  hence  reducing  the 
macroscopic  strain  rate.  This  effect  in  relation  to  grain  size  is  well  known  in  diffusion  controlled 
creep  of  homogeneous  materials  (Frost  and  Ashby,  1982). 

Acknowledgements 

e  work  of  JWH  was  supported  in  pan  by  the  National  Science  Foundation  under  Grant 
NSF-M  ‘3-90-20141,  by  the  DARPA  URI  (Subagreement  P.O.#VB38639-0  with  the  University 
of  California,  Santa  Barbara,  ONR  Prime  Contract  N0(X)14-86-K-0753),  and  by  the  Division  of 
Applied  Sciences,  Harvs-d  University.  The  work  of  R.M.M.  was  supported  by  the  DARPA  URI 
at  the  University  of  California,  Santa  Barbara  (ONR  Contract  N00014-86-K-0753). 


21 


Bao,  G.,  Hutchinson,  J.W.  and  McMeeking,  R.M.  (1991a)  Acta  Mctall.  Materialia  39,  1871 
1882. 

Bao,  G.,  Hutchinson,  J.W.  and  McMeeking,  R.M.  (1991b)  Mech  of  Materials  12,  85-94. 

Brockenbrough,  J.,  Suresh,  S.  and  Wienecke,  H.A.  (1991),  Acta  Metall.  Materialia  39,  735-752. 

Christman,  T.,  Needleman,  A.  and  Suresh,  S.  (1989)  Acta  MetaJl.  Materialia  37,  3029-3047. 

Dragone,  T.L.  and  Nix,  W.D.  (1990)  in  Proc.  TMS  Int.  Conf.  on  Advanced  Metal  and  Ceramic 
Composites,  Anaheim,  CA. 

Frost,  H.  J.  and  Ashby,  M.F.  (1982)  Deformation  Mechanism  Maps.  Pergamon  Press,  Oxford. 

Horn,  C.  L.  (1992)  J.  Mech.  Phys.  Solids  40,  991-1008. 

Jansson,  S  and  Leckic,  F.  A.  (1992)  J.  Mech.  Phys.  Solids, 40,  593-612. 

Levy,  A.  and  Papazian,  J.M.  (1990)  Metall.  Trans.  21  A,  41 1-420. 

Povirk,  G.L.,  Needleman  ,  A.  and  Nutt,  R.S.  (1990)  "An  analysis  of  the  effect  of  residual 
stresses  on  deformation  and  damage  mechanisms  of  Al-SiC  composites,"  to  be  published. 

Rosier,  J.,  Bao,  G.  and  Evans,  A.G.  (1991)  Acta  Metall.  Materialia  39,  2733-2738. 

Sofironis,  P.  and  McMeeking,  R.M.  (1992)  "The  effect  of  interface  diffusion  and  slip  on  the  creep 
resistance  of  particulate  composite  materials,"  submitted  to  Mechanics  of  Materials. 


22 


Torquato,  S.  (1991)  Appl.  Mech.  Rev.  44,  37-76. 

Tvergaard,  V.  (1990)  Acta  Metal!.  Materialia  38.  185-194. 

Yang,  Y.,  Pickard,  S.,  Cady,  C..  Evans.  A.G.  and  Mehrabian,  R.  (1991)  Acta  Meiall.  Materialia 
39.  1863-1870. 

Zahl,  D.B.  and  McMeeking,  R.M.  (1991)  Acta  Metall.  Materialia  39,  1 1 17-1122. 


Figure  Captions 

Figure  n-1  Strengthening  ratio  for  an  elastic-perfectly  plastic  matrix  reinforced  by  rigid 
spherical  particles.  The  insert  illustrates  the  steps  leading  to  a  axisymmctric 
cylindrical  cell  for  a  uniform  distribution  of  panicles. 

Figure  n-2  Strengthening  ratio  for  an  elastic-perfectly  plastic  matrix  reinforced  by  aligned 
ellipsoidal  particles  (from  Bao,  et  al,  1991a). 

Figure  n-3  Strengthening  ratio  for  an  elastic-perfectly  plastic  matrix  reinforced  by  aligned 
cylindrical  particles  (from  Bao.  ct  al,  1991a). 

Figure  n-4 


Strengthening  ratio  for  the  transverse  loading  of  a  perfectly  plastic  material 
reinforced  by  long  rigid  fibers. 
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Figure  n-5 


Figure  n-6 


Figure  n-7 


Figure  n-8 


Figure  n-9 


Strengthening  ratio  for  an  elastic-perfectly  plastic  matrix  reinforced  by  randomly 
oriented  ellipsoidal  needles  (a/b=l/10)  and  randomly  oriented  ellipsoidal  platelets 
(a/b=10)  where  the  panicles  possess  a  packet-like  morphology.  The  strengthening 
ratios  for  the  corresponding  aligned  reinforcements  from  Figure  n-2  are  included 
for  reference  (from  Bao,  et  al,  1991a). 

a)  Scheme  for  applying  the  results  for  a  dual-phase  composite  to  a  matrix  reinforced 
by  equi-sized  rigid  panicles  which  are  nonuniformly  distributed,  b)  Strengthening 
ratio  as  a  function  of  nonunifomtity  for  three  levels  of  average  panicle  volume 
fraction  c.  In  this  example  the  volume  fraction  of  each  of  the  nonuniform  'phases' 
is  taken  to  be  1/2,  and  the  tensile  yield  stress  of  the  elastic-perfectly  plastic  matrix  is 
taken  to  be  Oy. 

Computed  dependence  of  the  reference  stress  On  on  the  hardening  index  N=l/n 
for  a  variety  of  particle  shapes  and  volume  fractions. 

Tensile  stress-strain  curves  for  composites  reinforced  by  aligned  disc-shaped 
cylindrical  particles  (a/b=5  and  f=0.2).The  matrix  material  has  the  Ramberg- 
Osgood  stress-strain  curves  shown.  The  solid  line  curves  for  the  composite  were 
computed  using  a  cell  model  while  the  dashed  line  curves  were  obtained  using  the 
estimation  scheme  described  in  the  text. 

Comparison  of  experimental  data  for  composites  of  an  Al/Mg  matrix  material 
reinforced  by  SiC  panicles  with  stress-strain  curves  predicted  by  the  estimation 
scheme  described  in  the  text  (from  Yang,  et  al  1991).  a)  uniaxial  tensile  curves  for 
matricics  reinforced  by  equi-axed  panicles,  b)  uniaxial  compression  curves  for 
matrices  reinforced  by  randomly  oriented  platelets. 


Figure  n-10  Stress-strain  curves  for  10, 20. 40  and  50  volume  %  of  spherical  reinforcements  in 
a  perfectly  plastic  matrix  with  Aa  AT/e©  =  1. 

Figure  n-11  Compressive  stress-strain  curves  for  20  volume  %  of  spherical  panicles  with 
different  amounts  of  thermal  expansion  misfit  with  the  perfectly  plastic  matrix. 

Figure  n-12  Tensile  stress-strain  curves  for  20  volume  %  of  spherical  panicles  with  different 
amounts  of  themial  expansion  misfit  with  the  perfectly  plastic  matrix. 

Figure  n-13  Compressive  stress-strain  curves  for  20  volume  %  cylindrical  fibers  with  a  10  to  1 
aspect  ratio  with  different  amounts  of  thermal  expansion  misfit  with  a  perfectly 
plastic  matrix. 

Figure  n-14  Tensile  stress-strain  curves  for  20  volume  %  cylindrical  fibers  with  a  10  to  1  aspect 
ratio  with  different  amounts  of  thermal  expansion  misfit  with  a  perfectly  plastic 
matrix. 

Figure  n- 15  Creep  strength  of  a  material  containing  20%  by  volume  of  rigid  spheres  when 
sliding  occurs  on  the  interface  and  when  shear  free  sliding  and  mass  transput  occur 
on  the  interface.  The  radius  of  the  spherical  reinforcements  is  R. 
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